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Abstract

We define four versions of equivariant instanton Floer homology (I*,I~,I*
and I) for a class of 3-manifolds and SO(3)-bundles over them including all ratio-
nal homology spheres. These versions are analogous to the four flavors of monopole
and Heegaard Floer homology theories. This construction is functorial for a large
class of 4-manifold cobordisms, and agrees with Donaldson’s definition of equivari-
ant instanton homology for integer homology spheres. Furthermore, one of our
invariants is isomorphic to Floer’s instanton homology for admissible bundles, and
we calculate I in all cases it is defined, away from characteristic 2.

The appendix, possibly of independent interest, defines an algebraic construc-
tion of three equivariant homology theories for dg-modules over a dg-algebra, the
equivariant homology H 7 (M), the coBorel homology H 3 (M), and the Tate homol-
ogy HY(M). The constructions of the appendix are used to define our invariants.
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CHAPTER 1

Introduction

In [F1o88], Andreas Floer introduced the instanton homology groups I(Y"), Z/8-
graded abelian groups associated to integer homology 3-spheres. These form a sort
of TQFT in which oriented cobordisms W : Yy — Y; induce homomorphisms on
the corresponding instanton homology groups. Since then, similar TQFT-style
invariants have found themselves a powerful tool in 3- and 4-dimensional topology,
especially the related monopole Floer homology of [KMOT] and the Heegaard Floer
homology of [OS04].

In ideal circumstances, the instanton homology groups are defined by a chain
complex generated by irreducible flat SU(2) connections up to isomorphism (equiv-
alently, representations m(Y) — SU(2) whose image is non-abelian, modulo con-
jugacy by elements of SU(2)); the component of the differential between two flat
connections a—, a4 is given by an algebraic count of solutions on the cylinder R x Y
to the ASD equation

Fi =0,

where A is a connection on the trivial SU(2)-bundle over the cylinder which is
asymptotically equal to the a+. We can think of this as the “Morse chain complex”
of the Chern-Simons functional on the space of irreducible connections modulo
gauge equivalence, B = A} /G, whose critical points are the flat connections and
gradient flow equation is (formally) the ASD equation. While these equations
depend on a choice of metric on the 3-manifold Y, the homology groups are an
invariant of the Y itself.

Floer’s theory is constrained to homology 3-spheres because of the presence of
reducible connections. While the instanton chain complex above is still a chain com-
plex for rational homology spheres, the proof that its homology is independent of
the choice of metric fails in the presence of U(1)-reducible connections (correspond-
ing to representations 71 (Y) — SU(2) with image lying inside a circle subgroup).
One would need to take these reducible connections into account in the definition
of the chain complex, but this cannot be done naively: while the instanton chain
complex is a Morse complex for the space of irreducible connections, which is an
infinite-dimensional manifold, the gauge group G does not act freely on the en-
tire space of connections, and so the configuration space of all connections modulo
gauge, By, is not a manifold.

Austin and Braam in [AB96]| resolve this difficulty for a class of 3-manifolds
(including all rational homology spheres) by defining an invariant called the equi-
variant instanton homology of Y, a Z/8-graded R-vector space IS (Y') with an action
of R[U] = H*(BSO(3);R), to be a form of SO(3)-equivariant Morse theory on an
infinite-dimensional SO(3)-manifold By with

By /SO(3) = By.

ix



X 1. INTRODUCTION

The manifold By might be called the configuration space of framed connections on
(the trivial SO(3)-bundle over) Y. Their invariant is defined using the equivariant
de Rham complex as a model form the equivariant (co)homology of a smooth G-
manifold, and thus inherently uses real coeflicients.

Floer also defined, in [Flo91], instanton homology groups for SO(3)-bundles E
over 3-manifolds Y satisfying the admissibility criterion that wq(E) € H?(Y;Z/2)
lifts to a non-torsion class in H?(Y;Z); in particular, b;(Y) > 0. In this case,
there are no reducible connections, and the homology of the Floer complex is a
well-defined invariant of the pair (Y, E). This case is important for his work on
surgery triangles in instanton homology.

Using this, Kronheimer and Mrowka introduce framed instanton homology groups
I#(Y, E) for an arbitrary SO(3)-bundle over a 3-manifold in [KIM11b] by studying
the instanton homology of (Y#T3, E#Q) for a certain admissible bundle @ over
T3. This is meant to be a version of the (non-equivariant) Morse homology of the
space of framed connections BE.

In this paper, we jointly generalize Floer’s work on admissible bundles and
Austin-Braam’s work for rational homology spheres; to speak of both in the same
breath, we say that an SO(3)-bundle E over a 3-manifold Y is weakly admissible if
either wo(E) has no lifts to a torsion class in H2(Y;Z), or if by (Y) = 0.

We take an alternate approach to Kronheimer and Mrowka’s to the framed in-
stanton homology groups: instead of taking a connected sum with T3, we work on
the space of framed connections B £ itself. We do this with a sort of Morse-Bott
complex for a smooth G-manifold equipped with an equivariant Morse function;
our definition is partly inspired by the Morse-Bott complex introduced for mono-
pole Floer homology in |[Linl8|. This uses Lipyanskiy’s notion of the geometric
chain complex C&"(X; R) of a smooth manifold X, introduced in [Lip14], whose
homology gives the usual singular homology of X.

While there are technical obstructions to carrying this out for all 3-manifolds,
this has the advantage of providing more structure: for (Y, E) a weakly admissible
bundle and R a commutative ground ring, we can define a Z/8-graded chain complex
of R-modules, 1 (Y, E,7; R), which carries the action of the differential graded
algebra C,(SO(3); R). (This is what we find to be the cleanest notion of a chain
complex with an action of the Lie group SO(3).) This chain complex depends
on further data m, including a metric on the 3-manifold itself and a perturbation
of the functional defining the Morse complex, but this turns out to be mostly
inessential: associated to a perturbation 7 on a pair (Y, F) is an element of a finite
set o(Y, E) of signature data; this will be defined in Chapter For concreteness,
we remark that if Y is a rational homology sphere whose universal abelian cover
Y has H'(Y;C) = 0, then o(Y, E) consists of a single element for all E. The set
o(Y, E) corresponds precisely to the “natural classes of perturbations” stated in
the main theorem of [AB96].

In fact, the TQFT structure of the usual instanton Floer homology groups can
be lifted to the level of the homology groups of C1. This is the main theorem of
this paper.

THEOREM 1.1. There is a category Cobgl()z)’w of based connected 3-manifolds
(Y, E,0,b) equipped with weakly admissible U(2)-bundles and signature data, whose
morphisms are certain ‘weakly admissible’ oriented connected cobordisms (W, E)
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equipped with a path between the basepoints on the ends. There is also a category
of relatively Z/8-graded R-modules with an action of H,(SO(3); R), and a functor

> U(2),w r,Z/8
I: Cobg’b - MOdH*(SO(B);R)'

The relatively graded group 1(Y, E,o; R) is called the framed instanton homology of
the triple (Y, E,0). When'Y is a rational homology sphere equipped with the trivial
bundle, the relative grading may be lifted to an absolute Z/8-grading.

Note the sudden shift to U(2) bundles in this statement. This is to pin down
signs in the definition of the differential and cobordism maps, and nothing else: the
majority of this text is written in the context of SO(3)-bundles, and we only make
the passage to U(2)-bundles in Chapter in our discussion of orientations on the
moduli spaces. In particular, if we had chosen to work over a coefficient ring where
1 = —1, we may omit discussion of U(2)-bundles entirely. Furthermore, if we only
care about the underlying isomorphism class of group I (Y, E, ), this only depends
on the underlying SO(3)-bundle: see Corollary

In the most important cases (including trivial bundles), the weak admissibility
condition includes a condition called p-monotonicity, which is defined in terms of
the Atiyah-Patodi-Singer p invariant for flat connections and the signature data o.
Roughly, their sum should always increase across the cobordism. This condition
has to do with achieving transversality normal to the reducible locus; when it fails,
it is not clear how to try to define the cobordism maps.

For a more precise statement, see Chapter for Definition [3.16| of signature
data; the p-invariant and p-monotonicity condition are introduced at the end of
Chapter and Definition [£.43|gives the definition of weakly (and fully) admissible
bundles. Finally, Chapter [6.2] contains Definition [6.27] of the weakly admissible
cobordism category (and below it, two relatives) as well as Theorem defining
the framed instanton functor.

It is our expectation that the notion of signature data above is inconsequential:

CONJECTURE 1.2. IfY is a rational homology sphere, &*(Y,E, o; R) is inde-
pendent of the choice of signature data o up to graded Cy(SO(3); R)-equivariant
quasi-isomorphism.

REMARK 1.3. The above conjecture has been established since this article first
appeared as a preprint: see [DM22| Theorem 2.9]. In particular, while the equi-
variant quasi-isomorphism type of C1 (Y, E, o) is independent of &, the equivariant
homotopy type is not.

From here, if R is a principal ideal domain, we may construct a complex
CI} (Y, E,o; R) using the bar construction (topologically, the Borel construction)
on CT. Its homology groups are denoted I (Y, E, o; R) and form a relatively graded
module under the action of H*(BSO(3); R). This construction is standard in al-
gebraic topology, and reviewed in the appendix.

One appealing feature of the monopole and Heegaard Floer theories (which
are in some sense S!-equivariant homology theories) is the existence of two other
variants of the Floer homology groups that fit into an exact triangle. (Largely, we
choose our notation to fit with that of Heegaard Floer theory.)

In the appendix, we describe algebraic constructions C*(A, M), where o =
+, —, 00, where A is a dg-algebra and M a dg-module. C~ (A, M) is a cobar con-
struction, dual to the above bar construction, and C* (A4, M) is the Tate complex,
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constructed as a comparison between a variant C* and C'~. Thus up to a sort of
twist (often only a grading shift), we have an exact sequence

0— CH™(A, M) — C (A, M) - C*(A,M) — 0,

leading to an exact triangle of homology groups. The Tate homology groups
H*(A, M) satisty a short list of axioms, including that H*(A, A) = 0: they are
essentially the homology theory which sets the irreducibles to zero.

Applying a version of this for Z/8-graded complexes to the framed instanton
complex CT as a module over Cy (SO(3); R), and taking homology, we arrive at the
equivariant instanton homology groups

I*(Y,E,0;R), I (Y,E,0;R), I”(Y,E,0;R).

As desired, these are all modules over H~*(BSO(3); R), and fit into an exact
triangle.

THEOREM 1.4. There are functors from the cobordism category of pointed 3-
manifolds equipped with weakly admissible U(2) bundles and signature data to the
category of relatively 7,/8-graded H*(BSO(3); R)-modules,

. U(2),w r,Z/8
5+ Cobg ;7" — Mod ;i % 5503 ry

e =+ — 0. WhenY is a rational homology sphere, I*(Y, E,c; R)’s relative grad-
ing lifts to an absolute Z/8-grading. Furtheremore, there is a long exact sequence
of R-modules

[3]

e [T T S T

ﬂ)[+_,...

where [n] denotes that the map increases grading by nE| The connecting map
I=(Y;R) —» I*(Y; R) is always an H~*(BSO(3); R)-module homomorphism. When
1€ Ror2=0¢€ R, the other two connecting maps are also H *(BSO(3); R)-
module homomorphisms.

It seems plausible that the connecting maps are H~*(BSO(3); R)-equivariant
for all R. Establishing this relates to resolving a technical question about the alge-
bras Cy(G; R); see Chapter for details.

The main tool we use to establish invariance properties and perform calcula-
tions and compare with existing theories is a collection of spectral sequences that
calculate these equivariant homology groups.

THEOREM 1.5. Let (Y, E,c) be a closed oriented 3-manifold equipped with weakly
admissible U(2)- bundle and signature datum. Supposing 7 is a reqular perturbation
for (Y,E, o), we denote by €, the set of critical SO(3)-orbits.

Then there are Z/8 x Z-graded spectral sequences

@ Hiom) (s R) = I°(Y,E,0; R).

ael

These spectral sequences can be used to compute I and 1=, and if a map induces an
isomorphism on the spectral sequences for any I° on some finite page E”, it induces
an isomorphism on I°* itself.

INote that the grading shift is only meaningful when Y is a rational homology sphere and E
is trivial, for which the grading is absolute.
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This is proved in two parts, Theorems [6.35] and [6.39] first for nonequivariant
homology and then for equivariant homology.

Using the fact that Tate homology of a free A-module vanishes, the groups
I™(Y, E) are especially computable. For an admissible bundle, they vanish, and we
can compare IT to Floer’s invariant I(Y, F; R) for admissible bundles.

THEOREM 1.6. If E is an admissible bundle over a 3-manifold Y, then
I”(Y,E;R) =0, and I'*(Y,E;R)=I(Y,E;R).
If we also have &+ € R, the action of H*(BSO(3); R) = R[U] on IT(Y,E;R) is

2
taken by the isomorphism to the standard Floer-theroetic U-map.

The isomorphisms are given in Theorem and Corollary

Let 5 € R. In [Don02], under favorable conditions on Y Donaldson introduced
three chain complexes for Y an integer homology sphere equipped with the trivial
SU(2)-bundle: the framed complex CF (Y; R), the equivariant homology complex

ﬁ(Y; R), and the equivariant cohomology complex CF(Y; R). The first complex

has an action of the exterior algebra A(u), with |u| = 3, and the second two
complexes have an action of R[U], where |[U| = —4. In Chapter we prove

the following.

THEOREM 1.7. For (Y, E) a 3-manifold equipped with a weakly admissible bun-
dle, there is a finite dimensional A(u)-module DCI(Y, E; R) and finite type R[U]-
modules DCIir (Y, E; R), so that there are equivariant quasi-isomorphisms

DCI(Y,E;R) ~ CI(Y,E; R)
DCT (Y,E;R) ~ CI*(Y, E; R)
DCI (Y,E;R)~CI (Y,E;R)

Furthermore, when Y is an integer homology sphere, we have equalities

DCI(Y,E;R) = CE(Y, E; R)

DCT" =CF(Y,E;R)
DCT (Y,E;R) = CE(Y,E; R),

up to a rescaling of basis. o

Here finite type means that it is a direct sum of finitely many simple pieces: for
TC’I+, they are R with trivial U-action and R[U*], where U contracts against U*;
for DCT , they are R with trivial U-action and R[U] with canonical U-action.

It is by passing through this isomorphism that we show that the isomorphisms
Theorem [I.6] above preserve the U-action; this is Corollary [7.6]

While more complicated than the Tate calculations for admissible bundles, we
are able to exploit the isomorphisms above to calculate instanton Tate homology
for an arbitrary rational homology 3-sphere in Chapter

THEOREM 1.8. Let (Y, E, o) be a rational homology 3-sphere equipped with U(2)-
bundle and signature datum, and suppose R is a PID in which 2 is invertible.

We write R[H?(Y)] to mean the group algebra of the finite group H*(Y;Z) =~
H(Y;Z). If c = c1E € H*(Y), there is an action of Z/2 on H*(Y) given by the
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involution x v ¢ — x. Further define an action of Z/2 on the ring R[UY? U~1/?],
acting on the basis by U™? v (=1)"U™?. Here |U?| = —2.
Then there is a canonical isomorphism of Z/8-graded modules over R[U],

I“(Y,E,0;R) = R[UY?,U™Y?] ®gpzo) RIH*(Y)].

REMARK 1.9. In [AB96], an equivariant instanton Floer homology is associated
to any 3-manifold with b;(Y) = 0 or Hy(Y;Z) = Z* @ (Z/2)" equipped with the
trivial SO(3) bundle, though their analysis is unchanged in the case of b1(Y) =0
and nontrivial SO(3) bundle.

In the case that (Y, E) supports an SO(2)-reducible flat connection — that is,
if

{we(E), Hy(Y;Z) mod 2), and 2Tors (H1(Y;7Z) # 0,

there is a topological obstruction to equivariant transversality.

When this is the case, the unperturbed moduli space of SO(2)-reducible flat con-
nections is a disjoint union of tori 7°*(Y). After applying an SO(3)-invariant per-
turbation, the space of SO(2)-invarinat flowlines between various reducible critical
points lying in the same T are smooth manifolds of dimension at most by (Y) —1;
they have a map to a space of Fredholm operators, given by sending a reducible
ASD connection splitting as A =~ 6@ A to the ASD operator corresponding to A; in
this specific case, this operator has index 0. This map must be made disjoint from
the loci of operators with cokernel of dimension at least 1; this is a subspace of
codimension 2. Thus when b1(Y) > 3, we may have some non-trivial interChapter
with this locus which cannot be removed by a small perturbation. A similar argu-
ment shows that there is a further obstruction to achieving invariance than those
we have already identified.

Austin and Braam’s invariant in the case that b;(Y) > 0 is defined by careful
(non-generic) choices of equivariant perturbation. We expect that the instanton
complex defined in this paper can be extended to that level of generality, as well as
the proof of its invariance up to signature data. However, the analysis is somewhat
more delicate, and the choice of perturbation is necessarily non-generic. The cases
with b1 (Y) > 0 also add some difficulty in defining a cobordism category that
instanton homology is functorial on, as many cobordisms for which the cobordism
maps are naturally and essentially uniquely defined do not necessarily compose to
cobordisms in the same class.

1.1. Survey of the homology theories

As a number of different chain complexes are introduced in this paper and exist
in the literature, we survey here the definitions and relationships.

Here (Y, E) is a closed oriented 3-manifold with weakly admissible U(2)-bundle,
7 is a regular perturbation and R is a PID. This means, in particular, that there are
finitely many critical orbits of the perturbed Chern-Simons functional on g% The
finite set whose elements are connected components of the critical set is written
€.; an element a € €, is an SO(3)-space, either a point, S2, or SO(3) itself. If
E is equipepd with a trivialization, each o € €, has an associated grading i(«) €
Z/8; otherwise, we instead have relative gradings i(«, ) € Z/8. For uniformity
of notation we often write the relative grading as if it were given by an absolute
grading.
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The first chain complex introduced is C1 (Y, E,m; R). As an R-module, this is

given by

@ Ci"(a; R)[i(e)].

ael
The individual terms C&™ (c; R) are the geometric chain complexes of the orbits «
described in Chapter A generic basis element of C§™(a) is given by a “strong
d-chain”, but it is helpful to imagine that a generator of C§" (a; R) is given by a
smooth map ¢ : P — «, where P is a compact smooth manifold with corners, and
o is considered up to diffeomorphism of the domain. (This is essentially a special
case of the more general notion of d-chain.)

The boundary operator on C1 (Y, E,m; R) is given as the sum of the geometric
boundary operator (sending o : P — « to 0P — «) and a fiber product map with
the moduli spaces whose properties are discussed in the first half of this paper,
taking a map o : P — a to a map

(*) P xq M(a, ) = B.

This chain complex carries the action of a C§" (SO(3); R)-module.
After this, one applies the results of the appendix to construct chain complexes

CI*(Y,E,mR), CI (Y,E,mR), CI”(Y,E,m;R).

These are constructed algebraically, and we will not give detailed descriptions here
of a generic element of these chain complexes. Writing e for one of {4, —, 00}, suffice
it to say that if G is a connected Lie group and H a connected subgroup, then for
« = G/H, there are chain complexes éé(a;R) (the completed group homology
complexes) so that H (a) computes group homology of H, while H; (o) computes
group cohomology of H in negative degrees and HZ (H) computes Tate homology
of H. These all having some degree shift and an action of H~*(BG; R) induced by
restriction to cohomology of BH. Further,

CI*(Y,E,m;R) = @ Clog(a;R).

ael

Next when % € R we define a finite-dimensional chain complex DCI(Y, E, 7; R),
given as an R-module by

DCI(Y,E,m;R) = @ Hu(a; R)[i()],

ael

with an action of H,(SO(3); R); this is now an exterior algebra on a single degree-3
generator, the fundamental class of SO(3). One may think of this as contributing,
for each irreducible orbit «, a copy of R in degree i(«) and i(a) + 3 with the action
of H,(SO(3); R) taking the first to the second, for each SO(2)-reducible a copy of
R in degrees i(«) and i(«) +2, and for each full reducible a copy of R in degree i(«).
The differential counts 0-dimensional moduli spaces between irreducibles, as well as
the degrees of maps of moduli spaces between different orbits. One of these maps
is often called the U-map, which we write Up; to distinguish from later algebraic
terms, also written U.
There is a C(SO(3); R)-equivariant quasi-isomorphism

DCI(Y,E,m;R) ~ CI(Y, E, T R).
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When Y is an integer homology sphere and F is the trivial bundle, DCI(Y, 7; R)
is isomorphic to the complex Donaldson writes as HF (Y,7; R) in [Don02) Chap-
ter 7.3.3]; though Donaldson only writes his for rational coefficients, there is no
difficulty extending the definition to the broader case % €R.

One may immediately apply the constructions of the appendix to DCI(Y, E, 7; R).
Applying the plus-homology construction we arrive at DCIT (Y, E, 7; R), and ap-
plying the minus-homology construction we arrive at DCI— (Y, E,m; R). If U is a
degree —4 element and U* is a degree 4 element, the underlying R-modules are
given by

DCIT(Y,E,m;R) = DCI(Y,E,m; R)[U*]
and
DCI™(Y,E,m;R) = DCI(Y, E,7; R)[U].

One thinks of each irreducible here as contributing what looks like a copy of
ESO(3).
Applying a trick of Seidel and Smith from [SS10], we pass from these to com-
plexes DCI' and DCT . The first has underlying R-module given by
@ HP(o; R)i(a)]

ael

and the second by

@ Hima=*( R)fi(a)].

aeC,
That is, each irreducible contributes a copy of R (in degree i(a) or i(«) + 3), while
each SO(2)-reducible contributes a tower R[U*/2] or R[U/?][2] respectively, where
|U*/2| = 2 and |U'/?| = —2. Lastly, each full reducible contributes a copy of R[U*]
or R[U], respectively. The differentials involve large powers of Ugpy.

We have C~*(BSO(3); R)-equivariant quasi-isomorphisms

CIT™(Y,E,m; R)~ DCI*(Y,E,m; R) ~ DCI+(Y,E,7T;R)

and
CI (Y,E,m; R)~DCI (Y,E,m;R) ~ DCI (Y,E,m;R).

For an integer homology sphere Y equipped with the trivial bundle FE, the
complex W+(Y, E, 7; R) is isomorphic as a U-module to the complex Donaldson
writes as CF(Y; R), and similarly DCT (Y, E,m; R) =~ CF(Y; R).

Donaldson also defines complexes CF(Y; R) and CF(Y;R). These are best
understood as the quotient and fixed points of the chain complex DCI(Y,7; R) =~
CF(Y,m; R) under the H,(SO(3); R)-action. We do not use these, but do notice
them as appearing in certain spectral sequences for integer homology spheres. In
that context, we write the resulting homology groups as I and 1.

There are also Froyshov’s reduced instanton Floer homology groups, which he
writes HF and Donaldson writes HF. We identify these in Chapter as being
the image of I (Y; R) inside I~ (Y; R) (or more precisely, we see this at the level
of an E* page of a spectral sequence calculating those), but otherwise do not use
them. If we were to give these groups a notation, we could call them I.

There is also Floer’s original version of instanton homology, I(Y), which is
defined only for integer homology spheres and does not use the reducibles. This,
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too, may be seen in terms of the spectral sequence for It (ignoring the reducible
piece).

Finally, Kronheimer and Mrowka define instanton homology groups I# (Y, E; R)
for all pairs of 3-manifolds and SO(3)-bundles, by taking the connected sum with a
pair (T3, E) where wo(E) is Poincaré dual to T2 x {x}, also called ‘framed instanton
homology’. These are not the same as the groups I (Y,E; R). A calculation of
[Scal5|] using Fukaya’s connected sum theorem shows that when Y is an integer
homology sphere, the group I#(Y; R) may be calculated using a chain complex
very much like that defining DCI(Y,w; R), but they differ in one component of the
matrix defining the differential: the term Ug; in dpcy is instead given by Up) — 8
in the complex defining I#(Y; R). So one finds instead that I# (Y, E; R) is a sort
of deformation of I (Y, E; R). We do not discuss this relationship further here.

In summary, there are nine versions of instanton homology for integer homology
spheres,

L1010, 171,11, T#,I;
all but the last of these are also defined for pairs of a rational homology sphere
and U(2)-bundle. In this paper we will work most extensively with the first four of
these. We will briefly mention the next three ‘reduced’ homology theories I, I, and
I when discussing spectral sequence calculations for integer homology spheres. We
will not mention I# and I any further.

In addition to the complexes defining each of these homology theories, we will
also use five important complexes for calculation, the Donaldson models

DCI, DCIt, DCI", DCI~, DCT .

The first of these has homology naturally isomorphic to I, the second two of these
have homology naturally isomorphic to I*, and the last two of these have homology
naturally isomorphic to I—.

Convention. All 3- and 4- manifolds are assumed connected and oriented
unless stated otherwise.

Organization. Chapter[2]introduces the framed configuration spaces on which
we attempt to do Morse theory, and discusses the action of SO(3) on them, and
then explains how to complete these topological spaces using Sobolev spaces and
obtain the structure of a Banach manifold.

The technical heart of the paper is in Chapters [3] and @] where we use the
standard holonomy perturbations in instanton Floer theory to show that we can
achieve equivariant transversality: a generic perturbation gives rise to a finite set
of critical SO(3)-orbits, and the space of trajectories between them forms a smooth
manifold. As long as the dimension is sufficiently small, this has a compactification
to a topological manifold with corners, and we use these compactifications to define
the complex C1. This includes a calculation of the reducible perturbed instantons in
Chapter [£:4] and their indices in Chapter [L.5] which is then used to give a condition
which guarantees we can achieve transversality normal to the reducible locus. This
condition uses the notion of signature data introduced in Chapter |3.5

Part [1| provides us with the technical machine (the moduli spaces and their
properties) we need. Part [2| is devoted to defining and calculating equivariant
instanton homology given this machine, and may be read independently of the first
part of the paper.
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In Chapter [ we define the invariants CI*. First we review Lipyanskiy’s geo-
metric homology, which is a crucial technical tool in our definition of CT: it allows
us to define the chain complex without triangulating the moduli spaces appearing
in @, and only requires the use of moduli spaces of small dimension; in particular,
small enough that the Uhlenbeck bubbling phenomenon does not arise. The chain
complex C1 (Y, E,m; R), which depends on a choice of metric and perturbation, is
defined in Chapter [6.2] This construction comes with cobordism maps, and these
provide us with the usual invariance properties, giving Theorem

In Chapter we explain the notion of index filtration for C1 , which gives rise
to a Z/8 x Z-graded spectral sequence. This is not a filtration on CT in the standard
sense, but rather what we call a periodic filtration. In Chapter we use the idea
of periodic filtrations to define the equivariant instanton homology complexes CI°,
following the construction of Chapter [A-§|

In Chapter [7, we use the index spectral sequences of Chapters and 7?7 to
carry out some calculations and comparisons.

In Chapterwe warm up with a calculation of I*(Y, E) for admissible bundles,
giving Theorem [L.6] above.

After this, in Chapter We compare CT to Donaldson’s complex DCT (written
in [Don02] as CF ), and in particular show that their homologies are isomorphic,
justifying the notation H(C”VI) — I. We are then able to show I*(Y; R) =~ HF(Y; R)
for rings containing 1/2, as well as I~ (Y; R) = HF(Y; R). In the same chapter, we
extend the definition of Donaldson’s chain complexes to rational homology spheres.

Chapter uses the Donaldson model, and a localization/periodicity theorem
for Tate homology, to give the explicit formula for I* mentioned as Theorem [L.8
above. Chapter [7.4] contains a calculation of I* for the 3-sphere, lens spaces, and
the Poincaré homology sphere, as well as a description of the spectral sequences
for integer homology spheres and a brief comment on the connection to Frgyshov’s
reduced groups. We conclude in Chapter with a discussion of orientation-
reversal and duality in CI*(Y).

The appendix describes the algebraic constructions C*(A, M) and their invari-
ance properties, as well as providing calculational tools. In particular, if A is the
group algebra C(G; R), where G is a compact Lie group, then C*(G,G/H) is cal-
culated for all e and any closed subgroup H < G. Chapter concludes with
an extension of this machinery to the Z/8-graded case, when our complexes come
equipped with well-behaved periodic filtrations.

Acknowledgements. I thank Ciprian Manolescu for his constant advice and
support. I also thank Ali Daemi, Kim Frgyshov, Tom Mrowka, Chris Scaduto, and
Matt Stoffregen for useful discussions about gauge theory, and Sucharit Sarkar for
conversations on equivariant homology. I also thank Kevin Carlson, Tyler Lawson,
and Mike Hill, for helpful conversations during the preparation of the appendix,
and especially Aaron Royer for many patient discussions.

I would also like to thank Mariano Eccheveria, Robert Ladu, and several anony-
mous referees for a careful reading and discussion of parts of this article. Finally,
Gard Olav Helle deserves special thanks for his careful read of the appendix. In par-
ticular, the final version of this manuscript uses the clean approach to completion
presented in [Ola22], greatly simplifying the discussion.
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Properties of moduli spaces






CHAPTER 2

Configuration spaces and their reducibles

Let Y be an oriented closed 3-manifold equipped with a Riemannian metric, and
E - Y an SO(3)-bundle over Y} it is worth mentioning that SO(3)-bundles over a
3-complex are determined up to isomorphism by their second Stiefel-Whitney class
wo(E) € H*(Y;Z/2). Associated to E by the adjoint representation SO(3) ~ s0(3)
is the adjoint bundle gg < End(E), the subbundle given by skew-adjoint endomor-
phisms. The space Ag of orthogonal connections on F is affine over Q!(gg). There
is a gauge group, Gg, the set of smooth bundle automorphisms of E that cover
the identity; equivalently, this is the set of smooth sections of the non-principal
SO(3) bundle Aut(E), the associated bundle to E under the conjugation action
SO(3) ~ SO(3). Using the isomorphism Inn(SU(2)) = SO(3), we may form the
bundle

Aut(E) = Aut(E) x 503y SU(2).

We say that o € G is an even gauge transformation if o lifts to a section of m(E),
and denote the group of even gauge transformations by Gg. Obstruction theory
applied to sections of Aut(F) provides a short exact sequence of groups

1—G% — Gg — HY(Y;Z/2) — 0.
There is a map, the Chern-Simons functional,
cs: Ag — R,

defined as follows. Pick a compact oriented 4-manifold X, equipped with an SO(3)
bundle Ex, such that 0(X, Ex) = (Y, E). Given a connection A on E, extend it to
a connection Ax on Ex. Then define

cs(A) = fx Tr(F3,)-

This gives a function that depends only on the choice (X, Ex), not on the extension
Ax. If (X', Ex:, Ax/) is another extension, we may define M = X Uy X’ with the
obvious choice of SO(3)-bundle and connection over it and invoke the Chern-Weil
formula
2t (B) = | TR,
M

Thus cs is defined in general up to an 872Z ambiguity (using that 4 | p;(E’)). If
(X', Ex) = (X, Ex), then p1(Ex v Ex/) = 0, giving us a well-defined functional
cs on Ag conditional on that choice of bounding 4-manifold (X, Fx).

The gauge group Gg acts on Ag by 0(A) = A — (Vao)o ™!, where we take the
covariant derivative of o by considering it as a section of End(F) = E® E*, where

3
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FE is considered now as an oriented vector bundle equipped with metric. We denote
the quotient by this group action

Br = Ar/GE,

the configuration space of connections on F, and also write the even configuration
space as the quotient
B% = Ag/G§.

Immediately from the definition we see that the stabilizer at A by the action of Gg or
G$, is precisely the subset of (even) A-parallel gauge transformations; thus elements
of the stabilizer are determined by their value at a single point, and evaluating at
a point b € Y gives an isomorphism to a subgroup of SO(3) = Aut(E}).

The Chern-Simons functional cs : Ag — R does not descend naively to By —
its value may change after applying an element of gauge group Gg. However, if u
is a gauge transformation,

cs(u(A)) = cs(A) + 872k

for some integer k, so cs descends to a continuous map Br — R/872Z. This
statement is little more than saying that there is always a 4-manifold with SO(3)-
bundle (X, E) over which the gauge transformation u extends, for then one sees

that
cs(u(4)) = JX tr (Fi(A)) = JX tr (Ffl) ;

that the integrals are equal is Stokes’ theorem. It is this circle-valued functional,
on a slightly modified space, that we hope to do Morse theory with.

2.1. Framed connections and the framed configuration space

The configuration space Bg is in no sense a manifold, because Gg does not
act freely on the space of connections. To free up the action of the gauge group
on the space of connections so that the quotient by gauge is a manifold (at least
heuristically, at this point), we pick a basepoint b € Y and consider the space of
framed connections

./TE =AE X Eb.

We call a point p € Ej a framing because it determines an isomorphism SO(3) =~ FE,
sending the identity to the point p; here we are thinking of E as a principal bundle,
not a vector bundle. A gauge transformation o evaluates to o(b) € Aut(E}), which
acts on Ej, on the left by applying the automorphism. (By definition, to say f €
Aut(Ep) means f(pg) = f(p)g.) This gives us an action of Gg on the space of

framed connections Ag. There is further a natural right SO(3) action on Ag by
acting on E} by translation. If o € G%, (A,p) € Ag, and g € SO(3), we have that

o-((4,p)-9) = (- (Ap)-9,

because the gauge group acts by automorphisms of the right G-set Ej.

Because any gauge transformation in the stabilizer of A is A-parallel, it is trivial
if its value at any point is the identity. As a consequence, G acts freely on Agp. Its
quotient under the gauge group action, denoted geE, retains the right SO(3)-action.
We call this the framed configuration space of connections on E. The stabilizer of
[A,p] € g% in SO(3) is the isomorphic image of the stabilizer of A € Ar under the
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action of the even gauge group following evaluation Gf, — Aut(E}) and the natural
isomorphism Aut(Ej,) = SO(3). There is a map
g% — Bg,

given by quotienting by the leftover SO(3) action or equivalently by forgetting the
framing. Said another way, orbits of the SO(3)-action on Bg or g% correspond to
gauge equivalence classes of connections, and a point on an orbit @ < l§E corre-
sponding to [A] is an equivalence class of framings, with « = E,/Stab([A]).

We will soon define Hilbert manifold completions of these spaces, in the context
of which we will find that 5]65 is a smooth Hilbert manifold with smooth SO(3)-
action. These remarks also apply to the full gauge group, with quotient gE =

Ag/Gx.

REMARK 2.1. One could also define g% = AE/égb, quotienting by the group of
based gauge transformations (gauge transformations with o(b) = Id). This works
just as well here, and the right SO(3) action corresponds to the inverse of the left
SO(3) action given by G¢ /gg”. However, we find later discussions of the 4-manifold
configuration spaces and the restriction maps to their ends clearer in the language
of framed connections, so this is our preferred model.

2.2. The equivalent U(2)-model

We would like to understand the reducible subspaces of B% under the SO(3)
action. The SO(2) fixed points are more easily understood if we introduce an
auxiliary construction. Pick a principal U(2)-bundle E and an isomorphism

E xy(2 SO(3) = E.

This is possible because U(2)-bundles on 3-manifolds are classified by their first
Chern class (and SO(3) bundles by their second Steifel-Whitney class), so we only
need to know that we can pick a lift of wy to an integral cohomology class; that
this is possible follows from the Bockstein long exact sequence and the fact that
H3(Y;Z) = Z has no 2-torsion. Thinking of E instead as a complex vector bundle
and explicitly identifying the quotient homomorphism U(2) — SO(3), the construc-
tion E X2y SO(3) = E produces the oriented 3-plane bundle su(F) c End(E) of
skew-Hermitian endomorphisms of E as the associated SO(3)-bundle.

Fix a connection Ay on the determinant complex line bundle det(E) := X (if
cl(E) is finite order, we can choose this to be the flat connection, unique up to
gauge transformation). We consider the space of connections with fixed determinant
connection

ARt ={Ae Ag | tr(A) = Ag e Q' (Y;iR)};
this is also affine over Q!(gg). To every connection on E there is an associated
connection on F, giving us a map Az — Ag which is a bijection when restricted
to A%et. To enhance this to a bijection of spaces of framed connections, let

ALY = AP x (Ep xr(2) SO(3));

this carries a natural right action by SO(3). Furthermore, the natural gauge group
acting on A‘Et is the set of gauge transformations whose (pointwise) determinant
is 1, denoted

g%et = T(Aut(E) | dety = 1).
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We can further identify this latter bundle of groups as isomorphic to m(E) and
thus there is a surjective homomorphism

det e

It is not a bijection: recall that the latter group is defined as a subset of Gg =
I(Aut(E)). Its kernel is the 2-element set of gauge transformations whose pointwise
values are +1 € SU(2). This subgroup acts trivially on .A%et.

Now it is easy to verify that the bijection .Z%Et - .ZE is equivariant under the

actions of the gauge groups, and thus after quotienting we have an equivariant
diffeomorphism
(2.1) Bt =, B,
The group acting on the former space is SU(2), but 1 act trivially, and so passing
to the quotient PSU(2) =~ SO(3) we identify these two configuration spaces as
SO(3)-spaces. Furthermore, the natural definition of Chern-Simons functional on
this first space is sent to our Chern-Simons functional on the second space, and there
is no difference in the resulting gauge theory. We only consider this construction
auxiliary because it depends on the unnecessary input data of F and Ay. When
working on the U(2)-bundle, we usually prefer to speak of the SU(2) action, as
SU(2) naturally sits inside the U(2) gauge group, even though +1 act trivially on
the framed configuration space.

In the simple case that E = 1, @2, the associated SO(3)-bundle is iR @ (11 ®
My 1), and a connection on the former respecting the splitting is taken under the
bijection A%ft — Ag to a connection which respects the latter splitting.

2.3. Reducibles on 3-manifolds

We can explicitly describe the stabilizers that arise under the action of the even
gauge group on Ag, and hence the orbit types in geE In understanding these, it’s
also convenient to carry out the same analysis for the full gauge group Gg and its
quotient gE Recall that

Ge/G% = H' (Y;Z/2),
identifying the latter with the group of obstructions to lifting a section of Aut(E)
to a section of Aut(E). This leaves an H(Y; Z,/2) action on g‘fE, whose quotient is
B &, the quotient by all gauge transformations. This is a useful gadget to keep track
of, especially in light of the following lemma (a version of [DK90, Lemma 4.28]),
calculating the stabilizers of connections under both G% and Gg.

LEMMA 2.2. Let A be an SO(3)-connection on E. Then the stabilizer T’ 4 under
the action of the full gauge group Gg is

C(H,) € SO(3),

the centralizer of the holonomy group of A at some choice of basepoint b. Let
7 SU(2) — SO(3) be the projection. T' 4 n G is

Csu2)(m "Ha) € SO(3),

the set of elements of SO(3) that fix 71 H 4 under conjugation, considering SO(3) =
Inn(SU(2)).
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PrOOF. If SO(3) acts smoothly on some manifold M, consider the M-bundle
E xgo@3 M. If Ais an SO(3)-connection on F, there is a natural connection
induced on the associated M-bundle. Then m € M, extends to a parallel section
of this M-bundle if and only if it is fixed under the action of H4 on M. Taking
M to be SO(3) and SU(2) equipped with the conjugation action gives the desired
result. |

A group-theoretic calculation shows that the only subgroups of SU(2) that arise
as centralizers are the center Z/2, the circle subgroups U(1), and the full group
SU(2). So the only possible stabilizers of the action of G§ on Ag are

(I},50(2), SO(3).

A similar calculation shows that the subgroups of SO(3) that arise as centralizers
are additionally O(2), the diagonal subgroup V4, and Z/2. (Calculate centralizers
of elements first, then calculate the possible intersections of these.) Comparing
stabilizers, we see that the action of H!(Y;Z/2) on BS giving rise to the quotient
by the full gauge group Bg is free except at reducibles with full stabilizer O(2), V4,
or Z/2, where the action of H(Y';Z/2) has stabilizer isomorphic to Z/2,V,, and
Z/2, respectively.

When the stabilizer of a connection A on E is SO(3) < G, the bundle must be
trivial and the connection gauge equivalent to the trivial connection; however, it
needn’t be equivalent by an even gauge transformation. In fact, because H!(Y';Z/2)
acts freely on points in B with full stabilizer and there is only one such in the full
quotient, there are H'(Y;7/2) different elements of B with stabilizer SO(3).

Inside the U(2)-model, [SS17, Section 3] identifies the action of H(Y;Z/2) as
sending a connection on E to the corresponding connection on EF® &c, where &¢
is the complexification of a real line bundle (equivalently, a complex line bundle
equipped with a unitary connection with holonomy in +1.)

We will ultimately be interested in reducible orbits of the SO(3)-action. To
describe the reducible orbits in a G-space X with orbit type isomorphic to G/H, it
suffices to describe the set of H-fixed points X, and the action of the Weyl group

W(H) = Na(H)/H
on X every orbit Gx of a point = with stabilizer conjugate to H intersects X
nontrivially; and in fact, if 2 € X, then

Gen X" =W(H)x.
Thus, for instance, a G-invariant function on the subspace of points whose stabilizer
contains a conjugate of H is determined uniquely by a W (H)-invariant function on
X*H . The description in terms of fixed subspaces and Weyl groups tends to be easier
to state and prove, so we largely prefer that language as long as possible. The only

case we actually use is that of SO(2) c SO(3), which has Weyl group isomorphic
to Z/2.

PROPOSITION 2.3. Suppose E is an SO(3)-bundle over a closed 3-manifold Y .
Denote E a U(2) bundle with ¢1(F) mod 2 = we(E) and write A = det E, as in
Chapter[2.3.

(1) The set of points of E% fized by SO(2) ¢ SO(3) is identified with

|_|Bn = |_|-An/gn
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where 1 varies over isomorphism classes of complex line bundles, A, is
the configuration space of unitary connections on 1, affine over Q' (Y;iR),
and the gauge group G, is the space of sections of Aut(n), which is the
same as the space of maps Map(Y,S'). The SO(3) orbit of the SO(2)-
fixed point space is the set of all reducible connections. The action of the
Weyl group sends a class of connection [A] on n to the class of [Ag — A]
onA® 77’1.

(2) If E is trivial, g% has SO(3) fized point set in bijection with H*(Y;Z/2);
if E is nontrivial, the even configuration space has no SO(3) fixed points.

PRrROOF. Following equation 1) it suffices to find the fixed subspaces in g%et.
Consider the subset of framed connections (A,p) in .Zl%et whose connection term

A has stabilizer consisting of gauge transformationgs with o(b) in the diagonal
subgroup

S(U((1) xU(1)) < SU(2),
using the framing p to specify the isomorphism
Aut(Ey) = U(2).

All other circle stabilizers in g%et are conjugate to this subgroup, and this fixed
subspace of the space of framed connections projects to the subset of SO(2)-fixed
connections in g%et. Our assumption implies that A has holonomy contained in the
diagonal subgroup

U) xU(1) cU(2).
This leaves invariant a splitting

E,~C?’=CoC,

the first isomorphism given by the framing p, and hence gives a parallel splitting
E =~ n@1'. Sending (A, p) to the corresponding connection A’ on 7 gives us the
map from this subset to 4, and because any gauge transformation of n extends to
a determinant-1 gauge transformation of E (act by the inverse in the 7’ coordinate),
this descends to a well-defined map

()™ = LB,
n

modulo gauge. Conversely, any connection on 7 induces a connection on E of
the specified form, and any gauge transformation of n is induced by a unique
determinant-1 gauge transformation of E. Any framing on 7 then induces a framing
on E, but there is a determinant-1 gauge transformation changing any framing on
7 to another, so after modding out by gauge the choice of framing on 7 didn’t mat-
ter. This gives the stated bijection for those connections whose induced splitting
gives a line bundle of topological type 1 in the first coordinate; but note that on a
3-manifold, a U(2)-bundle is determined by its first Chern class, and so we have an
isomorphism

Exn®(Men™).

Thus every complex line bundle 7 arises in such a splitting.
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The action of the Weyl group is to swap the coordinates of the framing; this
then swaps the components [A’ @ (A9 — A’)] of the connection, as stated in the
lemma. In particular, it only fixes A’ if there is an isomorphism

77;)\®77_1

and this isomorphism sends A’ to Ag — A’. This is only possible if A is twice an
integral class, and so wy(E) = 0; but if one such choice is made, all others are affine
over H'(Y';Z/2), tensoring the whole bundle (and hence each component) with ¢,
the complexification of a real line bundle, or equivalently a complex line bundle
with holonomy in +1. [ ]

COROLLARY 2.4. Let E and E be as in the previous proposition; write ¢ =
c1(A) = cl(E). Then the reducible subspace of g%, consisting of framed connections
with nontrivial stabilizer, is a disjoint union over connected components labeled by
pairs {z1,20} © H?(Y;7Z) with 21 + 22 = ¢, where the z; are cohomology classes
corresponding to complex line bundles n;.

If 21 # za, this connected component is a fiber bundle over B,, = B,, with fiber
S?, where SO(3) acts trivially on the base and via the standard action on the fiber.
If z1 = 29, this connected component contains a unique fully reducible connection.

PRrROOF. Consider the subspace of framed reducibles corresponding to the split-
ting FE ~ 1 @ 1m2; we write this space as gfﬁdnz The quotient of this space by the
SO(3)-action is the same as the quotient of its SO(2)-fixed subspace by the ac-
tion of Z/2. In the case that z; # 2, the SO(2)-fixed subspace is B,, L B,,, and
the action of the Weyl group identifies these. Thus the desired fiber bundle is the
quotient map

mred ~
Bm,nz - 8771 = Bﬂz'

When 21 = 25 =: z, corresponding to a complex line bundle 7, the SO(2)-fixed
Ared
- 7r7(i7772
is connected. In this case, F is trivial, so we may choose F trivial for convenience
of discussion; then the action of the Weyl group may be described as complex
conjugation, using the isomorphism 1 =~ &c for a unique real line bundle &; the

induced connection is the fully reducible connection. |

subspace is B,,. Its quotient by the action of the Weyl group is connected, so B

REMARK 2.5. The full group of gauge transformations preserves the reducible
set, so Gp/G% =~ HY(Y;Z/2) acts on Red(Y,E). If B : HY(Y;Z/2) — H*(Y;Z)
is the Bockstein homomorphism, then in the notation of the above corollary, the
action on Red(Y, E) is given by sending

z - {21, 22} = {21 + Bz, 22 + B}
In particular, this action is free and transitive on Red. (Y, E).

If = stabilizes {z1, 22}, then z5 = 21 + Sz, and we see that ¢ = 221 + Sz, and we
see that we may rechoose ¢ to be Sx; then the above corresponds to the reduction

Ex{c®R={DEDR,
where £ is the real line bundle corresponding to x.
The discussion after Lemma [2.2{shows that the H*(Y;Z/2) action has stabilizer
equal to Z/2 at an O(2) connection, and otherwise acts freely on the reducible set.

So in fact we see that H'(Y;Z/2) acts freely on the set of reducible components
that do not contain an O(2)-connection, and has stabilizer Z/2 on those that do.
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We summarize the content of this section as notation:

DEFINITION 2.6. Let Y be a closed oriented 3-manifold and F an SO(3)-bundle
over Y. We write Red(Y, F) for the set of connected components of the reducible
subspace of B%. This may be written as

Red(Y, E) = Red (Y, E) u Redsoo) (Y, E),

where the first term refers to those components containing a fully reducible orbit,
and the second refers to those components entirely consisting of framed connections
whose stabilizers are conjugate to SO(2).

If we fix a choice of ¢ € H?(Y;Z) that reduces mod 2 to wy(E), we are fur-
nished with a bijection between Red(Y, E) and the set of unordered pairs {21, 20} ©
H2(Y;Z) with z; + 29 = c. The set Red, (Y, E) is sent to the 1-element setsEl, and
the set Redgo(2)(Y; E) is sent to the 2-element sets {21, z2} with 21 # 22.

We write elements of Red(Y, E) as {z1, 22}, making the choice of ¢ implicit.

In the case that b (Y") = 0, we determine the cardinality of these sets as a simple
exercise in algebraic topology.

PROPOSITION 2.7. LetY be a closed oriented 3-manifold with b1(Y) =0, and E
an SO(3)-bundle over it. We may determine the number of reducible components
as follows.

e If E is trivial, then
[Red (Y, B)| = [H'(Y;Z/2)]
[Redsoe) (Y, B)| = (IH*(Y3Z)| — |H' (Y Z/2)]) /2.
o If E is nontrivial, Red, (Y, E) is empty, and
[Redso) (Y, B)| = [H*(Y;Z)|/2

ProoF. If F is trivial, we choose the integral lift A of wo(E) = 0 to be 0. Then
Red, (Y, E) is in bijection with 2-torsion elements of H?(Y;Z). The Bockstein exact
sequence
0=HYY;Z) —242, gl(v,7/2) & HA(Y;2) 23 HA(Y;Z)
shows that the set of 2-torsion elements is in bijection with H'(Y’; Z/2), the bijection
sending x € H'(Y;Z/2) to Sz € H*(Y;Z). The set Redgo(2) (Y, E) is in bijection
with the set of pairs

{2,—2} e H* (Y} Z)
for z not 2-torsion. This proves both equalities.

If E is nontrivial, and ¢ is an integral lift of wyF, then a set {z1, 22} with
z1 + z3 = ¢ cannot be a singleton: if ¢ = 227, then ¢ reduces to 0 mod 2, and
thus wo ' = 0, so Red, (Y, E) is empty. Thus every pair (21, 22) with 23 + 20 = ¢
consists of distinct elements, and the Z/2 action swapping z; and 2z has no fixed
points. Because a pair (z1,22) is determined completely by z; € H2(Y;Z), the
desired equality is proven.

As a sanity check, observe that |H?(Y;Z)| is divisible by |[H'(Y;Z/2)|, which is
a power of 2, and we assumed H'(Y’;Z/2) to be nontrivial in assuming that ws(E)
is nontrivial, so |[H?(Y;Z)|/2 is indeed an integer. |

Lthat is, those pairs with z1 = z2; equivalently the set of z with 2z = ¢
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2.4. Configurations on the cylinder

There are two more kinds of configuration spaces we should consider. First, we
should have a configuration space of connections on the bundle 7*E over R x Y
pulled back from Y by projection to the first factor. We write AE:L,QE as the space
of connections which, when restricted sufficiently far on each end, are pullbacks of
connections on Y. (We will denote any gauge group or space of connections on a
4-manifold with a (4) unless there is no risk of confusion.) When we later give a
Hilbert manifold modification of this construction, it will instead be replaced by an
appropriate space of connections which have exponential decay to certain constant
connections on the end. The space of framed connections on 7*E is

~7(74*)E = Aff*)E X (W*E)(o,b)7

with the framing chosen at (0,0) € R x Y. The gauge group acting on this is
gfri); — even gauge transformations which are constant on the ends. As usual, the
framed configuration space is the space

5(4) e ~(4 4),e

Bt = AL /0005

K

with the right SO(3) action on 7% ). The ‘restriction to the ends’ map is slightly
more complicated than what one might do naively: there is a map

ev_: ./TE:QE — ./TE

given by sending (A,p) to (A_,7—+(A,p)), where in the latter term we send p
to its parallel transport under A along ~ traversed backwards from (0,0). When
the constant framing of the path (assigning the same p € T*E ) for all t) is A-
parallel — if A is in temporal gauge, for instance — this map is particularly simple:
V—+(A,p) = p. This map is equivariant on the left under the restriction-to-(—o)
map
Gy — as,
and on the right under the SO(3)-action, because parallel transport is an isomor-
phism
T Eo,) = T E(—o0p)
of right SO(3)-sets. There is also a corresponding map ev.
Thus the evaluation maps descend to a map of right SO(3)-spaces

[ev_] x [ev] :gfﬁ,‘); — By x BS,.

We are most frequently interested in the spaces of connections on R x Y with
specified limits [evi] € ay inside previously specified SO(3)-orbits. Furthermore,
we should pick a relative homotopy class z € m1(B%, [a—], [e+]). Because Ag is
contractible and G§, acts with connected stabilizers, these are in bijection with

710G = H3(Y;msAut(By)) = Z

by an obstruction theory argument. Given limiting framed connections [A+,p+] €
a4, we choose lifts (denoted A_ and Ay) so that a path from A_ to AL in Ag
projects to the relative homotopy class z in Bf. We then define

Asi (A, AL) = {(A,p) € A% | Av = Apo ).
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(Note that the endpoint conditions only include the connection and nothing about
the framing.) The natural gauge group here is the group of even gauge transfor-
mations that are harmonic on the ends:

ngE(A_, Ay)={oe gw‘;);; | drx s, 0 = 0 on the corresponding end}.

The following is straightforward, and justifies this simplification.
LEMMA 2.8. The natural map
Avsp (A, AL [GE0 (AL AL) > [ev] oz x ay)
is an isomorphism of SO(3)-spaces, where the final space denotes the corresponding
subset of gfﬁ;
While the latter space is clearly the object of interest, the former is easier to

describe, so we prefer to use it as our working definition of the configuration space
of framed connections between two orbits. We record this as a definition:

DEFINITION 2.9. If ay are SO(3)-orbits in g%, the naive configuration spac
of smooth framed connections from «_ to a is

Biap,.(a,ap) i= A (A, AL) [Goiip(A_, A,

where A_ and A, are representatives for the connections in the a4, and a path
from A_ to Ay projects to the homotopy class z. This carries a continuous SO(3)
action, acting by translation on 7*E g ;) on the right. Identifying

ay = [Az,p] = Ep/T'ay
with p varying over all possible framings at the basepoint, the endpoint maps
[evi] : Brap (0 0s) = 0z
are induced by /Tﬁ*E(A,,AJr) — Ey, sending (A, p) to v+ (A, p), respectively.
There is a left translation action of R, induced by the family of diffeomorphisms
7t : R = R with 7¢(s) = s + ¢, given by sending
7 (A, p) = (77 A, v (T A, 7).
In the framing coordinate, we are parallel transporting 7,*p forward by ¢ along -,
so that it is sent back to the basepoint.

REMARK 2.10. Suppose A in temporal gauge has mass ma(z) = [Fa(y)| as a
function of R. Then the action of £ € R sends m_x 5 (x) = ma(x — ). That is, as ¢

goes to infinity, the mass of 7,* A goes to —o0, and vice versa.

We have a corresponding version of Proposition for the configuration spaces
on cylinders. We do not repeat the setup of the determinant-1 U(2)-model, but
refer to it freely in the proof below. Lemma still gives that the only possible
stabilizers of elements in the 4-dimensional configuration space are the trivial group,
the full group SO(3), and circle subgroups conjugate to SO(2).

PROPOSITION 2.11. Let E be an SO(3)-bundle over a 3-manifold Y, and oy are
SO(3)-orbits in BY,. We have the following descriptions of the reducible subspaces
in the configuration space By, (a—, o) under the SO(3) action:

2We use the term naive to contrast this space of smooth connections which are constant near
o0 to the later Hilbert spaces of connections which decay exponentially at co.
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(1) If the ax are not both reducible orbits belonging to the same component
Red(Y, E), or after concatenating a path from ay to a— in the (simply
connected) reducible component they lie in, the homotopy class z is non-
trivial, then SO(3) acts freely on the configuration space.

(2) If ax € Redso(g) (Y, E) are SO(2)-reducible orbits lying in the same con-
nected component of reducibles which contains no fully reducible point,
labelled by {21, 22} = H?(Y), and the homotopy class z is trivial, then the
reducible subspace is a fiber bundle with base By, (a—, ) and fiber S2,
and in particular consists of one connected component. There are no fully
reductible points.

(3) If a— = a4 are the same unique fully reducible orbit in a fixred component
{z1,21} € Red (Y, E), and z is the trivial homotopy class, there is a unique
fully reducible point in the configuration space on the cylinder, lying in the
unique connected component of reducible orbits.

PrROOF. It’s easier to find the reducibles inside the larger space gf:l*)Ee and

afterwards take the intersection with [ev] !(a_ x a). As in Proposition
working with connections on 7*FE with fixed trace, a connection representing an
SO(2)-fixed point has holonomy inside U(1) x U(1) and hence induces a global
splitting 7*E =~ 11 @ n2. As before, this gives a natural correspondence between
the SO(2)-fixed points and | |, Bfﬁ) U Bfé) when 71 # 72 and with the single space

87(74) when 7; = 72. In the first case the involution given by the Weyl group action
swaps the two spaces and in the second case it acts with a single fixed point.

Write 57(,4)’r6d for the subspace of 5;4,,2; consisting of reducible connections for
which the corresponding line bundle is of topological type 7; in particular, we do
not specify the stabilizer. If 5 is an SO(2)-reducible component, the above shows
that the map

g7(74),red N 37(74),red/so(3)

is a constant rank submersion, with fiber S2. The base may be identified with 87(14):

it is identified as the SO(2)-fixed point space modulo the Weyl group action.

To calculate the intersection with [ev] ™ (a_ x oy ), observe that the line bundles
7; restrict to isomorphic line bundles on both ends (because the inclusion Y < RxY
is a homotopy equivalence), and so the pair of line bundles associated to a— and
a4 must be the same. Furthermore, after being put in temporal gauge, the relative
homotopy class z traced out by one of these induced connections lies inside the
simply connected space gg(a,, ay). This gives us the restrictions in (2)-(3). W

REMARK 2.12. If the SO(3)-bundle F is nontrivial, there are no full reducibles,
and so only cases (1) and (2) arise.

When the limiting connections are flat, we can distinguish the relative homotopy
classes z by the values of the integral calculating the “relative Pontryagin number”
of the connection A by

1 2
n =g [

this takes on a well-defined value modulo Z, and the different discrete values it can
take in R parameterize the set of connected components moBS . (a—, oy ). When the
limits are not flat, one could pick a base connection Ag on the cylinder interpolating
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between them and compute §(F5—F3 ); alternatively, later the limits will be critical
points of a perturbed Chern-Simons functional and we will define the action of a
connection in terms of this perturbed functional.

2.5. Configurations on a cobordism

Suppose we are given a complete Riemannian manifold W with two cylindrical
ends (i.e., specified isometries to (—o0,0] x Y7 and [0, 00) x ¥3) and an SO(3) bundle
E with specified isomorphisms over the ends to bundles F; — Y;). We think of
this as a cobordism Y; — Y. Here E; — Y; is an SO(3) bundle, framed over a
basepoint b; € Y;. Furthermore, we pick a smooth embedded path v : R — W with
~(t) = (b1,t) for t < 0 sufficiently small and (t) = (ba,t) for ¢ sufficiently large,
and a trivialization of v* F restricting to the given trivializations on the ends. This
path v will serve the role R x {b} did for the cylinder. Given orbits a; lg‘iE,

we construct the configuration space gﬁz(al,ag) much as we did before. The
basepoint is instead (0), and the framing portion of the endpoint maps given by
parallel transport to 00 along . There is still a decomposition of the configuration
space into disconnected components, which we still label by z, but this no longer
has a description in terms of relative homotopy classes. Our above discussion on
relative Pontryagin numbers, however, still does, as will the definition of an action
using the perturbed Chern-Simons functional.

As in the previous sections, we analyze the reducible points in terms of the
connected components they lie in.

DEFINITION 2.13. Let W be a 4-manifold with two cylindrical ends, as above,
equipped with an SO(3)-bundle E. We write Red(W, E) to denote the set of con-
nected components of the reducible subspace of Bg. This may be written as the
disjoint union

Red* (VV, E) [ Redso(g)(VV, :E)7

where the former denotes components that include some fully reducible orbit. If
a_ and a, label orbits in the configuration spaces g% of the ends, we write
Red(W,E)(a_, ay) for the set of connected components of the reducible subspace
Bg(a_,ay).

We enumerate the reducible components in the following.

PROPOSITION 2.14. Suppose W is a Riemannian 4-manifold equipped with SO(3)
bundle E, with one incoming cylindrical end (Y1, E1) and one outgoing cylindrical
end (Ya,Es). The reducible subspaces of the SO(3)-action on the configuration

space gﬁ(a,,(u) is as follows.

(1) If either of the ay are irreducible, or fwoE € H3(W;Z) is nonzero, then
there are no reducible points in the configuration space.

(2) If BwoE = 0, then fix an integral lift ¢ of woE, and use the restriction of c
to the ends to determine the bijection between Red(Y;, E;) and 2-element
sets of cohomology classes in H*(Y;;Z) as in Deﬁm’tion. Then the con-
nected components Redgo ) (W, E) are in bijection with pairs {21, 22} <
H?*(W;Z) with z1 4+ 23 = ¢ and z1 # z3. The set Redgo(o) (W, E)(a—, ay)
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is the subset of Redgo)(W,E) consisting of pairs that restrict to the
{x1, 22} corresponding to each a4

(3) IfE is nontrivial there are no fully reducible points. Otherwise, fix a trivi-
alization; this produces a bijection of Redy(Y;, E;) with 2-torsion cohomol-
ogy classes in H*(Y;;Z). Then the components Redy (W, E) are in bijec-
tion with 2-torsion cohomology classes in H2(W;Z). If ay are both fully
reducible orbits, then Redy (W, E)(a—, ay) is the subset of those 2-torsion
classes in H2(W;Z) that restrict to the 2-torsion classes in H?(Y;;7Z) la-
belled by the ay. In each component with a fully reducible point, there is
a unique such pointﬁ

PRrROOF. If pwyE # 0, then E cannot be written as the direct sum of a trivial
line bundle and an oriented 2-plane bundle: Sws(E) = e(E), the Euler class, which
is the obstruction to finding a nonvanishing section; but an SO(2)-reducible point
induces such a splitting (there is a parallel section). Note that this is also the
obstruction to finding an integral lift of ws(E). So suppose now that c € H2(W;Z)
is an integral lift of woE.

Almost identically to Proposition the SO(2)-fixed point space of g% is
identified with the disjoint union over configuration spaces of connections on line
bundles over W: u,,B,‘;V . If 1 @ o has first Chern class ¢, then the Weyl group
acts on B,, by sending a connection [A] on one to the connection [A — Ag] on the
other, where Ay is a fixed connection on the complex line bundle A\. Quotienting
by the Weyl group we are only left with components labelled by pairs {21, 22} with
z1 + 20 = ¢, and if z; = 29, the Weyl group fixes a unique point in B};V, the
corresponding fully reducible point. |

2.6. Tangent spaces

Before we introduce the Hilbert manifold versions of these constructions, we
investigate the tangent spaces and differentials involved in the naive constructions
(where all connections and gauge transformations are smooth).

The space Ag of all smooth connections on E is an affine space over Q!(gg);
the natural Riemannian metric on T4 Ap = Q'(gg) is the (incomplete!) L? inner
product on forms, using a bi-invariant inner product on the Lie algebra bundle gg
to define the Hodge star. With this, we can define Vs as a vector field on Ag; we
may identify (Vces)(A) = #F4. The action of the gauge group G% at A € Ag has
differential

da: Q%) = T.G°(E) > TaAp = Q' (gg).

The kernel of this map is the space of A-harmonic sections of gg. The differen-
tial of the action of G% on the fiber Ej, (whose tangent spaces are all canonically
identified with g, the fiber of gg at b) is given by evaluation at the basepoint
evy : Q%(gr) — gp. We write

da: Q%gr) — Q' (gr) Do

3Note in particular that taking the intersection of the reducible subspace with [ev]™!(a_ x
a4+ ) — that is, specifying the limits — does not increase the number of connected components.
Furthermore, either of a+ may be SO(2)-reducible or fully reducible.

41t may be that W has more full reducibles than the Yj;; this is true if, for instance, each Y;
is an integer homology sphere but Hi(W;Z) has 2-torsion.
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for the differential of the action of G§, on Ap at (A, p). Unfortunately, there is no
natural identification of the cokernel of d4 — which we hope to eventually identify
with T4 ) E% — with the L? orthogonal complement of its image, since the image
is not L? closed. Its closure is Im(ds) @ gp, the essential difficulty here being
that point-evaluation is not L?-continuous. Rather, this orthogonal complement is
precisely the same as ker(d* ). However, we can identify

(Im(d.a) @ gs)/Im(da) = g5,

the orthogonal complement inside g, of the subspace g4 of elements that extend
to A-parallel sections. Equivalently, g4 is the tangent space to the image of I'4 in
Aut(Ey).

Picking a choice of (necessarily non-orthogonal) complement of Im(d,) inside
Im(d4) @ gp to identify with g, we may still decompose

T(A,p)-/ZE = keI‘(d:Z) &) Im(dA) S) gi

We will henceforth write this as

Tap =Ka®Ga @y,
giving us the isomorphism

T[A)p]geE ~Ka (—ng.
This can not be a decomposition into a direct sum of locally trivial bundles (the
last factor has dimension varying between 0,2, and 3), but it is when restricted
to the submanifold of BY consisting of framed connections with stabilizer of fized
conjugacy class (irreducible, conjugate to SO(2), or fully reducible), where g%
actually defines a locally trivial vector bundle.

Because cs is, up to a constant, fixed under the action of G% and not just ggb,
its L? gradient on Ap must take values in K 4. It is clear from

Ves(A) = «Fy

that the critical points of cs are precisely the flat connections.

If A_ and A, are connections on the ends of 7*E over R x Y (and ay the
corresponding orbits in the configuration space), we constructed the 4-dimensional
configuration space in Definition as a quotient of /T,T*E’Z(A,, Ay). If we pick a
base connection Ag in this space, we get a description

»’ZW*E,Z(A—aA+) = {AO + Qi(ﬂ-*gE)} X (7T*E)07b,

and in particular of the space of unframed connections as an affine space. The Lie
algebra of the gauge group g;;,f‘E(A,,Ag is Q%(gg), the space of sections of gg
that are Ai-harmonic on the corresponding ends. The differential of the gauge
group action at some (A, p) is given by o — (dao, o (b)). Picking a complement g7
of Im(da ), we again have our decomposition

T(AVP)VZE = ker(df,’;) (—B Im(dA) (—B gi

We also have the endpoint maps to (A4, Ep) = SO(3). Before modding out
by gauge, the positive endpoint map sends ev, (A,p) = v, (A,p), the parallel
transport of p to oo using A. The differential of this map at (A, p) is a linear map

QL(or) ®gos — G,
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equal to the integral

o0
J ~vao(t,b)dt.
0

Here we use parallel transport backwards along v using A so that o (¢, b) is taken
to the single vector space go, where it makes sense to integrate. Observe that if
A is in temporal gauge, this is just S(;L o(t,b)dt.

Nothing changes in the above description when passing to a general Riemannian
4-manifold W with cylindrical ends.

2.7. Hilbert manifold completions

To have a useful transversality theory, we must replace the naive “infinite-
dimensional manifolds” A, G, and so on with certain completions which are mani-
folds modeled on Hilbert spaces. If E is an SO(3)-bundle over a 3-manifold, define
Ap i, to be the set of L? connections on E; more precisely, if QF denotes the Hilbert
space of L? 1-forms, then

AE,k = Ay + QIIC(QE)
for any choice of smooth base connection Ay. The resulting set does not depend on
the choice of smooth connection. Similarly, we may define

Gr i1 = {o € L}, 1(End(E)) | o(x) is an isomorphism for all z},

given the constraint that £ + 1 > 2 so that gauge transformations are automat-
ically continuous and we may take point evaluations as in the definition. Then
G% k+1 is the subset of sections which lift continuously to Aut(E). As in [DK90,
Section 4.2], the space 9% k41 becomes a Banach Lie group, and we have a smooth

action of Gf ;| on Apx = Ag1, x Ep; the same argument as the case of smooth
gauge transformations shows that this action is free. The following is [BouO8|
Proposition 3.1.5.10]. To facilitate comparison to the version stated there, note
that Bourbaki’s definition of immersion includes the assumption that the differen-
tial has closed image with a closed complement.

PROPOSITION 2.15. Suppose G is a Banach Lie group and X a Banach manifold
on which G acts. Suppose that G acts freely and properly on X, and such that if
p(x) : T.G — T, X is the differential of the action at the point x, the image of p(x)
is closed and has some closed complement for all x. Then the quotient topology
on X/G is Hausdorff, and there is a unique smooth structure on X /G such that
m: X = X/G is a submersion. Furthermore, X — X /G is a principal G-bundle.

We should see that all these assumptions apply to the action of Gf . ; on A E ks
giving us the quotient manifold geEk We record this as a lemma.

LEMMA 2.16. g%k 1s a Hausdorff Hilbert manifold if k = 1.

PROOF. Properness of this action would follow from properness of the action
on the unframed space of connections, because the map flEk — Ag i is proper
(because Ej is compact). That the action of Gg ;11 on Ag j is proper is proved in
[DK90, Section 2.3.7], by a bootstrapping argument.

Because .,LTE;c is a Hilbert manifold, we only need to verify that the image of
the differential is closed; write this explicitly as the sum

(da,evy) : Q)1 (a8) = (o) D g
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First note that Im(d4) is closed: there is an L?-orthogonal decomposition
Qp(9p) = ker(d}) ® Im(d.a);

that this is true in 2}, and not just Qf follows from elliptic regularity (if daoc = n
where n € LZ, then o0 € L7 ).

Then suppose (1, gn) — (1,9) is a convergent sequence, for which there is a
sequence of o, € QQH with dao, =1, and 0,(b) = g,. Because Im(d4) is closed,
there is some o with n = dao. Thus there is some sequence v, € ker(d4) so
that o, + ¢, — 0. As long as k + 1 > 2, point-evaluation is continuous, and so
gn + Pn(b) — g; because g, — g, we see that 1,(b) — 0. Thus o(b) = g and
dao =1 as desired. [ |

This provides somewhat less inspiring charts than the case of irreducible con-
nections and unbased gauge group, where one can explicitly present slices for the
action of the gauge group as those connections with

dy,(A—Ap) =0.
One can at least use the decomposition
Tak=Kar®Gar®gs

to provide slices for the based gauge group as exponentials of K4 @ gj. In addition
to the natural tangent bundle T Ag ), = Qi(gr), we may also define completed
tangent bundles T;. Az = Qj(gg) for any j < k.

After passing to this completion, the analogue of Proposition [2.3] remains true.
Whenever we construct a gauge transformation via parallel transport, it has one
greater order of differentiability than the connection we used to define parallel
transport.

2.8. The 4-dimensional case

In contrast to the case of homology 3-spheres, where to define Floer’s instanton
homology we only needed to study instantons on the cylinder with irreducible limits
on the ends, the same flavor of Sobolev completion will not suffice to define the
configuration space of 4-manifolds with general limits. Instead, we will need to use
weighted Sobolev spaces. Recall 7*E is an SO(3)-bundle on R x Y, given as the
pullback of some bundle ¥ on Y under the projection map. Let fs5 be a smooth
positive function on R such that f5(t) = el for |¢| > 1.

Suppose we have fixed limiting connections A_ and A, on E. Here we are fixing
connections and not gauge equivalence classes; we write the corresponding orbits
in g% as a4. Pick a smooth base connection Ay on 7*FE over R x Y that agrees
with the pullback connections of A_ and A, near o0 respectively; it traces out
a relative homotopy class z € m; (ESE, A_,A}). Then one may define the space of
Li’ s sections of m*E as those sections for which

j 2 (|02 + [V ago 2 + ... [V, 0f2) < o0
RxY

this is the Li,é norm with respect to Ag. Then we say

Arsp 2 ks (Ao, Ay ) = {Ao + Qllc,s(gE)}~
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This only depends on A, through the choice of z, but it clearly depends on the limits
Ay if two pairs (A%) of limits are gauge equivalent by gauge transformations in
the same homotopy class, then there is a gauge transformation taking

ATr*E,z,k,é(Al—v A}r) = Aw*E,z,k,&(Aga Ai)

This set depends only on §, not the particular function fs chosen above.

We need a Banach Lie group gj,,{’E pars(A— Ay). Set

Iy =T(ay) G5 k13
this is precisely the set of a4-harmonic gauge transformations. As before, we make
sense of the L% +1.5 horm by considering gauge transformations as certain sections

of 7*(End(FE)). If we only cared about constant limits (as is the case when the ay
are irreducible), we could take the Lie group

Grxg k1,5 = {0 € D(Awt(7*E)) c I'(End(n*E)) | (6 — 1) € LiHﬁ(End(w*E)}.
That is, roughly, gauge transformations in this group are sections of 7*(F ® E*)
that are pointwise automorphisms and decay exponentially quickly to the identity.
This is again a Banach Lie group that acts smoothly on A xg .k s5(A—, Ay); this
is essentially the content of [Don02| Section 4.3]. We write

g:rl*E,kJrl,é(ai) =
{o € [(Aut(E)) | 3¢ with parallel ends and o — ¢ € Lj |, 5(End(E))}.

This is again a Banach Lie group, but now we have the surjective endpoint evalu-
ation map
h
gﬂ*E7k+175(A_,A+) —-T_xT,.

There is also the natural subgroup g;,f Bt s(

lift to sections of m(W*E) Following Definition we use this to define the
configuration space as follows.

A_,A,), those transformations that

DEFINITION 2.17. The configuration space of framed connections on 7*E be-
tween o and a4 is defined to be

g:}*E,z,k,é(A—aA+) = JZ(Tr*E,z,k,é(A—vA-&-)/g;’fE’kJrl’&(A_,A+).

This carries an action of SO(3) by acting on the fiber above the basepoint on the
right. The endpoint maps given by parallel transport along R x {b} are right SO(3)
maps to [a4+] = Ep/Ty; these maps are smooth and furthermore submersions.
Equivariant with respect to these is a (left) R action by pullback of the connection
and parallel transport of the framing.

Again, we should check that this group action is well-behaved.

LEMMA 2.18. gfr*E,Z_’kvé(a_, ay) carries the natural structure of a smooth Hilbert
manifold when k = 2.

PROOF. We need to check that the action on ﬂﬂ*E7Z,k75(A_, Ay) is proper, and
that the tangent spaces to orbits are closed.

Let (04, Ay) be a sequence of Li +1,5 gauge transformations and L% s connections
so that oA, — B in the L} ;5 topology, and so that A, — A in the L 5 topology.
Write B,, = 0} A,,. We want to show that o,, then has a convergent subsequence
in the L, , 5 topology.
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On any chart with compact closure, choose an arbitrary trivialization of 7*E,
so that we represent A,, and B,, as matrices of 1-forms and o, as a map to SO(3).
Then as in [DK90, Section 2.3.7] we have the formula

dan = UnAn - Bnan;

from this it follows that an L? bound on o, implies an L? +1 bound as long as
j < k, and an L? bound follows from compactness of SO(3) and of the chart
itself. Therefore |oy,| £z, is uniformly bounded; by compactness, we may choose a

convergent subsequence o, — o in L?. But then we may identify c*4 = B, and
therefore we have

do —do, =0cA —0,A, — Bo+ B,o,,
which may be rewritten as
(0 —on)(A) + op(A—A,) — B(o —0,) — (B — Byp)(on).

Then because all of 0 — 0,,A — A,,, and B — B, go to 0 in L% we see that

. 2 : 2
do — do, — 0 in Li, and therefore 0,, — o in Ly ;.

2
k+1,loc"

We may write A, and B,, as the flat connection « plus an Li s 1-form valued in gg.
Choose a trivialization of E on a chart U of Y, and extend that to a trivialization
of 7*F over R x U. Consider this on one end at a time; for convenience we say
(—0,0] x U. We write the flat connection « as d + w,, in this chart, where w, is
a particular matrix of 1-forms, and then the connections in this trivialization take
the form d + w, + A, for an L%’J 1-form A,,.

The above formula now gives us

This shows that o, — o in L We should check convergence on the ends.

doy, = op(Wa + An) — (Wa + Br)on = 0,4y — Brop, + (0pwae — Wa0n);
more simply stated, this is
doopn = 0, A, — Bhop,.

For the limit o € L3, )., we then have (da0) = 0A — Bo. Because the L ; norm
of oA agrees with that of A, we see that (d,0) has an Lg ; bound; because o is
the limit of gauge transformations which are asymptotic to 1 on the ends, o is
asymptotic to 1 on the ends, and so o is L(%,&'

We also have

doo —doon, =0(A—Ap) + (0 —on)Ay, — (B —By)(0) — Bp(o —0,).
Therefore
ldao = daon|rz ; <A = Anl +2[An] + [ B = Bn| + 2| Bl

and in particular |oy |2 = is uniformly bounded. By the compactness theorem for

weighted Sobolev spaces, 0, — ¢ in Li g for &' < 4. Inducting with the previous
formula, we may see that |o,] rz,, , is uniformly bounded. Therefore o, — o in

L2 41,60 for 0’ < 6. The above formula again shows using Sobolev multiplication
that [|o — crn||Li+1 , — 0 on this chart, and by running this argument a few times

on = oin Ly | sonall of R xY, as desired.
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The extension to the entire gauge group (with gauge transformations that are
exponentially decaying to a-harmonic gauge transformations) is formal, as the quo-
tient by the subgroup used above is compact, equal to the space of harmonic gauge
transformations on the two ends.

To see that tangent spaces are closed, it suffices to show that Q,lf s(0E) admits
a closed splitting Im(da) @ ker(d3} ); we want to show that every element may be
written uniquely as a sum of that form.

That these are closed subspaces follows from the closed range theorem for
densely defined operators (thinking of this as a densely defined operator in L?):
the range of da is closed if and only if its image is the L? orthogonal complement
of ker(di) n L?, 5.

If ¢ € ker(d}) n L2_k7_6, then by separation of variables on the end, using that
the signature operator on Y has no nonzero eigenvalues of magnitude less than §,
we see that ¢ € L2_k7§7ext: it is the sum of a section which is constant and a- or
B-harmonic on the ends and an sz’ s section; similarly elliptic regularity and the
assumption that A is L% 5 implies that ¢ € L} 5 .- Now we may apply the usual
integration by parts trick to show that {dac,¥) = {o,d% 1) =0 for all 0.

What is left is to see that the equation Apoc = —d} ¢ has a solution for any
(N Q}w;; to see this, choose ¢ so that d} ¢ is in the orthogonal complement of
ImA . But as before we may see that if

0 ={Ap0, dpt) = {dao,dadp?),
then in particular dadi ¥ = 0, and as such d ¢ is parallel. Because % is asymptotic
to 0 on the ends, we see that d’ ¢ = 0, and hence indeed

AAO' = —dZ?/)

is solvable for all 1. Uniqueness follows because if Apo = 0, then because o is
asymptotic to 0 on the ends, by the usual integration by parts trick dao = 0; again
because ¢ is asymptotically zero, we see that o is globally zero. |

The discussion of tangent bundles and reducible configurations (Proposition
from the naive case carry over without change.

Finally, suppose we are given a complete Riemannian manifold W with two
cylindrical ends (i.e., specified isometries to (—c0,0] x Y7 and [0,00) x Y3), an
SO(3) bundle E with specified isomorphisms over the ends to bundles E; — Y;,
and specified «; on the F;. Further suppose W is equipped with an embedded path
~v in W, cylindrical and agreeing with specified basepoints b; on the ends. Then
the construction of configuration spaces z?gk s(01, ag) with equivariant endpoint
maps to (E;)p, /T, carries through with essentially no change from above. When
defining cobordism maps in instanton homology, the data of the embedded path
will only ultimately matter up to homotopy of such paths, which reduces to the
data of a relative homotopy class (D, {0}, {1}) —» (W, Y1, Y2).






CHAPTER 3

Critical points and perturbations

3.1. Holonomy perturbations

In order to carry out the construction of a Morse-like homology theory on our
configuration space g% > the Chern-Simons functional will usually need to be per-
turbed so that the critical sets are isolated orbits of SO(3), and the moduli spaces of
trajectories are smooth manifolds of the appropriate dimension. Here we recall the
standard perturbations used in this situation, as well as their basic properties, from
[KM11bl Section 3.2]; they work relative to a knot K, but we may simply take
K = @. These perturbations originate in Floer’s definition of instanton homology
and have been used consistently in the development of the subject.

Suppose we are given a collection of immersions

¢ :S'xD?*%Y, i=1,...,N,

such that the ¢; all agree in a small neighborhood of {1} x D?. Further pick a
conjugation-invariant smooth function h : SO(3)¥ — R and a nonnegative 2-form
pon D? that integrates to 1 and vanishes near the boundary. Taking the holonomy
of a connection A along the family of curves ¢;(e?™, z) parameterized by i and z
gives a map

Hol,(A) : D* - SO(3)V;

we are interested in the functions (called SO(3)-cylinder functions)

Janu(A) = J;y h(Holg(A))p.
These functions f 1, have smooth extensions to the Hilbert manifolds Ag j, where
(as on Ag) they are invariant under the action of the gauge group. By ignoring the
framing, we can extend this trivially to a map fqn . : .ZEk — R invariant under
both the left action of the full gauge group and the right action of SO(3). Thus
they descend to SO(3)-invariant smooth functions fg 5, : g%k — R. Note that
they are furthermore invariant under the remaining H!(Y';Z/2) action.

We will construct a version of cylinder functions which breaks the H'(Y;Z/2)
symmetry. In the context of the U(2)-model, we choose an integral cohomology
class c € H?(Y'; Z) reducing mod 2 to weE and hence a lift of E to the U(2)-bundle
A@ C, where c; A = ¢. Fixing a base connection Ag on A, the configuration space
is the set of connections for which tr(4) = Ag. Fixing further a framing of the
U(2)-bundle at b, associated to any connection with fixed trace is the holonomy
map

Hola : QY — U(2),

23
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which is invariant under the action of the group of determinant-1 gauge transfor-
mations based at b. Quotienting by this action, we obtain an SO(3) = PU(2)-
equivariant map
Hol : By, x QY — U(2),
with PU(2) acting on U(2) by conjugation. We also have, associated to Ag, a map
HO]AO : QbY - U(l)
Because tr(A) = Ap, we have

det Holy = Holy,.

To define a relative holonomy map valued in SU(2) and equivariant under the
action of SO(3) = PSU(2), we use a square root of Holy,, defined on a covering
space

oy 2= oy
\/ml lHolAO
U(1) —— U
Including U(1) as the diagonal subgroup of U(2), we may define an SO(3) =~ PU(2)-
equivariant relative holonomy map
Hol' := Hol\/m_l : By x QY — SU(2).

If one further acts on connections by the operation of tensoring with xc, where y
is a real line bundle, this describes the action of

Gp/G% = H'(Y;Z/2)

on this space. Abusing notation to write y : mY — =+1 for the holonomy of the
unique flat connection on this real line bundle, the corresponding map x¢ : 1Y —
U(1) has determinant 1; so

Hollg, (7) = x(7)Hols.
That is, Hol’ is not invariant under the H*(Y;7/2) action.

To define cylinder functions using this relative holonomy map, the collection of
immersions ¢; define a map q : D? — (,Y)". Because the disc is contractible,
one may choose a lift ¢’ : D? — (2,Y)". Choosing an SO(3)-invariant function
h:SU(2)N — R, we set

funnl ) = | ol (A))n

We call these SU(2)-cylinder functions. Note that SO(3)-cylinder functions are
the special case of H(Y’;Z/2)-invariant SU(2)-cylinder functions.

We're interested in the gradient flow equation of the Chern-Simons functional on
g; the relevant perturbations (called “holonomy perturbations”) will be the formal
gradients of the cylinder functions described above, so we will need to know that
the formal gradients are well-behaved. The most convenient way to do so is to
calculate them explicitly. We write

Vh:SOB)N - s0(3)N



3.1. HOLONOMY PERTURBATIONS 25

for the gradient of h using the Lie group trivialization of the tangent bundle and
the standard inner product on s0(3); write

Vih : SO(3)N — s0(3)

for the jth component. Kronheimer and Mrowka give a formula for this in [KIM11b
Equation (74)] along the base [—¢,e] x D? < Y of the embeddings ¢; as

N
V= (Vfgnu)(A) == (Z(Qi)*((vlh)(HOIq(A))U)) ;
i=1
where (¢;)+ is the pushforward of differential forms on each tangent space. This is
defined on the rest of Im(q) via parallel transport, and then extended by 0 to the
rest of Y. The following properties of the formal gradient V¢ are enumerated as in
[KM11bl Proposition 3.5].

THEOREM 3.1. Let f : Agxr — R be a fized SU(2)-cylinder function as above.
Then the formal gradient V ¢ defines a smooth section of the tangent bundle Ty Ag i,
and its first derivative DV, considered as a section of the bundle Hom(Ty, Tx),
extends to Hom(T;,T;) for all j < k.

Further, fixing a reference connection Ay, we have the following pointwise norm
bounds for constants C,Cy, C":

V(A <C
V(A2 < Cu(l + A~ Ao 12)"*
Voo 2 p = 2,V (A) = V(AL < C|A = Ao

More generally, for any n we may find continuous increasing functions k., (depend-
ing on f) such that

D"V ) (Allzz < kn(lA— Aollzz),

where on the left side we’re taking an operator norm. Furthermore, f (and thus
V) are invariant under the action of the full gauge group.

Suppose now we have a collection of SU(2)-cylinder functions f;; we may asso-
ciate an increasing sequence of constants (K;) so that when ), Kj|a;| converges,
> a;Vy, converges in C* on compact sets. One may take K; to be, for instance,

Kiv+ ), ka(f)(0).
n=1

Then we may define the K-weighted ¢! Banach space as the space of sequences (a;)
with [ap = 3] Kj|a;| < co. There is a map P — C*(Bg ;, R) given by sending

WZZCM '_’Zaifi = fr

and a map to smooth sections of the tangent bundle by sending 7 to its formal
gradient, which we still call V. We call P a Banach space of perturbations and
the induced functions f, (which are now L! sums of SU(2) cylinder functions, but
not necessarily cylinder functions themselves) holonomy perturbations.

The results of the previous theorem extend to smoothness of the P-parameterized
section of the tangent bundle, and parameterized inequalities for V(A) where now
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7 may vary within P (with an extra factor of |7|» in the right-hand sides); this is
[KM11bl Proposition 3.7].

The following is the relevant geometric fact about SO(3) and SU(2)-cylinder
functions — and therefore also holonomy perturbations. It is well-known, though
usually stated nonequivariantly and for irreducible connections. Note that in the
first statement we have quotiented by the entire (as opposed to even) based gauge

group.

LEMMA 3.2. Given any compact SO(3)-invariant submanifold S c gE,k, the
restriction of SO(3)-cylinder functions to S are dense in the space of smooth in-
variant functions C*(S)59®).  This is furthermore true even if we demand the
cylinder functions vanish in a small invariant open neighborhood O of a finite set
of orbits.

Similarly, given a compact SO(3)-invariant submanifold S c g%"t ~ g%, the
restriction of SU(2)-cylinder functions to S are dense in the space of smooth in-
variant functions on S.

PrOOF. If y € Y is the basepoint, consider the maps Ag ; — SO(3) given by
Hol(y;) where 7; are some family of immersed loops, based at y, all with the same
germ there. (‘Immersed’ is implicit for all loops in the rest of this argument.) These
maps are equivariant with respect to the action of the gauge group on SO(3) (con-
jugating by the value at the basepoint), and hence descend to SO(3)-equivariant
maps g&k — SO(3). The claim is that these maps separate points and tangent vec-
tors in B 1.k; then, by compactness of S there is some finite collection ;, 1 < i < N,
such that Hola(;) : S — SO(3)Y is an embedding.

If two connections have the same holonomy along every immersed loop v based
at y with specified germ, they have the same holonomy along every piecewise smooth
immersed loop: we may write any piecewise smooth loop v based at y as being the
composition of an arbitrarily small loop and a loop with the specified germ, and so
Hol sy = Hol 4/y for any piecewise smooth based loop . For any point p € Y, pick
a path «a from y to p, and define

o(p) = HolA(oz)Holg,1 (a);

that this is well-defined follows from the assumption that the (based) holonomies
always agree along closed loops. Taking derivatives along any smooth curve based
at y we see that A — dao = A’, and clearly o(y) = 1. So based holonomy sepa-
rates connections modulo based gauge. Equivalently, holonomy separates framed
connections modulo gauge.

At the level of tangent spaces, we run the same argument with any w such that
dHol A (7)(w) = 0 for all 7 to see that w = dao for some o € Q°(gg). Pick a path «
from y to an arbitrary point p; then we have a natural isomorphism

gp = TIsom(E,, E,)
coming from the framing on E,, and so we may define

o(p) = dHol(a)(w);
as before this is independent of the choice of a and it is easy to verify from~ this
definition that d4o = w. Thus based holonomy seperates tangent vectors in Bg j.

Now choose some finite set of embedded based curves 7; with the same germ
so that Hola(y) embeds S into SO(3)Y. Given h : S — R an SO(3)-invariant
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function, extend it to h : SO(3)Y — R arbitrarily using the equivariant tubular
neighborhood theorem. We may then approximate h by holonomy perturbations
by picking a sequence of embeddings ¢ of solid tori of small radius around the
curves so that the radii go to zero as j — o0; then the cylinder functions

quﬁ,u S —>R

approach h in C%(S) for any choice of 2-form u, as desired.

The final claim about SO(3)-cylinder functions follows by applying the previous
paragraphs to embed the submanifold S and the disjoint finite set of orbits C' into
SO(3)N; if O is, for instance, the inverse image of a small neighborhood of the
image of C'in SO(3)" (whose closure is disjoint from the image of S). Then choose
the extended function A to be zero on this small neighborhood.

The corresponding fact for SU(2)-cylinder functions is a straightforward modi-
fications of the same proof. |

Following the lemma, we choose our Banach space of perturbations Pg to be
generated by a choice of a countable set of holonomy perturbations {m;}, generated
by (h,7, p). Here

e h varies over a countable dense set of SO(3)-invariant functions on SU(2)"
which vanish in a neighborhood of (+1)%,

e v varies over a countable dense subset of the space of N immersions of
S x D? that share a germ around {1} x D2,

e 1 is specified, and

e NN varies over all positive integers.

We say that a Banach space of perturbations Pg arising in this way is sufficiently
large. The first condition will be useful in technical arguments later, so that the
Hessian at fully reducible connections is the same no matter the perturbation.

The particular countable family of holonomy perturbations is inessential (other
than these denseness conditions). While the particular choice of countable dense
set to choose is noncanonical, the union of any two gives another; any theorem on
independence of perturbation in Pg extends to show that the particular choice of
Pg is irrelevant.

In practice we will need to make further perturbations, but we want to do so
without changing the existing functional at a finite set C' of ‘acceptable’ critical or-
bits. We say that holonomy perturbations vanishing on a small open neighborhood
O of this set C adapted to O; the lemma shows these are in large supply. If Pg is
a Banach space of perturbations and 7y is some fixed perturbation, we denote

Pr,o = {1 €Pr | fr|o = frolo}-

It is well-known that the space of flat connections is compact. The set of critical
points of the unperturbed Chern-Simons functional framed flat connections, modulo
even gauge; it’s equivalently described as a sort of framed projective representation
variety of E. We recall the following compactness principle for critical points from
[KM11bl Lemma 3.8]; their argument is unchanged for the framed moduli space,
modulo even gauge.

LEMMA 3.3. Let P be a Banach space of perturbations. The map
F:PxBg), — P x TicaBg s
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(m,[A]) — (7, V(cs + f=)([A])), is proper. In particular, if €, € P x g%k denotes
the subset whose fiber over m € P is the set of critical points of cs + fr — that is,
¢, = F~Y(P x {0}) — then the projection €, — P is proper.

3.2. Linear analysis

It follows immediately from [Don02, Equation 2.18], modified to fit our nor-
malization of cs, that

2

cs(A+w) =cs(A) + ,[ tr(daw A w+ FWAWA w)
Y

that the Hessian of the Chern-Simons functional on Ag is precisely

sda: Q(gr) = U1 (08)-
(When working with Sobolev completions, the Hessian is a smooth map between
tangent bundles of different regularity.) Because the tangent space at a framed
connection [A,p] € By, can be decomposed as Kap @ gy (recall that K4y is
defined to be the Coulomb slice ker(d%) < Q4 (gg)), this identifies the Hessian of
the Chern-Simons functional at a flat connection as
Hessg = #da ®0: Kar @ g — Kar 1 ®g4

We call the summand #d4 : K45 — K4 1 the normal Hessian, Hess",, which is
the Hessian restricted to the normal space to the orbit. The Hessian is a summand
of a larger elliptic operator, the extended Hessian

Hessa : QQ(gr) ® Q(gr) — 21 (95) ® U_1(95)

0 —di
—dA *dA ’

—2 —
It is clear that Hess, = A4 on Q0 ® Q! and thus Hess, is a self-adjoint elliptic
operator. At a flat connection, where (xd4)? = 0, the extended Hessian has the
further decomposition under

by the matrix

Q'gE) =Kar ®Ga

as the orthogonal direct sum of Hess’} on K4 and the signature operator S4 on
ANy Ak The kernel of the Hessian is identified with the kernel of the Laplacian
on 0- and 1-forms (and is thus invertible if the Laplacian is).

Adding a perturbing term, the Hessian of the perturbed Chern-Simons func-
tional Hessy . differs only by the gradient of the vector field V. at [A], written
D4V ,. We define the perturbed extended Hessian the same way. The perturba-
tion of Hess A is a compact self-adjoint operator, and so the resulting perturbed
extended Hessian operator is still self-adjoint first order elliptic. At critical points
of ¢s + fr, using the decomposition Q° = HY @ Im(d¥), we see that

IL/Ie?sAJr = 0@ Hess!) , ®Sa

on
HO ® (Im(d%) ®Gar) ®Kak.

Thus at critical points A of the perturbed Chern-Simons functional, Hess’; , is a

summand of a self-adjoint elliptic operator, and so it has discrete eigenvalues and the
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space it acts on enjoys a direct sum decomposition over these (finite-dimensional)
eigenspaces.

DEFINITION 3.4. A critical orbit [A, p] € g%k of the perturbed function cs+ f is

called nondegenerate if H ess’[’AL7r is invertible, or, equivalently, the kernel of Hess A
on 2 (gr) ® Q4 (gr) consists only of harmonic 0-forms.

This terminology agrees with [Don02]; if the connection A is furthermore ir-
reducible, and so its extended Hessian operator is invertible, Donaldson calls A
acyclic.

3.3. Reducible critical points

Because of the linear nature of the SO(2)-fixed subspace of E%,
. \50(2)
(5" - s,
n

it is especially straightforward to determine the critical points of the Chern-Simons
functional. When b;(Y") = 0, there is a unique flat connection in each component
(corresponding to the calculation Hom(71(Y'),Z) = 0), at which the Hessian inside
the SO(2)-fixed subspace is simply the restriction of =d : Q}(Y;iR) — Q1 _,(Y;iR)
to

Hessg = *d : ker(d*), — ker(d™)p_1.

This depends only on the underlying metric on Y, not the connection A. Because
b1(Y) = 0, Hodge theory guarantees that this is an isomorphism, and so these
critical points are nondegenerate in the SO(2)-fixed locus.

PROPOSITION 3.5. Suppose Y is a Riemannian 3-manifold with b1(Y) = 0,
equipped with an SO(3)-bundle E. There is a positive constant € so that for any
perturbation m € P with || < e, there is precisely one critical point of cs + fr in
each component B, i, of the SO(2)-fized point space, and the Hessian of each inside
By 1 is nondegenerate.

ProoOF. The compactness principle Lemma also applies to B, ;. The set of
nondegenerate critical points in €, (which we call €¥) is open, and hence the subset
of degenerate points is closed; because proper maps are closed, the set of pertur-
bations 7 for which some perturbed critical point [A] is cut out non-transversely
is closed. Conversely, regular perturbations (written P*) form an open set. Thus,
because every reducible is cut out transversely in the fixed locus for 7 = 0, the
same is true for || < e for some small . Finally, if p : €, — P is the projection,
the map

pip (P*) - P*
is still a proper local diffeomorphism and hence the inverse function theorem guar-
antees that (for sufficiently small |7|) there is precisely one critical point of cs + fr
in each component B, j, of the SO(2)-fixed point set. [ |

There is a class of SO(3)-bundles over 3-manifolds with b;(Y) > 0 for which
we can avoid reducibles entirely, called admissible bundles (sometimes ‘non-trivial
admissible’ bundles). These were introduced in Floer’s work on Dehn surgery in
[Flo95], and were extensively used in Kronheimer and Mrowka’s study of instanton
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knot homology, beginning with [KM11b|. In defining instanton Floer homology
we will restrict to these two somewhat orthogonal cases: b; = 0 or F admissible.

DEFINITION 3.6. An SO(3)-bundle over a 3-manifold Y is admissible if every
lift of wy(F) to a class in H?(Y;Z) is non-torsion. We say that an SO(3)-bundle
E over Y is weakly admissible if either E is admissible or b (Y") = 0.

Ultimately, the instanton chain complex is described in terms of critical orbits,
not fixed points, so we give a description of these. The class of weakly admissible
bundles allows for a succinct description of the class of reducible critical orbits.

PROPOSITION 3.7. LetY be a Riemannian 3-manifold equipped with weakly ad-
missible SO(3)-bundle E, equipped with a perturbation m small enough that Propo-
sition applies. Then we have the following description of the reducible critical
SO(3)-orbits of cs + fr in g%k

o Ifb1(Y) = 0, then there is a unique critical orbit lying in each reducible
component {z1, 22} € Red(Y, E) of the configuration space. In the compo-
nents Red, (Y, E) that contain a fully reducible orbit, the full reducible is
the critical orbit.

o If E is admissible, there are no reducible critical orbits.

PROOF. First suppose b1(Y) = 0. By Proposition there is a unique critical
point in each connected component of the SO(2)-fixed subspace. The components
of the SO(2)-fixed subspaces were enumerated in Corollary

In general, a critical orbit of cs in the component {z1, 22} € Red(Y, F) is a gauge
equivalence class of flat connection respecting the isomorphism

E=iROmen'.

In particular, n; ® n, ! would support a flat connection, and thus have torsion first
Chern class. Because ¢ = z; + 23, this implies that ¢ — 2z, is a torsion cohomology
class; as this also represents wq(E), this implies that E is not admissible. Because E
supports no reducible critical points for the unperturbed Chern-Simons functional,
the same is true of all sufficiently small perturbations. |

3.4. Transversality for critical points

Before discussing the 4-dimensional case, where we will assume that the limiting
connections are nondegenerate, we should verify that this situation is achievable!
This leads us to the first transversality theorem of this paper; its proof is a model
for the rest of the transversality results we will need. It essentially follows the
corresponding proof in [AB96].

THEOREM 3.8. Let Y be a Riemannian 3-manifold, equipped with an SO(3)-
bundle E. Suppose either that b1(Y) = 0 or that E is admissible. Given a suffi-
ciently large Banach space of perturbations P, there is a dense open set of m € P
for which there are finitely many critical orbits of the perturbed Chern-Simons func-
tional ggk, on each of which the normal Hessian is invertible.

The proof proceeds by achieving transversality in each locus inductively. In
the course of achieving transversality over the reducible locus, we need a simple
functional analysis lemma.
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LEMMA 3.9. Let H be a Hilbert space, equipped with a densely defined self-
adjoint Fredholm operator T : H — H; write Hy = ker(T) and Hy = im(T) for
the associated orthogonal splitting of H. Let K : H — H be a bounded self-adjoint
operator with Koo : Hy — Hy injective. Then for sufficiently small positive €, the
map T + €K is injective; in particular, an isomorphism.

Proor. If D = Hy@® D1 is the domain of T, then because T1; : D1 — Hy is an
isomorphism, we have a bound |T1121[ = Cr |z | for some Cr > 0 (where the norms
are defined on the appropriate domains). Similarly we have | Koozl = Ck|xo| for
some Ck > 0. Now suppose (T + eK)(xg + z1) = 0 for some = = (zg,21) € H.
This means precisely that

Koozo + K121 =0,
Tiix1 + E(K()ll?o + K11JC1) =0.
These two equations give us the bounds
Ck ol <[Koozol = [|[Kroz1| < | K] |21],
Crllz1| < T | = e[ Korzo + K| < e K| (ol + [l1])-
Combining these two inequalities we then have
Crlz | < el K| + | K/Crk)| 2]

As soon as
Cr
€< ,
1K1 + | K]/ Cx)
this implies that 1 = 0, and hence that z¢ = 0. |

PRroOOF OF THEOREM [3.8l By the discussion in the proof of Proposition [3.5
there is an open subset U of P so that all reducibles are cut out transversely in
their own locus. For w € U, there are thus a finite number of reducible m-critical
orbits. Recall that cs and SU(2)-holonomy perturbations are invariant under the
action of SO(3), but not of H(Y;Z/2).

The normal Hessian to an SO(2)-reducible fixed point might have nontrivial
kernel, a finite-dimensional subspace of the tangent space.

Enumerate an element of each SO(2)-reducible critical orbit that is not fully
reducible as [A;], and let D; denote a small disc inside the kernel of Hess!), = Z;.
The manifold D; is an SO(2)-manifold; we may identify the orbit through D; as a
vector bundle over S? with generic fiber D;; call this neighborhood V;. An SO(3)-
invariant function on V; is the same thing as an SO(2)-invariant function on D;.
At an SO(2)-reducible corresponding to a reduction £ =~ R @ (, the kernel of this
operator is H'(Y;¢). The SO(2)-action is by scalar multiplication on this complex
vector space. The restriction of some SO(2)-invariant nondegenerate quadratic
function ¢ on Z; gives a smooth function on D; with Hessian at the origin equal to
the identity. Note that this implies that there are an even number of positive and
negative eigenvalues.

We will use holonomy perturbations approximating this smooth function on D;
to correct the fact that the Hessian has kernel. More precisely, if «y; is a sequence of
curves for which Hol4 () gives an equivariant embedding of the neighborhoods V;
into SU(2)N, we choose a function h on SU(2)Y which agrees in a neighborhood
of each A; with v — ¢(v) (identifying a neighborhood of each A; with the tangent
space at that point). Now pick a sequence of holonomy perturbations m,, arising
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from approximations of i and «v;. For sufficiently large n, the restriction of D4,V
to ker(Hess 4,) is very close to g.

If we decompose K 4, 1, as the direct sum of Z; and its orthogonal complement,
then one may write Hess,, » in block-matrix form with respect to this splitting;
the component Z; — Z; is the Hessian restricted to the submanifold D; at A;.
Therefore, we can apply Lemma@ to T'= Hessa, » and K = D4, Vm, for large n
to see that m+em, is a regular perturbation at reducible connections for sufficiently
large n and sufficiently small . A similar argument works for the fully reducible
connections, now using a nondegenerate SO(3)-invariant quadratic form.

Similarly to Proposition [3.5] nondegeneracy for reducible critical points is an
open conditiorﬂ in perturbations P, and we have just seen that it is also a dense
condition.

Now we have reduced ourselves to furthermore showing that perturbations for
which the irreducible critical points are nondegenerate are dense in P<.. This is
an application of the Sard-Smale theorem, using that @,T(A) separates points and
tangent vectors as m varies over P. (For the irreducible case, see [Flo88| and
[Don02| Section 5.5.1].) The open-ness is slightly more delicate, and uses that
nondegenerate critical points are isolated; therefore, for m € U, reducible critical
points are isolated. This implies that the projection p~1(U)* — U is proper, where
the asterisk denotes that we restrict to irreducible connections. This is enough to
conclude, as in Proposition |3.5) ]

REMARK 3.10. There is not much additional difficulty in proving this theorem
for SO(3)-holonomy perturbations, which are invariant under the H'(Y;Z/2) ac-
tion. However, one needs to do more bookkeeping at the other kinds of reducibles;
those with stabilizer Z/2 are the most difficult, being labelled by their Euler classes
in twisted cohomology.

REMARK 3.11. In the above proof, we only used the assumption that F is
weakly admissible — that is, either b;(Y) = 0 or F is admissible — to ensure
that the reducible flat connections are cut out transversely in the reducible locus.
This is not a serious issue: one may easily first choose a perturbation for which
the reducible 7-flat connections are cut out transversely in the reducible locus.
However, transversality for the moduli spaces of flowlines is much more restrictive,
and forces the weak admissibility assumption on us — if b;(Y) > 0 and E admits
reducible connections, then there will be trajectories which have higher expected
dimension in the reducible locus than the irreducible locus. That in mind, we see
no harm in making the assumption a little early.

Note that the critical set of cs + f, is canonically identified with that in any
Hilbert manifold completion of lower regularity by an elliptic regularity argument;
we are not being remiss in leaving the regularity k& out from our notation €, for
the critical sets.

3.5. Signature data of reducible critical points

Suppose Y is a rational homology sphere. Fix a lift ¢ of wa(E) to an integral
cohomology class; then the connected components Red(Y, E) of the configurations

INote that shows that nondegeneracy in the reducible locus is an open condition, and
here we want nondegeneracy in B%; however, the proof requires only trivial modifications.
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of reducible connections on E are in bijection with pairs {21, 20} © H?(Y;Z) with
21 + 29 = ¢. (See Definition for the definition of this set and a discussion of its
enumeration.)

The component labeled by {z1, 22} corresponds to equivalence classes of framed
connections (with fixed determinant connection) on E = 1, @1, respecting the
direct sum decomposition, where ¢;(7;) = z; and det E = \, with ¢;(\) = ¢. In

E=R®(m®n")

these again correspond to connections respecting the direct sum decomposition. In
particular, if A represents the unique class of flat connection on E that preserves
the splitting, we may identify Hess(gg) with the direct sum

Hessg(R) @ Hess, (m @ n; 1),

where p is the flat connection given by restricting A to 71 ® 15 L (and thus, the
unique equivalence class of flat connection on this oriented 2-plane bundle). In
particular, because the space of harmonic forms for a flat connection is isomorphic
to the cohomology groups for the local system of coefficients defined by its holonomy
representation, we have

ker }/Ie?s; = H'(Y;p).
Our next goal is to obtain a more accessible calculation of this space.

LEMMA 3.12. Let Y be a rational homology sphere and fix an abelian represen-
tation p : Y — U(1). If Y is the universal abelian cover of Y — the closed
3-manifold arising as the covering space of Y corresponding to [mY,mY ] — then
we may identify H'(Y'; p) with the subspace ole(}N/; C) on which gz = p(g)z for all
g€ Hi(Y) (the ‘p-eigenspace’). In particular, if H'(Y;C) = 0, then H'(Y;p) = 0
for all local coefficient systems p.

PROOF. Let Cy(Y'; C) be the cellular chain complex of some finite CW-decomposition
of Y, and C,(Y; C) the cellular chain complex with H;(Y)-action. The cohomology
groups H*(Y; p) are (essentially by definition) isomorphic to the homology groups
of the cochain complex

Homy,y (C*(f/; (C),(C) :

where H1(Y') acts on C via p. By definition, this cochain complex is isomorphic to
the p-eigenspace of C*(Y; C). Because the chain complex C*(Y'; C) splits as a direct
sum of its eigenspaces, labelled by homomorphisms H;(Y) — U(1), we see that the
cohomology H *()7; C) splits as a direct sum of the direct sum of its eigenspaces
Hy (17, C), each of which is isomorphic to the homology of the eigenspace C (}7, C),
which is then isomorphic to H*(Y’; p). [ |

PROPOSITION 3.13. Let Y be a rational homology sphere equipped with SO(3)-
bundle E. Fore > 0 sufficiently small, the set of perturbations m with nondegenerate
reducible critical points and ||| < € is an open set, which decomposes as the disjoint
union of nonempty open subspaces, each labelled by a function

Nz : Redgso@) (Y, E) = Zzo
with Ny ({21, 20}) < dimcH* (Yim ®@n3 ).
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PRrROOF. That the set of such perturbations 7 is open is a mild extension of
Proposition [3.5]

Given any e-small perturbation =, let 5 : [0,1] — [0, 1] be a function equal to 1
near 0 and equal to 0 near 1, and consider the path n(t) = B(¢)r from 7 to 0; we
have |7 (t)|| < e for all ¢. If

r = {21, 22} € Redso(2)(Y, E)

denotes a connected component of the reducible subset of the configuration space
(here z1 + 29 is a fixed integral lift of woF and z1 # z3), by Proposition there is
a unique 7(t)-critical orbit in the component labeled by r, and the proof shows it
varies smoothly in ¢. Choose a particular path A(t) of framed connections so that
[A(t)] lies in the (t)-critical orbit in the reducible component labelled by r. We
obtain an associated continuous path of self-adjoint Fredholm operators

Hess oy (1) : ) ® 0 — Q) ®QF .

There is an associated spectral flow, sf (}/Ie\ssA(tM(w) € 7, defined as the inter-

section number of the eigenvalues with the line A = —c for sufficiently small positive
¢; it is essentially the number of eigenvalues that go from negative to nonnegative,
counted with sign. (This definition allows for the operators at ¢ = 0,1 to have
kernel, as opposed to intersecting with the line A = 0.) In fact, ﬁe?sA(t)ﬂr(t) splits
as a direct sum corresponding to the reductions R @ (1 ® 0y ') (here ¢;(n;) = 2;);
the operator in the first component is constant, and in the second component is
complex linear, so this spectral flow is actually an even integer. The spectral flow
of this path depends only on the ending perturbation 7, so we define

1 —

The kernel of Hess A(t),x(¢) Splits as the direct sum of harmonic 0-forms and
a space of 1-forms. Note that A(t) is SO(2)-reducible for all ¢ (and never fully
reducible), which implies that the dimension of the space of harmonic 0-forms is
constant in ¢, and so does not contribute to the spectral flow.

The spectral flow depends on 7 continuously (that is, sufficiently close perturba-
tions give the same integer) when Hess A(0),~ has no kernel other than the harmonic

0-forms. To say that Hess A(0),~ has no kernel other than harmonic 0-forms is pre-
cisely to say that 7 is regular at the critical point A(0). Therefore, the spectral
flow to 0 is a continuous function on the open set of interest, the space of regular
perturbations.

As long as ¢ is chosen small enough, the only eigenvalues that are close enough to
0 to cross above or below it are the zero eigenvalues in ker Hess A(1), the unperturbed
flat connection in this reducible component. The eigenvalues corresponding to
harmonic 0-forms stay constant, so we only need to think about the other zero
eigenvalues.

As we are counting the number of eigenvalues that go from negative to nonneg-
ative as we pass from Hess A(0),~ to the unperturbed extended Hessian, the spectral
flow must be nonnegative (said another way, the only relevant eigenvalues are the
zero eigenvalues at t = 1, and those can only contribute to spectral flow by going
down; reversing the direction, the only way to contribute to the spectral flow is to
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have an eigenvalue go upwards to 0 as we approach ¢ — 1). Because there are
dimp H! (Y; N ®772_1)
of these eigenvalues, this spectral flow is bounded above by that number.

Thus we have a continuous map from the space of reducible-regular perturba-
tions to the discrete space

Map(Redso(g) (K E), Zgo)

satisfying the stated bound; this decomposes the open set of reducible-regular per-
turbations as the disjoint union of open subsets labelled by these functions

Ny :Red(Y,E) — Zxo

with upper bounds as in the statement of the proposition.

Given any function NV satisfying these bounds, we may construct a small pertur-
bation 7 so that N arises as the spectral-flow function N,. Choose an S'-invariant
quadratic function with 2N, (r) positive eigenvalues on the space ker Hess’;, where
A is the unique critical point in the component labelled by r; note that on any
given complex line, this function takes the form cr? where r is the radius, for some
constant c.

Pick a holonomy perturbation that well approximates that quadratic function,
thinking of ker Hess"} as an S'-submanifold of l;%k by exponentiating. Because
holonomy perturbations are invariant under the full gauge group, the same qua-
dratic function is introduced at the reducible labelled x - r. Doing this as we vary
over Redgoe)(Y, E) gives us a perturbation which restricts to a nondegenerate
quadratic function, with the appropriate number of eigenvalues at each reducible
critical point. Then if we choose ¢ sufficiently small, the perturbation ¢ -7 will be
nondegenerate at each reducible and have ¢ - |7| < e.

Note that there is no analogous discussion in the components Red4 (Y, E) con-
taining a fully reducible point, because this point is the unique critical point in that
component and is nondegenerate for all small 7: the spectral flow is trivial. |

REMARK 3.14. It is likely the case that the open set labelled by Ny : Redgo2) (Y, E) —
Z=q is connected, but we will not find this necessary, so do not prove it here. In a
sense similar to Remark the ‘space of regular perturbations with fixed signa-
ture data’ is contractible. This will not be true in the 4-dimensional setting.

REMARK 3.15. If one works with SO(3)-holonomy perturbations, which are
invariant under H'(Y';Z/2), one needs to do this bookkeping for additional types
of reducibles, each with different demands on the signature data.

The essential count turns out not to be the number of negative eigenvalues, but
rather the signature of the corresponding real vector space. As long as we remember
the dimension of the underlying vector space, this is equivalent information.

DEFINITION 3.16. Let (Y, E) be an SO(3)-bundle over a rational homology
sphere, and fix a complex line bundle A with wy(E) = ¢1(\) (mod 2), which induces
a bijection of Redgo(o)(Y, E) with pairs {z1, 20} € H*(Y;Z) with 21 + 22 = ¢1(\);
the choice of A is essentially irrelevant. We write n; and 72 for the corresponding
complex line bundles.

We say that a signature datum on (Y, E) is a choice of function

o : Redgo) (Y, E) — 2Z
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with
|0 ({21, 22})| < dime H' (Y;m ®757")
and
or({z1,22}) = dimp H' (Vi1 @05 ') (mod 4).
Given a small regular perturbation m, the associated signature datum o is

ox({21,22}) = dimg H' (Y @ n3 ") — 4N ({21, 22}).
The set of signature data is denoted o (Y, E).

The name ‘signature datum’ refers to the fact that o essentially chooses the
symmetric bilinear form on each complex vector space ker Hess’; that we perturb
in the direction of (which are determined by their signature). The constraints are
precisely those that the signature of an S'-invariant bilinear form on a complex
vector space must satisfy.

REMARK 3.17. If the universal abelian cover Y of ¥ (corresponding to the
subgroup [mY,mY] € mY) is a rational homology sphere, then |o(Y,E)| = 1
for all E. If the cover Y’ corresponding to the subgroup [m,Y,71Y]? is a rational
homology sphere, then |o(Y, triv)| = 1.



CHAPTER 4

Moduli spaces of instantons

4.1. Moduli spaces for cylinders and cobordisms

In Definition [2:17 we defined the configuration space of framed connections on
a bundle 7*F over a cylinder with specified limits as a quotient

By sla,ar) = Aus (A, AL) JGEl s(A- AL).

The trivial vector bundle over this configuration space with fiber Qijl s(End(7*E))

carries a compatible linear action of gfr’,fE)ker(A,7 Ay), given by the action of the
gauge group on 7*gg; it therefore descends to a vector bundle Si_; s over the
quotient (S for ‘self-dual’) with fibers isomorphic to Qijl 5- The smoothly varying
section A — F, . which is equivariant under the gauge group action on the left
and invariant under the SO(3) action on the right, descends to an SO(3)-invariant
smooth section of Si_; 5.

DEFINITION 4.1. The (unperturbed) (even) moduli space of framed instantons
on the bundle 7*E — R x Y with limits o, a4 is the SO(3)-invariant subspace

MVE(a*)OQ*) < g]f:,(s(a*aa+)a

consisting of gauge equivalence classes of framed connections (A, p) € .Zk,zs(A,, Ay)
with Ff = 0, where A4 are connections whose gauge equivalence class is 4.
Equivalently, it is the zero set of the section F5 of Sg_1,. There are equivariant

endpoint maps evy : /\7E(a,, ay) — ar. We denote the quotient as
Mp(a_,ay) = Mp(a_,ay)/SO3).

In our notation for the moduli space, we drop the symbols &, §, and e. The first
two are unnecessary, because as long as the perturbation 7 is of regularity L?, the
moduli spaces for all 1 < k < j are canonically identified by an elliptic regularity
result. The requirement & > 1 is necessary to define the moduli spaces, as we
require gauge transformations in L% +1 to have continuous point-evaluation maps,
which requires k + 1 > 2. Similarly § > 0 is irrelevant so long as it is taken less
than the absolute value of any nonzero eigenvalue of any of the eigenvalues of the
limiting operator ﬁ(gsa. The even moduli space is not the same as its quotient by
the full gauge group, but we will never work with non-even moduli spaces, so we
drop the superscript anyway.

Note that if the A1 are not flat connections, there are no unperturbed instantons
with those limits and L? curvature.

If 7 is a regular perturbation, so that all critical points of cs + f are nondegen-
erate, we instead work with perturbed moduli spaces of instantons; we will need to
do this to guarantee these moduli spaces are smooth manifolds.

37
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Write Pg for the Banach space of perturbations of Chapter Given 7 € P
corresponding to fr : B — R, the natural perturbation on the connections A over
R xYis

(V2)(A) = (dt A (V)(iFA)T,
where i} is pullback to the slice {t} xY.
The operator V, gives a well-defined, smoothly varying section of the trivial
bundle
Ars(AZ, AL) x Q7 J(End(n*E)) — Aps(A_, Ay),

equivariant under the action of szl s(A_, Ay), and the rest of Theorem carries

over with the obvious modifications (including a version with dependence on 7).
In particular, because the above perturbations are invariant under the action
of the full 4-dimensional gauge group g,§+1,6(A,7 AL), as well as the SO(3)-action,

Fif+ @ﬂ(A) defines a smooth section
(4.1) P x g}i,é(a_,ag — P X Sp_1.5;

the fact that Fi + Vx(A) € Qi’jm (End(7*E)) follows from the assumption that

A, decays exponentially on the ends to connections with #Fy, = —@W(Ai).

As in Definition[f.1], we say that the perturbed moduli space of framed instantons
for the perturbation 7, written M (o, ay), is the set of gauge equivalence classes
of framed connections with Fy = —V.(A). As in the unperturbed case, A can
only have L? curvature if *F4, = —V,(A4), and so the limiting connections are
critical points for cs + fr. We call these 7-flat connections.

Using the gradient equation, we can define two useful notions of energy for an
instanton on the cylinder.

PROPOSITION 4.2. For a perturbed connection A limiting to w-flat connections
on the ends, we call the expression

f |Fa + VA (A(D)]?

the analytic energy of A. If A is a m-perturbed instanton, the analytic energy of A
depends only on the endpoints a—,ay of A, and the homotopy class that A traces
out, written z € ﬂl(gE,oz_, ay). If Ay and A_ are the limiting connections of A,
it is equal to 2 (csp(a—) — csz(ay)).

Correspondingly, given a pair of m-flat connections a_, ay and a homotopy class
z between them, we call

E7(a,ay) = 2 (csr(az) — ese(az)

the topological energy of (a—, a4, 2).

Whenever there is an instanton going from a_ to a4 in the homotopy class
z, we have ET(a_,ay) = 0 with equality if and only if A is constant. If z; is a
homotopy class from «; to a1, then

g;'rl 2o (041, 063) = 5,:1 (a17 O[g) + 5;2 (042, 013).

If 1€ m(Bg) is the positive generator, then ET (o, ap) =642 + ET (o, ay).
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PROOF. The given expression is gauge invariant, so we may assume A is in
temporal gauge and write A = d/dt+A(t). The curvature is Fa = Fpy)+dt n A'(t),
and so we may write this integral as

[ 1@ + 1Fa + V2 (A@) Pt

Because

Fa +dt A Vi(A(t)) = Fa + #(x3V(A(?)))
is anti-self-dual, and #(dt A w) = #3w for a 1-form w pulled back from Y, we see
that

A'(t) = = #3 Fa) — Vr(A(1)) = =V(es + fx)(A(1)).

Using that A(t) is a gradient flowline, we may rewrite the integral as

J JA'(8) + V(es + f) (AWD)]* = KA (1), V(es + fr) (A (1))t
= -2 f CA'(t), V(cs + fr) (A(L))dt

4Jﬂw+ﬂmﬂm
“2((es+ fo)(As — (cs + f2)(AL)) € R,

the desired result. Now it is clear that this only depends on the connected
component of the connection A. (Here we are using the path to pin down the real
lift of this difference of Chern-Simons values.)

That &F(a, ) = 0 is clear from the existence of the constant trajectory. Ad-
ditivity is clear by picking a connections A; for each that are constant sufficiently
far down the cylindrical ends, and gluing those together; the difference in cs + f,
is additive.

Lastly, we need to determine ET(«, «); by definition, this is the same as deter-
mining

2(cs + fr)(g(A)) —2(cs + fx)(A)

for a gauge transformation g generating moG§. Because f; is invariant under the full
gauge group, we are only asking to determine the difference in the Chern-Simons
functional. Pick a trajectory A going from A to g(A), constant near the ends.
By definition, this is given by computing 2§, , Tr(F%). Because A differs from
g(A) by a gauge transformation, we may glue these together to get a connection
on an SO(3)-bundle E over S! x Y, the bundle E being the mapping torus of the
automorphism g; noting that F3 is zero near the ends, this implies we may compute
the curvature integral just as well over this closed 4-manifold, where it is equal to
—2.872p; (E). We choose the positive generator of 7 (B%) to be the one that makes
this integral positive; it remains to compute it. This is computed more generally
in [KM11bl, Equation (24)], and in this case the minimal p;(E) is 4, as desired.
Because of the slight difference that we use specifically even gauge transformations,
we provide a short proof, given in the lemma that follows. |

LEMMA 4.3. Let E be an SO(3)-bundle over a 3-manifold Y. Given an even
gauge transformation g € T'(Aut(E)), the minimal first Pontryagin class of the
mapping torus of g on S* x Y is 4.
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PRrROOF. The bundle E has
woE € H*(S' x Y;Z/2) =~ H*(Y;Z/2) ® H*(Y;Z/2).

The first factor of wyE is precisely the second Stiefel-Whitney class of its restriction
to Y, which is woFE. The second term of ws;E is precisely the obstruction class
o(g) € H(Y; Z/2) for lifting a section of Aut(E) to a section of Aut(E).

To see this, pick a loop v in Y and consider the corresponding torus in S! x Y.
The map v — wQ(E)|SIX,Y defines a homomorphism H,(Y;Z) — Z/2. If o(g) = 0,

then the restriction of g to  lifts to m(E), and so is homotopic to the identity
(because leth(Em) = 0), so the corresponding bundle on the torus S! x is trivial.
Conversely, every bundle over S! x Y may be constructed as the mapping torus
of a bundle over Y, and both ws(F) and o(g) of the bundle and mapping are
determined by woE. Given fixed ws(E) = ws(E)@®o0(g), the Dold-Whitney theorem
identifies the possible values of p; (E) as those elements p € H4(S! x Y;Z) with

p = (wE)?  (mod 4),

where the mod 4 indicates we use the Pontryagin square on even-dimensional co-
homology H?(X;7Z/2) — H*(X;7Z/4). Expanding this, we obtain

pr(E) = [8'] - 20(g) - ws(E) € HY(S* x Y:Z/4).
In particular, as long as o = 0, the only condition is p1(E) = 0 (mod 4). |

COROLLARY 4.4. Given a 3-manifold Y equipped with SO(3)-bundle E and a
regular perturbation 7w, if o is a w-critical orbit, the constant connection is the
unique m-perturbed instanton A in the component labelled by the trivial homotopy
class 0 € Ty (g%, a).

PROOF. The constant connection at a w-flat connection is always a solution
to the perturbed ASD equations. Because £J(«, a) = 0, and the only connections
with analytic energy equal to zero are constant, so is any solution of the perturbed
ASD equations in this component of the space of connections. |

For a Riemannian manifold W, with two cylindrical ends, orientably isometric
to (—o0,0] x Y7 and [0, 0) x Y3, written as W : Y7 — Ya, we can no longer consider
constant perturbations (pulled back from Y). Further, we need to be able to in-
terpolate between perturbations, and have enough available to prove transversality
results. As before, the precise formulation of the perturbations here is similar to
that in [KM11Dbl Section 3.2].

Fix once and for all a smooth function Sy : [0,00) — [0, 1] with So(z) = 0 for
xz < 1and By(x) =1 for x > 2.

Given a perturbation m € Pg,, we may define the associated 4-dimensional
perturbation V. on [0,00) x Y as

(V) (A) = Bo(t) (dt A Va(A))) ",

and identically zero elsewhere, and similarly for a perturbation in Pg,.
An end perturbation on W is labelled by is

(7_,71) € P, x Pg, = P

The terms 7+ denote the constant perturbations on the ends, and the m; are per-

turbing terms on a compact piece of the end, as above. (While Péizi

depends on W
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and on the choice of isometry between the ends and [0,00) x Y, this dependence is
implicit and should be clear from context.)

These end perturbations are the same as the perturbations used in [KM11bl;
they introduce further perturbations supported in (1,2) x Y, but as those are
insufficient for later purposes, we use an altogether different source for our holonomy
perturbations on the interior.

We will need one further type of perturbation, which is mainly useful to achieve
transversality at flat connections and reducible connections. These were introduced
in the setting of closed 4-manifolds in [K*05], and are similar to the notion of
holonomy perturbations along thickened loops in [Don87] and [Frg04].

DEFINITION 4.5. Let W be a compact Riemannian manifold with boundary,
equipped with an SO(3)-bundle E, and W° its interior. A collection of thickened
loops in W consists of a choice of closed ball B — W°, a finite collection q1, - , ¢y
of smooth submersions ¢; : S x B — W° so that ¢;(1,b) = b and ¢;(—,b) is an
immersion for all 1 < ¢ < n and b € B; we will write ¢ for the entire collection.

If v : S' > X°is a curve, we write Hol,(A) € g\udt(Ew(l)) for the parallel
transport around the loop, thought of as based at the image of 1 € S'; the lift
to Aut is made canonical by the choice that Hol,(A) = 1 if A is fully reducible
above «. This is preserved by even based gauge transformations. Similarly we write
Hol5(A) e A\udt(E:,(l))” for an n-tuple of curves with a common basepoint.

An interior holonomy perturbation is induced by the data of a collection of
thickened loops q1,- - , ¢n, as well as a choice of smooth, (even) gauge-equivariant
bundle map ,\,

T Aut(E)N|B - gE|B
and a smooth self-dual 2-form w on W with support in the interior of B.
The interior holonomy perturbation corresponding to (¢, r,w) is the map

Vi Ag — Q>*(W;gg)
Va(A)(p) = (Holg (py(A)) @w(p).
Note that w(p) = 0 when p ¢ B, making this formula well-defined.

We will apply these perturbations on the submanifold
W' =W\([1,0) xY).

Being gauge-equivariant, these perturbations descend to sections of the bundle
Vvt = B. We will shortly discuss extentions to the configuration spaces modeled
on Sobolev spaces.

Soon, we will choose a countable dense set of the possible choices of data above.

These perturbations satisfy the following properties, analogous to those of [KM11bl,
Proposition 3.7].

PROPOSITION 4.6. Suppose w4 are 3-manifold perturbations on (Yy), with fized
critical orbits ay. Suppose T is a 4-dimensional perturbation on the Riemannian
manifold W with cylindrical ends defined above, including both interior and end
perturbations. The map @ﬂ extends to smooth maps

@ﬂ cAg g s(as,at) — Qi;(W, 9E)
for any k = 2 and § > 0 sufficiently small. They satisfy the following properties.
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(1) The map (7, A) — (D@ﬂ)(A) from P x Ay s to Hom (Q,lcyé(W), Qi;(W))

extends smoothly to a map with codomain Hom(le-’(;,, Qi;) forall j <k
and &' <0.

(2) Fizing a base connection Ag, for each n = 0 and k = 2, there is an
increasing continuous function c, so that

ID"Va(A)lzz, < en (1A = Aqlsz, )

when n > 0 this should be interpreted as the operator norm.

(3) IVx(A)|L» < K, independent of A.

(4) There is a constant C so that for all 1 < p < 0, and all L} connections
A A’, we have

|Va(A) = Va(A)| e < C|A — Ag|ro.

(5) Suppose o is a gauge transformation of E, defined away from some finite
set of points; and suppose A; are globally defined connections with o* Ay =
A, where defined. Then

Vz((A1)) = Vz(Az).

(6) Suppose we have a finite set x € W, a sequence of gauge transformations
on defined on W\x which are Lj , 5 on the ends and locally Lj on the
complement of x, and a sequence of connections A, on E, so that over
any compact set K for any p = 2, the connection o,(A,) is bounded in
LY over K. Then (0,)+Vx(Ay) has a subsequence which is Cauchy in
LP(W). If there is an LP connection A on E so that o,(A,) — A in LP
on compact sets away from x, then the limit of this Cauchy subsequence

is Vi (A).

The proof must be divided into two parts, depending on the contribution from
the end perturbations and the interior perturbations. In the former case, everything
except the last point is given in [KIM11bl Proposition 3.7]. These calculations for
interior perturbations are given in [K*05, Section 3]; the last point is argued in
[KT05, Lemma 3.4], and that argument works with only slight modifications for
end perturbations as well.

As with the 3-dimensional perturbations and the end perturbations, then, we
see that for any countable set of perturbations m; there is an increasing sequence
of constants C; > 0 so that for any sequence d; € R with

Dldi|Ci < o0,

the limit Y’ dl-@m has the same properties as above; one defines the Banach space
of perturbations to be the L' space weighted by C; (that is, the space of such
sequences d;, with norm ||(d;)|| = 3] |d;|C;). All inequalities in the above may then
be made dependent on 7, adding a factor of || on the right-hand side.

DEFINITION 4.7. In this section, and in what follows, we used the following
notation for Banach spaces of perturbations.

e On a 3-manifold Y equipped with SO(3)-bundle E, the space Pg given

by weighted L' sums of a countable dense set of data defining cylinder

functions (with derivatives vanishing to all orders at the fully reducible
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connections),

¢ On a 4-manifold (W, E), with cylindrical ends (Y7, Fy) and (Y2, E2), the
space

P(fu)i = Pr, ®Pg,,

e

where the spaces P, contribute a perturbation of the form

Bo(t) (dt A Vo(A(t)))T

on the end, By being a fixed cutoff function supported in (1oo) (with W
left implicit in the notation P(4),

e On the same 4-manifold (W, E), the space PW s given by L! sums of a

int

countable dense set of interior holonomy perturbations, and we write

4 4
PO =Py @ P

e

e The affine subspace Pt « P@ of perturbations with (7_,7.) € Pg, @
P, fixed (but left implicit in notation); this subspace is affine over Piyt.
Fix € > 0 so that for any reducible flat connection «, the only eigenvalues of
ﬁe\ssz’o with absolute value at most € are the elements of the kernel; one may fix a
connected neighborhood 0 € U, € Pg so that this remains true for all w € U, and

any reducible 7-flat connection «.
This implies that dim Eigie(}/le—zs\s;ﬂ) = 0 for all 7 € U, and o a 7-flat connection.

In particular, this means that

P e 24
dim Eig_. < (Hess, ) = dimker Hess,, ,

for all such (7, ).
If we let § be a constant 0 < 6 « ¢, then we denote by Pr s < U. the subset

of those 7 € U, so that ﬁés\s;7r has no eigenvalues of absolute value at most d, for

any 7-flat connection « (not necessarily reducible). This subset does not include

0, but by Theorem Us—o PE,s is dense in U.. There are corresponding open
4)

subspaces 77(54) and Pg,q 5 for which the perturbations on the 3-manifold at oo lie

in Pg, 5. These spaces will be important for the later weighted Sobolev theory.

So long as ¢ is sufficiently small, there is a union of connected components of
Pr,s so that the enumeration of reducible flat connections of Proposition holds.
This follows because modifying the count of reducible flat connections would require
one of them to become critical, and so the count is the same at every point in the
component; further, there is some 7 € Pg s arbitrarily close to zero, so long as d is
chosen sufficiently small relative to the distance to zero.

Additionally, we may decompose Pg s into connected open sets depending on

v

the spectral flow of ﬁe?satm for a generic path 0 — 7 € Pg s at the reducible
m-flat connections «, precisely as in Proposition this will be relevant later
when calculating certain operator indices. We still have a notion of analytic energy
of a configuration on W, but it is no longer a topological invariant, and will mostly
be useful in keeping track of what happens during compactification.

DEFINITION 4.8. Let W be a Riemannian manifold with cylindrical ends, equipped
with an SO(3)-bundle and a perturbation m = (7m_,m,m2,74) as above. Let
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a4 be critical orbits with respect to my. The analytic energy of a connection
A € By, s(a—, ay) is defined to be

£7(A) = fW IF} + (A2

This gives a real-valued lift of csx, (o4 ) —csr_ () for 7-ASD connections which
only depends on their homotopy class z, and agrees with

f |Fa + %V (A )2

for connections on the cylinder with constant perturbation.

4.2. Linear analysis and index theory

Throughout this section, a perturbation 7 on W is fixed so that the limiting
perturbations m; on (Y;, E;) have finitely many critical orbits in €, all nondegen-
erate and such that each Hess;, ; has all eigenvalues of absolute value larger than
a fixed constant § (independent of «).

We fix two such critical orbits, ay = [A4, Ep]. Here recall that the elements of
ay vary over gauge equivalence classes of pairs (A, p), where p € Ej, is a point in
the fiber of E above the basepoint b, thought of as a framing of E above that point.

To analyze the local structure of the moduli spaces around a framed instanton
(A,p) on R x Y framed above (0,b0), we should restrict to the framed Coulomb
slice (A +ker(dy)) x (7*E), < ~/1167(5(141_,141+): this is just the usual Coulomb slice
with an additional SO(3) coordinate for the framing. Every framed connection
sufficiently close to (A, p) is gauge equivalent to one in the framed Coulomb slice,
and the representation is unique up to the action of T'a — Aut(E,) = SO(3) (the
last isomorphism depending on the choice of framing at the basepoint). This acts
trivially on the connection coordinate, and by translation in the framing coordinate.

We also find it convenient to pass to a smaller I' gj-invariant open set in the
framing coordinate, so that our subset is identified with

(4.2) ker(dj) x N(Ta) = Ky x Ta x g4;

we embed the normal bundle in SO(3) by exponentiating. We refer to this as the
extended Coulomb slice. The action of I'a is again identified with left translation
in the framing coordinate. Here gz < gy is the orthogonal complement to ga, the
subset of g, which extends to A-parallel sections; equivalently, this is the tangent
space to I'a.

~

Inside the extended Coulomb slice around (A,p), (say, IC,(C%();), there is a I'a-
equivariant trivialization of the bundle Qijl s(End(E)), descending to a local triv-
ialization of Sy_1 5 over Izk’(;/FA c ggé(a,, ay). Using the second expression in

(4.2), an element g € N(I'a) can be expressed uniquely as u - (eSp) for £ € g& and
u € ['a; the equivariant trivialization sends

(A + a,uep,w) — ((A + a,uep), uw).
In this equivariant trivialization, the section defined by (4.1]) is given as

(7, A + a,uesp) » u(dpa+ara)” +u (ﬁﬁ(A +a)— ﬁﬂ(A)) )
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We can thus identify the derivative of the perturbed map (for fixed 7 and at

(A, p) a m-perturbed framed instanton) l%,(:% — 9%7175 as the perturbed ASD oper-
ator,

dfa+(DaVa)(a) ®0: K) @ax — Q5

we write this as Da ,, and the corresponding perturbed normal ASD operator as

v g4 2,+
DA,TI' (K5 — Qkfl,é'

s

Just as in Chapter we gain control over the normal ASD operator with do-
main IC,(:% by expressing it as a summand of a larger elliptic operator and including

a gauge fixing condition. Define QA , the perturbed extended ASD operator, by

Qar: Qllc,a(W*QE) - 9271,5(7*915) @Qii,a(W*GE)v
given by
Qar(a,&) = (dya,dfa+ DaVy(a)).

This is the operator usually used in the instanton theory for integer homology
spheres, as applied to weighted Sobolev spaces.
Now recall that we have an L?-orthogonal splitting

O 5(om) = Im(da) @ ker(d3);

that every element may be written uniquely as a sum in this way is essentially the
statement that the map

Ap QQH,(;(QE)/GA - ng,a(ﬂE)/GA

is an isomorphism, assuming § is not an eigenvalue of the Laplacian of the limiting
connections, which is true as long as § is chosen sufficiently small.

Now in this splitting Q2! = Im(da) @ ker(d% ), and rewriting the first term as
Q7 1,5/9a under the isomorphism dy', we may write

IZVN
QA,T( - ( 0 DxJ{) .

The fact that D} . takes values in ker(d} ) is the linearization of the statement that

Fi+ @W (A) is a gauge invariant quantity. In particular, the normal ASD operator

is Fredholm, and because the index of the top left operator is —dim ga, the index

of the normal ASD operator D} . is the index of QA ~ plus the dimension of ga.
We recall the basic Fredholm property from [Don02| Sections 3.2 and 3.3.1].

PROPOSITION 4.9. Suppose W is a Riemannian 4-manifold with cylindrical
ends, isometric to (—o0,0] x Y7 and [0,00) x Ya, equipped with an SO(3)-bundle
E restricting to the pullbacks of fized SO(3)-bundles E; on the ends. In this situa-
tion, we say that (W, E) is a cobordism from (Y1, E1) to (Yo, Es). Suppose 7 is a
fixed perturbation on E, restricting to reqular perturbations m; on the ends, and A;
are fived nondegenerate critical points of csy, + fx,.

Let A be a choice of connection in Ag s(A1, Az).

If § > 0 is less than than the absolute value of any eigenvalue of ﬁg‘szim, then
QA » is Fredholm, and has index independent of such 6. If the A; are irreducible,
we may even take § = 0.
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There are two essential points. The first is that when a connection A = A(t)
on the cylinder is in temporal gauge, the operator a » can be written in the form

d —
QA,?T = % + HeSSA(t),Tr'

(See [Don02] Section 2.5].) Secondly, if e?*) = fs(t) is the function used to define
the weighted Sobolev spaces, multiplication by fs is an isometry L% 5 L% and

a first order linear differential operator D of the form % + L, is taken under this

isometry to % + Ly — o’'(t). So to study our operator Q7 , on weighted Sobolev
spaces, we should equivalently study

d - —
p7i Hess (), — o' (t)

where o(t) = —0t for t « 0 and o(¢t) = §t for t » 0. (This is well-explained in
[Don02| Section 3.3.1] and the beginning of [Linl8| Section 3.3].) Once we have
done this, the above result for the ASD operator is a consequence of general theory;
it is proven for L; a family of almost self-adjoint first order differential operators
as [KMOT, Proposition 14.2.1].

An important consequence of this description is that for A = A(t) in temporal
gauge, we can describe the index of Qa r as the spectral flow of the family of
operators }Te?sA(t)Jr —o’'(t) between ITG-ES\SAMr +01I and ﬁe?sAwr —41, the (algebraic)
intersection number of the paths the eigenvalues take with 0 € R.

Because each Ag 5,.(A1, A2) is connected (even contractible) and index is a
homotopy invariant of self-adjoint Fredholm operators, the index of (Ja . only
depends on the homotopy class z, not the actual choice of connection A. For the
same reason, this also agrees with the index of Q”A’ﬂ, for any other perturbation
which restricts to the same perturbation sufficiently far on the ends.

It is perhaps worth observing that the index of Dy - defined to be the derivative

of the section operator B]f:’k_é — S;_1,5 normal to an orbit, does have its index
jump as we pass from irreducibles to reducibles. This makes sense, thinking of D”
as measuring the expected codimension of the orbit through A in the entire moduli
space: the codimension is larger at smaller-dimensional orbits.

Following the definition after [KIM11b, Lemma 3.13], we use this to give the
following definition.

DEFINITION 4.10. In the situation of Proposition [£.9] let z denote a connected
component of ./ZE,kyg(a, B). We write the unframed grading gr¥’ (o, B) = ind(Q'A )
for any choice of A in the component z, and the relative grading between the orbits
a, B, with respect to the path z, is gr, (o, 8) = g7, (e, ) + 3 — dim «.

When W is the cylinder with the constant perturbation, we drop the superscript
wW.

The relative grading here will be quite natural in the definition of the framed
instanton Floer complex, whose differential is defined in terms of fiber products
with moduli spaces; gr'’¥ (o, B) is the expected dimension of a fiber of the map

ev_ ME,ﬂ',z(aa 5) - Q.

It is worth noting here that 3 — dima = dim g, = dim[,,.
The more immediate point of this definition is that the relative grading is addi-
tive. In the particular case that W is isometric to the cylinder R x Y, z corresponds
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to a relative homotopy class between [a] and [(] in By ;. If w is a path from [/]
to [7], then

gr.(o, B) + gry,(8,7) = gr..(a,7)
(z - w the concatenated path). This follows by computing these as a spectral flow:
ifA(t)=A, € ﬂk757z(a, B) is in temporal gauge and A, (t) = « (resp. §) fort « 0
(resp t » 0), the index of QA » is the spectral flow of the path

@Az(t),w — O'/(t),

where o/(t) = —6 for t « 0 and o'(t) = ¢ for t » 0. Making a similar choice of
A, if we glue together A, and A, sufficiently far out on the ends, we can find
a connection A,.,, in the component corresponding to z - w as the concatenation
of the paths A, (t) and A, (t). However, we cannot concatenate the corresponding
paths of self-adjoint operators yet; for large ¢, the first ends at ﬁés\s&,r — ¢ and the
second begins at IL/Ie?S@7T + 9. To actually concatenate them, we must traverse the
path

Hessg r — (1 — 2t)5;
doing so changes (3 — dim 3) = dim ker (I—/Ie;‘sﬁm> negative eigenvalues to posi-

tive, and so

?z(aa B) + (3 — dim ﬁ) + ?w(ﬂv 7) = g%w(av P)/)
Additivity of this grading for general cobordisms is also true. We record this as
a proposition.

PROPOSITION 4.11. Suppose we have cobordisms (W1, Eq) from (Y1, E1) to (Ya, Es)
and (W, Es) from (Ya, E3) to (Y3, E3), equipped with paths v : R — Wi and
Yo : R — Ws between the basepoints of the Y;. Suppose the W; are equipped with
perturbations @;, which restrict to regular perturbations m; on each Y, and further-
more suppose each (Y;, E;,m;) is equipped with some m;-flat connection A;.

We can define the composed cobordism (Wi, Eq2) from (Y1, E1) to (Y3, E3),
identifying (T, 0) x Yo with (—o0,—T) x Ya on the cylindrical ends; there is a
corresponding perturbation T interpolating between mw, and w3. We denote by z; a
component of.ZEi’kJ;(Ai, Aii1); there is a component z1 x 2o corresponding to gluing
representative connections of these components along the ends. In this situation,
we have

WT
gl (a, a0) + gri? (o, az) = gra, 12, (o1, a3).

This follows from the additivity theorem of the index when the limiting oper-
ators over the ends have no kernel ([Don02| Proposition 3.9]) and the relation of
operators on weighted Sobolev spaces to unweighted spaces, given by conjugating
by the weighting function: the operator Qa, r, on its positive end, after conju-

gating by the weighting function e?, takes the form % + ﬁ(;sAzm — 0 and on the

negative end of Wy takes the form % + Hess Ay,ms + 0. To glue these we first need

to interpolate between —§ and +J, moving the
(3 — dim ) = dim ker (ﬁe—zs\sAzm)

negative eigenvalues across 0; this is observed as [Don02l Proposition 3.10], iden-
tifying the index on weighted spaces with what he denotes ind* (P).
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4.3. Uhlenbeck compactness for framed instantons

The following definition is precisely [KIMO7, Definition 16.1.1]. Note that there
are no framings involved yet.

DEFINITION 4.12. Let Y be a Riemannian 3-manifold, equipped with SO(3)-
bundle E and regular perturbation 7; then 7 has finitely many critical points in
%> Which we write a generic point of as . We say that a trajectory from a_ to a4
is an equivalence class of nonconstant m-perturbed instanton A € Mg(a_,ay) C
Bisp j. s(c—,ay) on R x Y under the translation action.
The homotopy class of a trajectory is the element of 71 (Bg ;, a—, o) it traces
out; these are in noncanonical bijection with Z. The topological energy of a trajec-
tory was defined above as

2((cs + fr)(evi A) = (cs + fr)(ev_A));

even though the Chern-Simons functional of an individual connection is only defined
in R/872Z, this difference of boundary components of a connection on a cylinder is
defined in R.

A broken trajectory from a_ to a consists of a finite sequence of mw-perturbed
instantons A; on 7*E over R x Y (say 1 < i < n), with

ev_ A =a_, ev;A, =a;, andeviA;=ev_A;;;for0 < i < n.

The homotopy class of a broken trajectory is the composite of the homotopy classes
given by the individual trajectories; the energy of a broken trajectory is defined as

n

ET(A1,- Ay) = D ET(A).

We topologize this exactly as in [KIMOT7], Page 276]. As per the author’s taste,
we present this in terms of sequences, following [Don02], Page 116]: give the space of
broken trajectories the final topology so that the following sequences of unbroken
instantons, and their natural generalizations to sequences of broken instantons,
converge to their stated limits: A;, where ¢ € N, converges to the broken trajectory
(B1,---,B,), if there is a sequence (T},--- ,T") of real numbers with Tg < TZH
for 0 < j < n, and the successive differences T/*' — T/ — o0 as i — o0, so that
the pullbacks 7, A converge as i — o0 to B; in the Lﬁ)é topology. Note that the

J

energy of a trajectory is continuous with respect to this ‘chain convergence’.

This form of noncompactness, trajectories breaking into a composite of lower-
index trajectories, is familiar in Morse theory. There is another kind of noncom-
pactness familiar in the instanton theory: Uhlenbeck bubbling.

DEFINITION 4.13. Let (Y, E, ) be as above. An ideal instanton is a solution
A to the m-ASD equations on (R x Y, 7*E), along with a finite (possibly empty)
collection of points x; € R x Y and integer weights k; > 1 at each point. An ideal
trajectory is an R-equivalence class of nontrivial ideal instantons, where nontrivial
means either that A is nonconstant or that {z;} is nonempty; equivalently, a non-
trivial ideal instanton is one so that 7;* (A, z, k) is not gauge equivalent to (A, z, k)
for any ¢. Similarly, a broken ideal trajectory is a sequence of ideal trajectories
(Ai):‘lzl with 6V+Ai = EV_AH_l.
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The energy of an ideal instanton (A, x;, k;), where 1 < i < n, is

ET(A) +16m° ) k.

If the homotopy class of the instanton A is z, the homotopy class of the ideal
instanton (A, z;,k;) is z + > k;. The energy and homotopy class of a broken ideal
instanton are defined to be additive under concatenation.

We say that a sequence of m-perturbed instantons A, converges to an ideal
instanton (A, z;, k;) if there is a sequence of gauge transformations o,, defined on
(R x Y)\{x;} such that cfA,, — A in the LY topology on compact subsets of
(R x Y)\{x;} for all co > p > 2, and such that the density measures converge:

n
2(Fa, > = 2|Fal’ + ) 647k;d,,.
i=1
There is then a natural extension of this to a definition of convergence to (and
of) broken ideal trajectories. The space of broken ideal trajectories from « to
in the homotopy class z is written Mg . (o, 3). Note that this does not include
constant trajectories, or broken ‘trajectories’ for which one of the components is
constant.
As observed in [K*05|, the non-local nature of holonomy perturbations means
that we cannot expect better convergence than LY under bubble-limits.
The Uhlenbeck compactness theorem for the ASD equations on the cylinder is
the following.

PROPOSITION 4.14. The subspace of broken ideal trajectories in MEJm(a,ﬁ)
with a fized energy bound E™(A) < C is compact.

We do not repeat the proof, which can be seen in [Don02, Section 5.1]; the
corresponding fact for compact cylinders is [KM11bl Proposition 3.20].

A somewhat stronger statement, Proposition below, is true; we will only
use it briefly, but find it to be somewhat interesting.

As in Definition @ for any real numbers € » & > 0, we let Pgs € Pg be
the open subset of perturbations on (Y, E) so that, for each m-critical point a,
all eigenvalues of ﬁes\s;7r have absolute value larger than §, and so that for every

pair (m,«) of perturbation and m-flat reducible connection, the operator ﬁés\s;W
has no eigenvalues of absolute value e. (In particular, we assume 7 is a regular
perturbation.)

Because the projection €, — Pg s of the parameterized critical set (in g%) to
the space of perturbations is a proper submersion, it is in particular a locally trivial
fiber bundle. Therefore, for some small open set U around any my € Pg 5, we have
a canonical bijection €, = €, for any 7 € U; in fact, if we fix a € €, we may
choose a smooth map s, : U — Agy, so that s(m) is a m-flat connection which
is identified under the above bijection with «. Choose once and for all, for each
homotopy class z, a smooth map

4
T2 Apk X Apk — AgrﬂzE,z,k,a»

sending (A_, A4) to a connection which is constant at A_ for ¢ < —1 and constant
at A, for £ > 1 and in the homotopy class z.
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We may use the s, to define the parameterized configuration space ,P‘S‘AE:QE,Z, k5
whose elements (7, a+, A) consist of a perturbation m € Pg s, a choice of two m+-flat

connections a4, and a connection A € AEﬁE L pela o).
This set is given the structure of a smooth Banach manifold by patching together
charts of the form

U x Aﬂ*E,Z,kﬁ(“-a Oé_;,_) = TZ(SOé—Tr? S@+7T) + QL(S(QE)

Write
7)5"4‘(11'4*)E,z,k,5 = P5A£r4ﬂzE,z,k,6 x TE (o)

for the parameterized space of framed connections, which inherits a smooth struc-
ture and a smooth right action of SO(3). It carries a smooth projection map

7(4)
PaATr*E,z,k,é - PE,E-

It carries the action of a bundle of Banach Lie groups over Pg s; the fiberwise
quotient gives a topological space PsBSyy , .. s- We may define the parameterized
moduli space

P(SM cC PéBi‘*E,z,k,(s

as the equivalence classes of triples (7, A, p), where m € Pg s is a perturbation, A
is a m-perturbed instanton, and p is a framing.

Because the perturbed ASD equations do not depend on the framing, this set
inherits the right SO(3)-action. The quotient of PsM by this SO(3) action is
the parameterized moduli space of instantons, which we denote Ps M. If we take
the quotient by the R action, throw out the constant trajectories, and incorporate
bubble-limits into the topology, we may extend this to a space Ps M, the parame-
terized moduli space of ideal broken trajectories. (We will soon discuss the version
of this appropriate to the framed setting, which is slightly more subtle.)

PROPOSITION 4.15. Let PsM<C be the subspace of PgM consisting of those
pairs (m,A) so that E7(A) < C. Then the projection map PsMSC — Py is proper.

PROOF. Suppose we have a sequence (7., A,,) of perturbations and unbroken
instantons so that m, — m. We want to show that there is a subsequence of A,
which converges to a broken ideal w-trajectory. (The general case where A, is
itself a broken ideal trajectory provides no further difficulty.) First, because the
possible evy take values in a finite set, choose a subset of A, so that, for n large,
evi A, correspond to ay € €, = €, . We may now apply [Don02, Lemma 4.3],
which establishes that any 7-instanton with sufficiently small energy and ev_A = «
is gauge equivalent on (—00,0) X Y to o + a for some a with a uniform bound on
la(t)|e%, as well as the derivatives |V (a)(t)]e® for £ < k. The constants in these
uniform bounds are bounded for the convergent sequence m, — 7, and ¢ is fixed.
In particular, for our solutions A,, gauge equivalent to «,, + a,, this is enough for
the Arzela-Ascoli and dominated convergence argument in [Don02) Lemma 5.1] to
imply that a, — a for some function a satisfying the same bounds; in fact we must
have

Ff o +Vila+a) =0
as this is the pointwise limit of the corresponding equations

F{ +Va(A,) =0.
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Now that we have control over the ends, everything else is standard: a uniform
bound on £ (A,,) implies a uniform bound on the L? norm of Fa on compact
sets, so one has a limit on compact sets after accounting for bubbling, and then
a limit on the whole line to a broken ideal trajectory; this uses that there is a
uniform positive lower bound on the minimal energy of a nontrivial 7,-instanton.
To see this, recall that the energy of an instanton may be written as 2 {|A’(¢)]?
as in the proof of Proposition [1.2] If A, is a sequence of nontrivial m,-instantons
with €™ (A,,) — 0, this implies that the distance between the endpoints aff goes
to zero. But o} — a4, so o = a4 ; but then because o} is sent to a4+ under the
bijection €, = &, we see that a” = o} for large n. However, this would imply
that £™(A,,) is a multiple of 6472 for large n, and also may be made arbitrarily
close to zero by taking n large; therefore £™ (A,,) = 0 for large n. However, this
implies A/ (t) = 0, but we assumed A,, was nontrivial.

The reason we restrict to perturbations in Pg s is for the definition of the pa-
rameterized moduli space as Lj 5 connections; we always want to take § less than
the eigenvalues of the extended Hessian, and otherwise would need to choose §
depending on the perturbation. |

We conclude the discussion of compactness for cylinders by defining the object
of interest to us: the compactification of the framed moduli space of trajectories.

DEFINITION 4.16. Let Y be a Riemannian 3-manifold, equipped with SO(3)-
bundle E and regular perturbation w. We say that a framed ideal trajectory
from a_ to a4 is an equivalence class of m-perturbed framed instanton (A,p) €
gfr*ﬂk’&(a_,mr) equipped with a (possibly empty) points of points x € R x YV
and positive integer weights k,, where none of the x are the basepoint (0,b). We
demand the ideal instanton is nontrivial, in the sense that either the set of points
x; is nonempty or the trajectory A is nonconstant.

A deframed ideal trajectory from a_ to a is an ideal trajectory from a_ to a;
so that (0,b) is a weight-point x with k) > 0[|

A framed broken trajectory from a_ to a is a finite sequence whose elements
are either framed ideal trajectories (A;,p;,x;, k;) or deframed ideal trajectories
(A, Xy, ki) with

ev—(A17p1) €a_, eV+(Anapn) € and
evi (A, pi) =ev_(A;11,pi+1) for 0 <i <n, when A;, A,y are both framed.

The set of framed broken trajectories in the homotopy class z from a_ to a4
is written Mg . »(a_,a;). We write a generic element as (A, p), even though A
may be broken and not every piece must be framed.

This set is topologized as follows. A sequence (A,,p,) of framed instantons
converges to a framed ideal instanton (A, p,x;, k) if there is a sequence of gauge
transformations o, defined on (R x Y)\{xz;}, and in particular defined on the
basepoint (0, ), so that %A, — A converge in the sense of ideal instantons above,
and ofp, — p.

However, if the underlying trajectores A,, converge to an ideal trajectory with
nontrivial weight at (0,b), so that the o, are undefined at (0,b), then it doesn’t

1Here deframed is meant to indicate that the framing has been removed via the placement
of a d-mass at the basepoint; not all the weight-sets are allowed, and in particular a non-ideal
instanton without a framing is not a ‘deframed ideal trajectory’.
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make sense to compare o,:p, and p. In this situation we lose the framing via
bubbling at the basepoint. In this case, the sequence (A, p,) of framed instantons
converges to a deframed ideal trajectory. Incorporating this into the topology on
broken trajectories is straightforward.

PROPOSITION 4.17. The space Mg . (o, ) is compact.
Proor. We begin by recalling that there is a surjective map
ﬂE,z,ﬂ(afv aJr) - ME,z,ﬂ’(afa Oé+).

This map is proper: if a sequence (A,,, p,) of framed broken trajectories has under-
lying sequence of broken ideal trajectories converge to A, the framings are either
incomparable (and that limit component of A,, is a deframed ideal trajectory), or
(an appropriate sequence of translations of) ofp,, are all defined, and live in the
compact space Ej, = SO(3); so some subsequence converges, as desired. Doing this
for the finitely many components of the limit A constructs an element of M that a
subsequence of (A,,, p,) converges to. Because we have constructed a proper map
to a compact space, the total space M is compact. |

- . . . . ——<C
Similarly, the projection from the parameterized moduli space 735M< to Pr.s
is proper.
There are straightforward extensions of these to moduli spaces on cobordisms,

(4)

which we now state. In what follows, we write 7354 for the subspace

PE, s ® Pi(:;) @ PE,,5-
(As usual, the manifold W is left implicit in the notation.)

DEFINITION 4.18. Let W be an oriented Riemannian 4-manifold, with cylin-
drical ends oriented isometric to (—oo,0] x Y7 and [0,0) x Ya, equipped with an
SO(3)-bundle E and specified isomorphisms to the pullback of bundles on Y; over
the ends. Suppose W is equipped with an embedding v : R — W which agrees
for |t| sufficiently large with (¢,b1) or (¢,b2), depending on the sign of ¢, and write
b = 7v(0) as the basepoint of W. Suppose W is equipped with a perturbation ,
restricting to fixed regular perturbations m; on the ends. Connected components of
the space of connections on W limiting to a4, critical points of 74, are in bijection
with Z, and labeled by z.

Then a broken ideal W -trajectory from a_ to a4 in the homotopy class z is a
triple of a broken ideal m_-trajectory on Y; from «_ to some § (possibly constant,
if - = ), an ideal 7-instanton on W from f to some =, and a broken ideal 7 -
trajectory on Ys from v to a4 (possibly constant, if v = a4 ). The homotopy class
is the composite of the corresponding homotopy classes of non-ideal instantons,
then summing the weights. We denote the set of broken ideal W-trajectories from
a_ to a4 in the homotopy class z as M‘é‘f’:(a_,aJr).

A framed broken ideal W -trajectory is the same, but with in addition a framing
on each component where there is no weight at the basepoint of Y; or W, and so
that the neighboring evaluations agree:

Holy 7 (pi) = Holy 7, (Piv1)-
We denote the set of framed broken ideal W-trajectories from a_ to «, in the
homotopy class z as Mg, -(a_, oy ). We similarly denote the parameterized space
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by
PLsMs. ..

Note in particular that we include the ‘deframed trajectories’ here as in the
cylindrical case, and at these, we have lost the framing at the basepoint. Here
(W, E) is collapsed in the notation to simply the bundle E.

A sequence of instantons A,, on W from a_ to oy converges to a broken trajec-
tory (A_, A, A, ) if the following hold. First, for each end, we demand that there
is a sequence of real numbers 77 with

lim 79 — 79 = +o0
jow
lim T,g = *o0;
n—oL

the limit should be negative on the negative end and and positive on the positive

end. These real numbers should be such that the translates T;j A,, converge to

(A_); in
Bﬂ'*E,k,(? ((_OO7N] X Yl)

for all N, and similarly for the positive end. Note that the assumption that T —
+oo implies that these translates are eventually defined on all of (—oo, N] x Y7 for
any fixed N, and similarly [-N, ) x Y.

Second, we demand that A, — A in Bg 5.

One similarly accounts for the bubbling phenomenon to define limits to broken
ideal trajectories: there should be a sequence of gauge transformations defined away
from the bubble points so that convergence of ¢,,(A,,) is L} on compact sets away
from the bubble-points for all o > p > 2.

We have the following analogue of Proposition [£.15] for W-trajectories, which
will be useful to us. The proof is a verbatim combination of what was already said
in the case of the ends (that is, in the cylindrical case), as well as a discussion of
what happens on compact subsets of .

PROPOSITION 4.19. Let P5./\>l§c be the subspace of PsMg consisting of those
pairs (1, A) so that E7(A) < C. Then the projection map PsMgC — P§4) is
proper.

Proor. Fix (A,,n,) with 7, — 7. We have already dealt with the ends in
the discussion of the cylinder, and so we will focus on W itself. We need to show
that there is some sequence of gauge transformations, defined on the complement
of some finite set, so that there is a connection A and a subsequence (still written
A,) so that oA, — A. What we need is to show that that a uniform energy
bound gives, over any given compact set, a uniform bound on the L? norm of Fy .
Because

Fxn =V, (A,)
is bounded in L* independent of n, Uhlenbeck’s compactness theorem will then
guarantee that there is a sequence of gauge transformations o, defined on the
complement of a finite set x, and an L} connection A in Coulomb gauge with respect

to some reference smooth connection, so that ,,(A,) — A in L} on compact sets
of W\x. Proposition (6) guarantees that

677" (Un)* (An) —Lp 671' (A)v
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and so
0= (n)a (FZ, + Vi, (A)) =10 FX + Va(A);

therefore, A is indeed a 7-instanton. Because A is in Coulomb gauge with respect
to a reference smooth connection, the usual bootstrapping arguments imply A is
smooth.

We will further need to ensure that if A, converges to an ideal perturbed in-
stanton, the weight of the 6-mass at the ideal point x is a multiple of 6472

First, we will resolve the question of curvature. Consider the restriction of A to
the complement of the ends [1,0) x Y, a compact manifold W’ with boundary Y.
The perturbations vanish on the boundary of W’ (and on the interior are the pre-
viously discussed interior holonomy perturbations). On the ends the perturbations
7, are of the form (eg, for [0, 00) x Y7)

60 (t) (77‘,)”,

where [y : [0,00) — [0,1] is zero for t <1 and 1 for ¢ > 2.
Remember that for a m-instanton A (these chosen arbitrarily), its analtyic en-
ergy £2"(A) was defined to be equal to

EXP(A) =2 ((es+ fr_)(az) = (es + fr,)(a4)) -

Cutting this off at the boundary of the ends (we say A restricted to {t} x Y7 is
A _(t), and restricted to {t} x Yo is A, (t)), where the perturbations are all zero,
this decomposes into three pieces:

2 ((es + fr_)(0) — (cs) (A (0))
+2((c5)(A—(0)) — (es)(A.4(0)))
2 ((cs) (A (0)) — (e + £, )(01)

First we study how the value of ¢s + f(;) changes along the ends: consider the
function (cs + fru))(A_(t)). Here, n(t) = Bo(t)m—. Then

j 4 ((e5+ Fr)(A_ (1)) = cs(A_(0)) — (e + o )(ac_).

We may expand the integral as

[+ prranas e+ o) (F4-0).

Note that the second integral is the same as
d

[¢oFasio+ Tana-). -0

by assumption that A _(t) satisfies the time-dependent gradient flow equations, this
integral is { |4 A _(t)|?dt. Because fr(1) = Bo(t)fr,, the first integral is the same
as

j BY(t) fr_ (A_(1)).

This is uniformly bounded above and below because the support of 3] is compact,
and the function f,_is bounded. Thus up to an amount bounded by a continuous
function of , the first part of the Chern-Simons difference above is 2 { | %A_(t)HZ;
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a similar discussion implies the same of the the third part of the Chern-Simons
difference and 2 § || A, (¢)|.

Because m, — m, we obtain a bound on the energy of any m,-instanton A, on
the ends, uniform in n.

Altogether we see that an energy bound on A gives a bound on the L? norm
of the Fa, on W', as well as a bound on the L? norms of A+(t). Because A_(t)
satisfies the equations

d
aA—(f) =—#Fa_@) — Ve (A_(1)),
and ||V Al > is uniformly bounded, we get a uniform L? bound on curvature
on any compact piece of the negative end of W; similarly with the positive end.
Because this bound holds for all A,, and is uniform in n, as in Proposition [£.15] we
may conclude the existence of the appropriate gauge transformations.
What remains is to check is that the energy lost at the points is as expected.
Now suppose A, is a sequence of m,-perturbed instantons on W and suppose
there is a sequence of gauge transformations ¢, defined on the complement of a
finite set of points, so that ,(A,) — A in L} on compact sets in the complement
of those points, for p > 2. Call one of these points x; we will show the energy lost
at z is a non-negative multiple of 6472; call this energy c. Abuse notation and
rewrite A, = 0,(A,) for convenience, write S(r) for the geodesic sphere of radius
r around x, and write A, (r) for its restriction to S(r).

Because each A, (r) — A(r) in the Lf/Q topology, we see that
lim, cs(A,, (1)) = cs(A(r)) mod 64737,

We also have, by definition,
s(An(r) = | e (FR,):
B(r)
because A,, is a w-instanton, we have

cs(An(r) = |

B(r

IFa P =2 190 (A0
) B(r)

Because |V, (A)|p» < C|r, the second term goes to zero as r — 0, and the first
term limits to ¢, the energy lost at x.
Putting this together, we find

c=lim lim cs(A,(r)) = lim cs(A(r)) = 0 mod 64727,

r—0n—w0 r—0

as desired. ]

COROLLARY 4.20. The space ﬂ;i(a,, ay) of broken ideal trajectories on (W, E)
with uniform energy bound is compact.

The following theorem summarizes the content of this section.

THEOREM 4.21. Let (Y, E) be a 3-manifold equipped with an SO(3)-bundle and
regular perturbation w. There is a natural compactification of the space of unpa-
rameterized trajectories

M%,Z,ﬂ'(a7 ﬂ) < mEﬁzﬂT(aa B)
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as a compact SO(3)-space equipped with equivariant endpoint mapsﬂ The added
strata H\M are given as a union of fiber products of moduli spaces of lower di-
mension (in codimension equal to the number of intermediary orbits between « and
B) and strata corresponding to Uhlenbeck bubbling.

The same is true for a cobordism (W, E) equipped with a perturbation m which is
regular on the bounding manifolds (Y;, E;): the space of framed instantons .A’ZE_’Z’,T(CM, B)
has a natural compactification to the compact SO(3)-space Mg . (a, B).

We conclude with some discussions on energy bounds. On a cylinder R x Y,
equipped with a regular perturbation 7, there are finitely many critical orbits a.
For a fixed pair «, 3, the space of connections from « to 8 has

T B (o, B) = Z

components. We may define two functions of z € ﬂlg%(oz, B). The first is the topo-
logical energy £7(z), defined by taking a connection A in the component labelled
by z, and evaluating

2((es + fx)(B) = (cs + fx)(a)) € R;

we use the path A and the homotopy lifting property of the covering R — R/872 to
pin down a real lift of this difference. The second is gr,(«, 8) € Z. These are both
affine functions; writing z € Z, we have £7(z) = 6472z + ¢ and gr_ (o, ) = 82 + ¢'.
In particular, we see that
E7(z) — 8m’gr,(a, B)
is constant. Therefore an energy bound is equivalent to an upper bound on gr, («a, §).
Suppose that the cobordism

(W,E) : (Y1, E1) — (Y2, E2)

is equipped with a perturbation 7 so that its restriction m; to the ends is regular,
and all 7m-perturbed instanton moduli spaces up to some energy bound C' are cut
out transversely. Unfortunately, we do not have a notion of perturbed topological
energy for a cobordism, so we must be slightly more precise in our phrasing.

The set mg (l?é(a,ﬁ)) of components of the space of trajectories from « to g

is affine over both 7y ( ~%1,a) and 71'1(6;%2, B), and hence we may write the set of
components as affine over Z. Then gr,(«, ) is affine with distortion 8. Now, on
this same set, we have a partially defined function to R, given by the analyic energy

£T (A) = jW [Fa + o (A

for a m-instanton A in the homotopy class z. Of course, this is only defined
when such 7-instantons exist, but it is independent of the choice when they do.
Furthermore, when defined, this function is affine with distortion 6472. This is
enough to say that an energy bound &7 (A) < C' is equivalent to a grading bound
gr,(a, 8) < C' for m-instantons A.

In what follows we will often only care about the case gr, (o, 8) < 10 — dim «;
there is a corresponding energy bound for m-instantons, for 7 fixed (or for m chosen
from some compact set).

2Here recall that MO is ./\71/]1{, less the constant trajectories.
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Because components of the moduli space with gr, («, 8) < 3 — dim « are empty
when cut out transversely, and bubbling decreases gr,(«, 8) by multiples of 8, we
have the following.

COROLLARY 4.22. When 7 is a regular perturbation and gr.(c, 8) < 10—dim o,
the compactification Mg . (o, ) has no strata corresponding to Uhlenbeck bub-
bling.

4.4. Reducible instantons on the cylinder and cobordisms

The goal of this section is to characterize the reducible 7-ASD connections on
a cobordism W. We begin with the especially simple case of the cylinder.

PROPOSITION 4.23. Let E be an SO(3)-bundle over a rational homology sphere
Y equipped with a Riemannian metric. Let P denote a Banach space of perturba-
tions on (Y, E). By Proposition[3.7, if 7 € Pg has |r| sufficiently small, then there
is a unique critical orbit a in every reducible component Red(Y, E), which is the
unique fully reducible orbit if the reducible component has a fully reducible point.

Consider moduli spaces of reducible instantons on the cylinder R x Y, equipped
with the constant perturbation w on the cylinder. By Proposition the only
moduli spaces which can possibly be nonempty are ./\A/l}gy(h7T (o, @), the spaces of tra-
jectories from « to « in the trivial homotopy class. There is exactly one instan-
ton in each of these: the constant trajectory at o. Therefore, the moduli space
Mg o-(a,a) =2, by definition.

PROOF. In other words, the constant trajectory (which is always a solution) re-
mains the only solution. Because each component in Red (Y, E) lies inside g%7o7k,5(a, )
(the zero denoting the trivial homotopy class), and an instanton in this component
has energy equal to zero, the trajectory must be constant, as in Corollary [£4 H

In fact, even in the case of cobordisms (or cylinders with nonconstant pertur-
bations), the enumeration will be in terms of topological information.

PROPOSITION 4.24. Let W be an oriented Riemannian 4-manifold equipped with
an SO(3)-bundle E and with one incoming cylindrical end (Y1, E1) and one outgoing
cylindrical end (Ya, Es). Suppose bt (W) = 0.

Consider the space of perturbations on W so that the perturbations w4 on the

ends lie in 77};9%, the subspace of perturbations so that the only eigenvalues of

Hess,. acting on QY (Y;iR) have absolute value at least &; abusing notatz'o

o, T4
we still call this space P§4).

If B(w2(E)) # 0 or one of (Y;, E;) is admissible, then (W,E) admits no =-
perturbed reducible instantons in /K/IVEJC,(; whatsoever.

If E is trivial and by(W) = 0, there is a neighborhood Pc(ﬁ()i ce U c PW so
that, for all w € U, all fully reducible connections are cut out transversely. We
write Us = U N 73(;4); this set contains 0 so long as § is sufficiently small.

Fiz (n_,7y) € 7)5431; write Us,. = Us 0 PC(4) for the portion contained inside the

affine space through (m_,m) over P, ..

3This space is larger than the usual P§4) defined in Deﬁnition as the requirement is easier

to satisfy; as the results will apply to the usual subset P§4), and this larger set will not be used
outside this section, we do not feel this abuse of notation is harmful.
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For all w in a residual subset of Us. and for every component in Red(W, E), the
reducible w-instantons in this component comprise a finite set of orbits, which are
cut out transversely inside the reducible locus.

If 7 € PW is sufficiently small (with respect to some constant ew,c), then for
every component in Red(W, E) with E™(A) < C, there is further a unique orbit of 7-
perturbed reducible instantons in that component; for those components Red, (W, E)
containing a fully reducible orbit, that orbit is the unique reducible instanton in that
component.

For bundles with Swy # 0 or with admissible ends, Proposition shows that
there are not even reducible connections with L? curvature. Thus there is only
something interesting to say for cobordisms with rational homology sphere ends.

There is also a version when b (W) > 0. Our goal is to avoid reducibles in this
case, as they cannot be cut out transversely.

PROPOSITION 4.25. Let W be an oriented Riemannian 4-manifold equipped with
an SO(3)-bundle E, with one incoming cylindrical end (Y1, E1) and one outgoing
cylindrical end (Ya, Es). Suppose bt (W) > 0.

If B(we(E)) # 0 or one of (Yi, E;) is admissible, then (W,E) admits no 7-
perturbed reducible instantons in ./\A/lJE’7T whatsoever.

If by(W) < oY (W), and E is nontrivial but neither E; is admissible, for any

fixed T4 € Péﬁ()w, there exists a residual set of the affine slice w € PC(4) for which
there are no reducible w-ASD connections in any component z.

If E is trivial, each fully reducible component always has the full reducible as
a solution, mno matter the perturbation; if b+ (W) > b1 (W), these fully reducible
solutions are never cut out transversely in the SO(2)-fized locus, for any € 73§4).

We prove these simultaneously, much like Proposition we define a Banach
manifold of reducible solutions to the ASD equations, equipped with a map to
Us (or ’P§4), in the case that there are no fully reducible connections), which is
proper; when by (W) = b1 (W) = 0, the projection is a local diffeomorphism above
points near 0. Recall from Proposition that the SO(2)-fixed subspace is a
disjoint union over copies of B,(a_,a4), as n varies over certain complex line
bundles. Note that this configuration space is unframed, despite being a subset of
the framed configuration space of SO(3)-connections on E. Setting this up takes
some small amount of work because the Hilbert manifold the equation is defined
on, By(a—,ay), depends on the limiting orbits, and hence depends on 7 (which
determines the reducible critical orbits). While we discussed such a configuration
space in the previous section, we did not show that this (unframed) quotient was
a Banach manifold: that is usually not true, but is in the special case of SO(2)-
bundles.

LEMMA 4.26. Let W be an oriented Riemannian 4-manifold equipped with an
SO(3)-bundle E and with one incoming cylindrical end (Y1, E1) and one outgoing
cylindrical end (Ya, E2), both rational homology spheres. Fix a lift of E to a U(2)-
bundle f}; if none exist, then W admits no reducible connections whatsoever by
Proposition . Write A for the complex line bundle det(ﬁ) and fix a connection
Ay on A.

There is a Banach manifold PsBy, i s, whose objects are pairs (mw, A) defined as

follows. First, m € 77(;4) s a perturbation as defined above; second, A is an L%,&
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connection on E which respects a fized splitting
Exno(\en)

and has w4 -flat limits on the ends, considered up to equivalence by the group of
Li+1,6,ext maps W — S, meaning that these maps exponentially decay to constant
maps on the ends.

This Banach manifold comes equipped with a smooth submersion PsBy s —
P§4). There is a smooth vector bundle Sp_1,5 — PsBy ks with fiber isomorphic to
Qk 15(iR), and a smooth Fredholm section s(m,A) = Fi+ V(A).

PRrooF. Denote by 7; the restrictions of n to the ends. Write Ps€,, for the set

whose elements are triples (7, a1, as), where 7 € 73(;4) is a perturbation restricting
to m; on the ends, and o; € B,, are equivalence classes of m;-flat connections on 7;.
With minimal change, Lemma asserts that the map P;¢,, — P§4) , sending the
parameterized critical set of gauge equivalence classes of connections on 7 to the
space of perturbations, is proper. That P5¢, is a manifold and that the projection

above is a covering map follow quickly from the assumption that every mw € P§4)
such that ﬁés\szmm never has eigenvalues of absolute value at most 6. Thus, Ps<,
has charts given by local sections 1 of the projection to 73(§4). Fix such a chart,
given by V < P§4).

We may lift the above section 9 : V' — P5€, to a smooth map

p:V = Ay x Ay, ks

so that p(my,-,-,m2) is a pair of connections in the same gauge equivalence as
W(my, -, -, m2). That is, this is a smooth map picking out critical points for the
end-perturbations ;. This entire discussion depends only on the connections over
the ends.

For this chart V, there are two possible situations: it could be that there
are no reducible connections over the cobordism restricting to the configuration
¥(m1,0,0,72) on the ends, in which case PsB,, ks is empty above this chart and is
tautologically a manifold.

More interestingly, if there is some reducible connection extending that configu-
ration, then may choose a smooth map e : A, 1 x A, 1 — A( ) k.5 SO that e(A1, As)
is a connection A on 77 SO that A is constant and equal to A on the ends. Com-
posing these, eop : 73(S - .An,k’é is a smooth map choosing a connection (e o p)(w)
which is constant and equal to the m4-critical connections p(7) on the ends.

We may use this to define

VAY = {(m,A) | 7€ V. A — (e op)(r) € Qb s(WiR)}.

In particular, this Banach manifold is diffeomorphic to V' x Q}c s(W3iR). Clearly
it comes equipped with a smooth projection to V. There is the trivial bundle
S, 5= Qz’_ﬂ)é(W; iR) over V x Af;l,)g s- Given a connection A on 7, the induced

connection on n@(A®n 1) has curvature equal to 2Fa — Fa,, the non-central part

of the curvature of @ (A®n~'). Then the section s : VAW

nks Sk-1,5 is given
by

(m,A) = 2F{ — F{ + Vi (A).
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This space a smooth action by the Banach Lie group G, r41,5,.cxt, pPreserving

the projection map to P§4) and the section s. While the action is not free, the
stabilizer is the same at every point: it is the group of constant maps W — S!.
The action of G, 41,5 factors through its quotient by the subgroup of constant
maps, and the action of this quotient group is free. The fact that ‘A-harmonic
gauge transformations’ are the same for all A is a convenient and unique aspect of
the case of SO(2)-bundles.

Now it is easy to verify that this action is proper, such that each orbit has
closed complemented tangent space, giving us a quotient manifold VB, ;5 with a
projection map and a section of a vector bundle Si_1, (still the trivial bundle).
That the section on VB, . 5 is Fredholm follows from the same fact fiberwise, on a
fixed Banach manifold B, i s(c1, a2). Patching these together for different charts
V of P5¢, gives us a smooth Banach manifold structure on PsB,, 1 s. |

Note that this Banach manifold is precisely the same as a component of the
SO(2)-fixed point space of ngE,k,57 expressed in terms of the U(2) model.

In the case of reducible trajectories, the compactness properties are especially
strong. Note that there are no broken or ideal trajectories in the following state-
ment.

LEMMA 4.27. The map PsMjs — P§4) s proper.

Proor. This is an application of Proposition Start by choosing a se-
quence (1, A,,) of perturbed reducible instantons so that m, — 7.

First, observe that because every fiber of PsB, s — P§4) is connected, the
analytic energy £™(A), for a reducible m-instanton A, depends only on m, and
depends continuously on 7 at that. In particular, we have £7(A,) < C for some
constant C' (without already assuming an energy bound on the A,,).

In particular, by the compactness theorem there is a subsequence of A, and
a broken ideal trajectory A such that a subsequence of A, conerges to A as a
broken bubble-limit. Because all of the A,, are reducible, so is A. Bubbling cannot
change the topological type of 1 (a line bundle over a manifold is determined by its
restriction to the complement of any finite set, so long as the manifold is dimension
at least 2), and so for large n we have that A,, lies in the same component as A.
Thus, we know that £™ (A,,) — £7(A), implying no energy is lost at bubble-points.

So the only noncompactness can arise from breaking of trajectories. We al-
ready know by Proposition [£.23] that on the cylinder R x Y, where Y is equipped
with a weakly admissible bundle and regular perturbation, reducible trajectories
are constant. So after passing to a subsequence and applying suitable gauge trans-
formations, the configuration A,, converges in L% s an honest reducible connection
on 7 with the same limits at +00, as desired, with no energy lost at the ends. W

The following unique continuation lemma is quoted essentially verbatim from
[KMO7, Lemma 7.1.3]; we will use it frequently.

LEMMA 4.28. Let H be a real Hilbert space and I = [t1,t2] a closed inter-
val, equipped with a family L(t) of unbounded operators D — H with common
dense domain D c H, so that L(t) = L. (t) + L_(t) for Ly symmetric on D and
L_(t) skew-adjoint and bounded on the whole of H. Further suppose that the time-
derivative L'(t) is a well-defined operator D — H, defined pointwise, which has a
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bound
I/ (9] < C1 (L)l + )
uniform inte I and x € D.
Let f : I — H be a continuous map and z : I — D be a solution of the equation
2'+Lz = f, where we have the bound on the inhomogeneous term || f(t)|| < Ca2|z(t)],
uniform in t. Then if z(t) = 0 for some t € I, then z is identically zero.

We will first justify the open set Us used in the statement of Proposition

LEMMA 4.29. Suppose by (W) = 0. If b (W) = 0 or E is nontrivial, then all fully
reducible conmections are cut out transversely for any end perturbation; therefore,
there is a connected open set

Péﬁ()i cUcpP®

for which every fully reducible connection is cut out transversely. When § > 0 is
sufficiently small, the intersection Us = U n P§4) contains 0.

ProOOF. If E is nontrivial, there are no fully reducible connections; if b (W) =
0, then for any fully reducible connection A, we have

coker(Q ) =HA =H" =0

by the Hodge theorem. Therefore every fully reducible connection is cut out trans-
versely above 0; furthermore, because we assume the 3-dimensional holonomy per-
turbations f, vanish in a neighborhood of fully reducible connections, we necessarily
have DoV, = 0 for any fully reducible connection A. In particular, because the
end perturbations take the form

VoA = Bo(t)(dt A V.A(1)),

we see that D A@w = 0 for any full reducible A on W and any end perturbation 7;
50 QA r is surjective iff Qa o is.

Because the projection from the parameterized configuration space of fully re-
ducible connections to P§4) is a proper local diffeomorphism, we see that every fully

reducible connection is cut out transversely in a neighborhood of Pc(ﬁzl, and we call
this neighborhood U.
To say that 0 € ’P§4) just means that for the reducible flat connections «, all

eigenvalues of ﬁe?s; acting on Q!(W;iR), have absolute value larger than §. Be-
cause the kernel of this operator is H!(W) = 0, and the eigenvalues form a discrete
closed set, we see that for the finitely many reducible flat connections «, all eigen-
values have absolute value larger than some § > 0, as desired. |

When b; (W) = 0 and bt (W) > 0 but E is trivial, the set Us is empty: full
reducibles are always w-perturbed ASD connections, regardless of 7, but the index
of D » is always negative, so they cannot be cut out transversely.

LEMMA 4.30. Let (W,E) be a Riemannian manifold with two cylindrical ends,
both of which are modelled on rational homology spheres, with by (W) = 0. Suppose
either that b* (W) = 0 or that E is nontrivial, and fiz a component of the SO(2)-
fized point space, labeled by a line bundle n. We write Us C P§4) for the open set
in which all fully reducible connections are cut out transversely; in the latter case,
when E is non-trivial, this containment is an equality.
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Then the zero set
U(;Mn C Uélgn,k,é
is a smooth Banach submanifold.
Similarly, for any fized (n_,74) € Péizi,é} the zero set Us .M, is a Banach
submanifold of UsBy 1.s-

PROOF. By assumption, we need only consider the SO(2)-reducible ASD con-
nections which are not fully reducible.
We want to show that

Qnr = (Qam, Ve (A)) 1 QL ;(W3iR) @ PW — Q7| (WiR)

is surjective for all reducible m-instantons A in the component corresponding to 7
(of class L3 5).

To see this, consider ¢ € coker(Q) ,); necessarily, ¢ € coker(Qa ), and in
particular Qz)ﬂz/} = (0. We may write this as

Q*A7O¢ = _(DAVW)*'(/J;
because D A@,T extends to L?) 5 for j < kand ¢’ < 6, the usual elliptic bootstrapping
arguments imply that ¢ € L7 5 by Proposition [4.6| (1).

Recall that the interior holonomy perturbations are supported inside a compact
submanifold W’ < W, whose complement is the portion [1,00) x Y of the cylindrical
ends. Now, the argument in [K*05, Lemma 3.7] shows that so long as 7 is not
fully reducible the image of ¥V, (A) is dense in continuous sections of A2+ (iR)
over W' which vanish on the boundary; in particular, because ¥ € coker(Q’), it
should be L? orthogonal to all of these, and hence vanish on the whole of W"’.

Now v satisfies the perturbed ASD equations on the end, written [0,00) x Y,
with ¢ € L? and w|{0}xY = (. So long as k = 2, the map 1 defines an element of

C! ([0,00),25(Y)) n C° ([0,90), Q1 (Y)) ;

here the subscripts k, § indicate we are taking 1-forms of Sobolev class L?. Further,
the equation Qimlﬁ = 0 can be expressed as the pair of ODE

d*p(t) =0
V' (t) — #dip(t) = Dag) Ve ¥ (1)

This ODE satisfies the conditions of Lemma so long as 7(t) and A(t) are
C! paths; the fact that A(t) is a C! path in Q}(Y) follows because A is L3, and
m(t) = Bo(t)mo is smooth.

Therefore ¢(0) = 0 implies that ¢» = 0 on this entire end. Repeating for both
ends, we find that any ¢ € coker(Q’ ) is necessarily zero, as desired. [ |

ProoF oF ProproSITIONS [£.24] AND [£.25] Until the final paragraph of this
proof, we assume that b; (W) = 0, and that E is nontrivial or b* (W) = 0.

Fix (m_,m:) € 7’331,&

Af 7 is fully reducible, these perturbations are identically zero. The hypothesis of SO(2)-
reducibility is used to ensure that, at any point in W', one may find a collection of loops so that
Hola ¢ (£1)V; at these points of U(1)N < SU(2)Y, any equivariant map r : SU(2)Y — su(2)
must necessarily send r((£1)™) = 0; points in U(1)N\(+1) are sent into u(1) < su(2), but are
not otherwise constrained.
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The set Us, .M, s is a smooth submanifold of Us B, 1.s. For fixed 7, the set
of all m-instantons A are cut out transversely for all in B, s if and only if the
projection

Pn - Ué,cMn - U5,c
has 7 as a regular value. By the Sard-Smale theorem, such 7 are in large supply:
they form a dense set. Furthermore, the projection p, is proper by Lemma
Therefore, the regular values form an open set of Us ..

In the case that b* (W) > 0, this means that M, . = & for 7 a regular value,
as the index of the operator Da . is negative. In the case that b* (W) = 0, the
moduli space M,,  for regular 7 is a finite set, and 0 is a regular value.

What remains is to see what the solutions are when m = 0; then by proper-
ness, we immediately understand the solutions for all sufficiently small 7. But for
a cobordism (W, E) with b7 (W) = 0 but b;(W) = n, the space of reducible un-
perturbed ASD connections in each reducible component is the torus 7"; this is
[Dael5l Lemma 1.6], and again follows from Hodge theory, as the ASD equation is
affine in the SO(2)-reducible case. See also the related [Frg02] Lemma 2]. In the
case we most care about, b1(W) = b (W) = 0, this means that there is a unique
m-perturbed reducible ASD connection in each reducible component, so long as m
is sufficiently small.

Intersecting over all line bundles 7, these open dense sets become residual sets.
For the statement of Proposition we want the enumeration above to hold for
all line bundles up to a certain energy level; the assumption that b (W) = 0 implies
that there are only finitely many line bundles whose topological energy is bounded
above by a given constant C, and so intersecting over the finitely many relevant
open sets, we find an open set containing 0 so that the enumeration of reducibles
up to energy C'is correct for all 7 in this open set.

If E is trivial, the trivial connection A is always an ASD connection, no matter
the perturbation. For 7 € P§4), we have ind(Da ) = ind(Da o). When bT(W) >
b1 (W), this index is negative, and so A cannot be cut out transversely. [ ]

4.5. Index calculations

With a strong grasp on the regularity properties of reducible instantons (internal
to the reducible locus), we move on to understanding the index of the ASD operator
normal to the reducible locus.

Let (W,E) be a cobordism from (Y7, E7) to (Ya, Es), thought of as a manifold
with cylindrical ends, and let m be a perturbation so that the ends 74 are regular
perturbations on Y;. Suppose ¢ is larger than the least nonzero eigenvalue of the
extended Hessian operators of the 7wy -critical points. Choose 7 sufficiently small
that Proposition holds; this is guaranteed by choosing 7 € 73(§4).

If A is a m-perturbed instanton, we would like to compute the index of

Qax: Qi,&(W;EE) - Qifm @5

In fact, by invariance properties of the index, this only depends on the component
A sits inside and on the value of 7 on the ends. Correspondingly, we assume 7
has no component corresponding to an interior perturbation: we suppose that 7 is
supported on the ends.

The most useful tool for computing the index of a differential operator on a
compact manifold with boundary is the Atiyah-Patodi-Singer index theorem. Let
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X be a compact manifold with boundary, with metric of product type near the

boundary. Let D be an elliptic differential operator acting on sections of bundles

V1, Vo over W' (thought of as a compact manifold with boundary) with specified

isomorphisms near the boundary components [0,00) X Y from the given operator
d

to o7 + A, where A is a self-adjoint elliptic operator whose nonzero eigenvalues c

have |¢| > 6. Then one may consider D as an operator
Daps : L3(X,V1; P) — L*(X, Va),

where here P means that we demand that the restriction of o € L2(W, Vy; P) to the
boundary lies in the subspace spanned by the negative eigenvalues: that is, if P is
the projection operator corresponding to the eigenspaces with A > 0, we demand
that Po = 0. Then even if A, the operator at the boundary, has kernel, D gpg is a
Fredholm operator with a well-defined index. If

X 1= X uex [0,0) x 0X

with the appropriate product metric on the ends, we may just as well consider D
as an operator on X. We write I (D) to mean the index of D, computed as a map
between weighted Sobolev spaces of weight § > 0, and I4pg(D) to mean the index
computed as D gpgs.

LEMMA 4.31. As long as ¢ is less than any nonzero eigenvalue of the boundary
operators A;, we have Iapg(D) = I(D).

PRrROOF. This is essentially [APS75al Proposition 3.11]. When thought of as
a map on weighted Sobolev spaces, ker(D) clearly consists of L? solutions of D f
on X. Conversely, every L? solution has as much smoothness as the operator itself,
and in the asymptotic expansion Y axe ' ¢, on the ends, ay must be zero when
A < 0 if the solution is to be L?. So a solution decays exponentially with weight at
least & > 0, where § is less than any positive eigenvalue of A.

The kernel of D* is computed in weighted Sobolev spaces as a subspace of Li_ 5
To decay exponentially slower than e~%, we must demand that ay = 0 for A\ > 4.
Because positive eigenvalues are at least as large as §, we see that a solution is,
on the ends, a sum of an exponentially decaying solution and a solution which is
constant in time. This is precisely the kernel of D* on extended L? sections, as
in the computation of I(D4pg) given in [APS75al, Proposition 3.11]. Because the
two kernels and cokernels agree, we have I4ps(D) = I(D). |

So it suffices to compute I4ps(Qa ), and for this, we have the Atiyah-Singer
index theorem. We will need some simple lemmas first before we can calculate this
index.

LEMMA 4.32. Suppose W is a compact manifold with boundary of product type,
equipped with an elliptic operator D that is of product type near the boundary. Sup-
pose further that there is an oriented closed submanifold Y < W with a neighborhood
of product type so that the operator may be written as d/dt+ A on this neighborhood.
Write Dy for the operator on the compact manifold whose positive boundary con-
tains Y, and Dy for the operator on the compact manifold whose negative boundary
contains Y; say A is the operator at Y. Then

Iaps(D) = Iaps(D1) + Iaps(D2) + dimker(A).
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PRrOOF. This follows immediately from the index theorem itself, [APS75al
Theorem 3.10]. The only term which is not additive is —h/2, where h is the ker-
nel of the boundary operator. Because we are contributing two extra copies of
—dimker(A)/2 on the right, we counterbalance that by adding dim ker(A). |

Finally, we will need to know how the index of spectral flow is computed.

LEMMA 4.33. Let D = d/dt + A; be an operator on [0,1] x Y, where A; is
a time-dependent self-adjoint elliptic operator, possibly with kernel. We define the
spectral flow sf(Ay) to be the intersection number of the graph of the spectra with the
line \(A¢) = =0, which Ay and A1 do not intersect. This is the aggregate number
of eigenvalues that go from < —§ to = 0, counted with sign.

Then

Isps(D) = sf(A;) — dimker(A4,).

ProOOF. This may be proved using separation of variables. A similar formula
is stated below [APS96, Theorem 7.4], only giving the spectral flow term; their
argument uses the periodic boundary conditions on [0, 1] x Y, which corresponds
to the projection to nonnegative eigenvalues at ¢ = 0 and positive eigenvalues
at t = 1, whereas the APS boundary conditions stated above use the spectral
projection to monnegative eigenvalues at ¢ = 1. The second operator has smaller
domain, of codimension dimker(A4;), having included the demand that an element
f of the domain projects nontrivially to ker(A;). Because index is addititive under
composition and the inclusion of this subspace has index — dim ker(A;), the theorem
follows. |

Now W may be decomposed as the union of a compact manifold X and the two
cylindrical ends. This decomposition will provide the desired calculation. Before
stating the result, we recall the definition of one of the terms that will appear.

DEFINITION 4.34. Let o be an orthogonal (resp. unitary) flat connection on
a real (complex) vector bundle E of dimension n over a closed manifold Y. The
Atiyah-Patodi-Singer p-invariant of « is defined to be

%(0) -n- 7]0(0)'

Here 7, is the Atiyah-Patodi-Singer 7 invariant associated to the a-twisted signa-
ture operator

B Q%(W, B) - 9 (W, E)
Bw = (—=1)%8 % (xd, — dy#)w,

as is studied in [APS75b]. This constant is denoted p(«).
If E has a reduction labelled by {¢1, {2}, where (; are complex line bundles and

c1(C1) +c1(Ga) = A,

we define p({(1, (2}) to be the p-invariant of the induced SO(3)-flat connection on
E, given as R® ((; ® GG ).

The following equivalent computations of the p-invariant given here are listed
in the discussion in [HK11l Section 2.9]. We state them without proof.
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LEMMA 4.35. Suppose E — Y is an SO(3)-bundle, equipped with a reduction
ExR®(G®G). Write k = (1 ® (Y, thought of as a flat complex line bundle.
If z; = c1(&), then p({z1, 22}) coincides with p(k) + p(k~1). Further, if

(W,E) : (Y1, E1) — (Y2, E2)
is a cobordism eqiupped with a compatible reduction
E=R® (¢ ® ("))

Again, write k = (¥ ® ()7L, write r; for the restrictions to each component,
and write z!V = ¢1(¢}V). Then

p(k2) = p(r1) = Sign(W) — Sign, (W),
where Sign, (W) is the index of the twisted signature operator on W.

Now we calculate the Atiyah-Patodi-Singer index of the operator Qa », where
A is a reducible trajectory on the 4-manifold . By a homotopy, put A in a form
so that it is constant sufficiently far on the ends, and constant at the boundary
{0} x Y of the ends, constant at the unique unperturbed flat connection on Y in
the corresponding component of reducibles. For the statement of the following
theorem, recall Definition of signature data on a pair (Y, E), and in particular
signature data associated to a perturbation.

PROPOSITION 4.36. Suppose (W, E) : (Y1, E1,m) — (Ya, Ea,m) is a cobordism
(with cylindrical ends) between rational homology spheres, equipped with a perturba-

tion w € P§4) which is regular on the ends. Then by Deﬁm’tz’on the perturbations
on the ends are sufficiently small that Proposition[3.5 applies.

Let A be a reducible connection on E which, sufficiently far on the ends, is
constant and equal to a w-critical point; suppose A is in the component labeled by
r € Red(W,E); let r; € Red(Y;, E;) be the restrictions to the ends. Suppose r cor-
responds to the pair of complex line bundles {ni,m2}, corresponding to cohomology
classes {z1,22}. Because the ends are rational homology spheres, we may write
2 € HX(W;Q); the compactly supported cohomology ring has a cup-product with
values in Q.

Let S(r) = 1 if r is a component of SO(2)-reducibles and S(r) = 3 if r contains
a full reducible.

Then

Iaps(Qax) = —2(z1 — 22)* + 3(b" —b")

p(r2) —p(r1) | ony(r2) —om (r1)  S(r1) +S(r2)
+ + - :
2 2 2
PrROOF. Let Wy be the compact submanifold of W given by including the first
[0, N] of each end; for N sufficiently large, the operator Q4 is of product type near
the boundary.

By splitting Wy into three pieces, [-N,0] x Y1 u X U [0, N] x Y2, we may
decompose the operator (Qa . into its pieces on these three corresponding ends.
Write Q4+ for the pieces of Qa  on the corresponding ends, @ for the piece on W,
and A; the connections A restricts to on {0} x Y;.

First we calculate I4ps(Q—). Write A(t) for the restriction of A to the negative
end, where ¢ € [-N,0]. The path A(t) is homotopic to a path Af(t) so that As(t)
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is in the unique gauge equivalence class of 7 (t)-flat connection in its reducible com-
ponent: This is the path used in the proof of Proposition [3.13] and our assumption
that m; on the ends lie in the sets Pg, 5 is to ensure this doesn’t go awry. (See
the remark immediately after Definition ) In particular, because Qa r is the
operator % + ﬁg‘sA(t),ﬂ(t), this spectral flow is by definition equal to the function
2Ny, (1) defined in that proposition. Thus by Lemma [4.33]

Iaps(Q_) = 2Ny, (r1) — dim kerfless 4, .
A similar discussion gives

Iaps(Q+) = —S(r2) — 2Ng,(r2).

What remains is to apply the index theorem to D on X. If we write QQy to
mean the corresponding ASD operator for the trivial connection, this can be read
off from [MMR94] Proposition 8.4.1] as giving

— hi+h
plra) = p(r) g haths
2 2

Here h; = dim kerHess 4;- A detailed computation is provided in [HK11l Propo-
sition 2.6], but note that our sign conventions on boundary orientations and the
definition of p; are the negative of theirs. Hodge theory provides the equality

Iaps(Qo) = —(1 —b' +b™),

Ixps(D) —3Iaps(Dg) = —2p1(A) +

so we obtain

Iaps(Q) = —2p1(A) +3(b" —bT) +

p(ra) —p(r1)  hi+ho
2 2
Summing over these and including boundary kernel terms as in Lemma we
obtain
hy  he

M + 2N, (r1) — D} + 5 2Nr, (r2) — S(r2).

Now A induces a reduction E =~ R®(n; ®1n, ). Pontryagin classes are preserved
under stabilization, so we want to compute p; (11 ®n5 1). For a complex line bundle
¢, we have p1¢ = c1(¢)?, and considering the classes z; in H2(W; Q) corresponding
to 1;, we obtain pE = (21 — 20)2.

We focus now on the last few terms. If we write

D(r;) = dimg H (Yi;m @15 1),

then we have hy = D(r1) + S(r1) and hy = D(r9) + S(r2). Because the dimension
of a vector space equipped with a nondegenerate symmetric bilinear form is the
number of positive eigenvalues plus the number of negative eigenvalues, we see that
D(r) — 4N, (r) is the number of positive eigenvalues less the number of negative
eigenvalues, and hence

2N, (1) = 2o (1) — () = TR Om(T) S 5(r)

—2p1E + 3(b1 - b+) +

The above calculation did not at all depend on the fact that the connection A
was reducible. In general, the same formula holds, where if the restriction of A
to one of the ends is irreducible, we write S(r;) = 0 for that end; and the first
term should be read —2p; (E), defined as a curvature integral for a connection A
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on the compact manifold W which restricts to the relevant flat connections on a
neighborhood of the boundary.

Note that if we choose a different connection A’ that restricts to the same flat
connections on the boundary, the only thing that can possibly change in the index
formula is —2p; (E). Fix a base connection Ay, equal to the desired flat connections
near the boundary. Consider the double of W, with Ay on one half and, on the other
half, an arbitrary connection A restricting to the desired flat connections on oW.
Clearly —2p; of this new connection on a closed manifold is —2p;(Ag) — 2p1(A).
Note that —2p; E is constant mod 8 on a closed manifold: it reduces to

2(wyE)? € H*(X;2Z/8) = 27,8,

where here we take the Pontryagin square to write w3 € Z/4. Then we immediately
have the following corollary.

COROLLARY 4.37. The relative grading gr,(«, B) € Z is independent, modulo 8,
of the choice of z. Therefore, we may unambiguously write gr(a, §) € Z/8.

The above index calculation in mind for reducible connections, we combine the
p and signature terms into a single function.

DEFINITION 4.38. Let (Y, E) be a rational homology sphere equipped with
an SO(3)-bundle and small regular perturbation 7. We define the perturbed p-
invariant to be p(r) = p(r) + o.(r), where o, is the signature datum associated
to 7 as in Definition

Now if we write D} . for the normal ASD operator, the linearization of the

section defining the moduli spaces in gﬁjzyk’(;(al, ap) restricted to the normal space
to an orbit, then we see by the discussion at the beginning of Chapter [4.2] that

I(D3 x) = Laps(QA) + S(r),

where S(r) = dimga is the dimension of the space of A-parallel gauge transfor-
mations. Further, at an SO(2)-reducible connection A, the normal ASD operator
splits as a sum of a ‘reducible part’ and an ‘irreducible part’, corresponding to the
splitting of gp =~ F = R @® \; write

v __ pred irred,
DA,ﬂ' - DA,ﬂ' G_)DA,W )

one has I(D'4) = b! —b*. This is the component that S(r) = 1 contributes to, as
the operator Q¢ is the same as the operator Qy written in the above proof, and
hence has index —1 + b — b

Correspondingly, we see that at an SO(2)-reducible A we have

Pz (12) = pry (11) S(r1) + S(r2)
2 ==

DEFINITION 4.39. Let (W, E) be a cobordism (Y7, F1) — (Y2, E2) equipped with
some small perturbation 7, regular at the ends. We say that an SO(2)-reducible r
on (W, E) is good if I(Digfrd) > 0, and bad otherwise.

I(DR) = =2(z1 — 22)> +2(b" —b*) +

REMARK 4.40. In fact, Dxred is a complex linear operator, so its index is even.

, 7T

There is a natural condition on a cobordism-with-perturbation (W, E, ) that
reduces the class of bad reducibles to a simple, sometimes avoidable, set.
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DEFINITION 4.41. Let (W,E,7) : (Y1, E1,m) — (Y2, E3,m2) be a cobordism.
For an SO(2)-reducible component r on (W, E), we write its restriction to the
two ends as r;. We say that (W, E, ) is p-monotonic if for every SO(2)-reducible
component r, we have

Py (Tl) < Pry (TQ)'

For a p-monotonic cobordism, one of the most mysterious terms in the index
formula is nonnegative, so we may focus on the rest.

LEMMA 4.42. For a p-monotonic cobordism (W, E, 7) with by(W) =bT(W) =0
and rational homology sphere ends, the only bad reducibles are {z1, z2} where z1 — 29
is a torsion class on H*(W;Z) that restricts trivially to the ends. In particular,
bad reducibles can only exist if H1Y1 @ H Yo — H\W fails to be surjective.

PrOOF. The assumption of p-monotonicity means

Py (12) = Py (11)
2

=0,

SO

1) > —2py A 41— 2 502) ;S(”).

If both r; are SO(2)-reducible but not fully reducible,
S(’/‘l) + S(TQ)
2
if precisely one of the r; is fully reducible then that same term is —1, and if both
of the r; are fully reducible then the final term is —2. Becase b* = 0, we have
—2p1 A = —2(2;—22)% = 0. Therefore for a p-monotonic cobordism, I(Df,{:frd) > -2,

with equality if and only if both r; are fully reducible and —2p; A = 0.
Because H2(W;Q) =~ H?*(W;Q), and the intersection form is nondegenerate
negative definite on H2, we see that

—2p1A = —2(21 - 2’2)2 =0

iff 1 —20=0¢ HQ(W; Q); this is the same as saying that z; — 25 is a torsion class.
The assumption that the restriction to the ends is fully reducible is precisely the
same as saying that z; — zo restricts trivially to the ends. Applying the universal
coefficient theorem, we obtain a class in Ext(H;W,Z) which restricts trivially to
EXt(Hlyl, Z) &) EXt(Iflifg7 Z), and so

EXt(H1W) i EXt(Hlyl) (—B EXt(Hl}/Q)
is not injective. The natural isomorphism
Ext(A,7Z) = Hom(4, S')

for finite abelian groups A implies that if the map on Ext is not injective, then the
map H Y, ® HYs — H,W fails to be surjective.

Because 1 (Dgfid) is an even integer, if it is larger than —2, it is nonnegative, so
r is a good reducible. |

1-— = 0;

DEFINITION 4.43. Let (W, E) be a cobordism between 3-manifolds with SO(3)-
bundles and signature data (Y7, E1,01) and (Y3, E2,02). We say that (W, E) is
weakly admissible if one of the following holds.

e The negative end (Y7, E1) is admissible, meaning that wy(F1) only lifts
to non-torsion classes in H?(Y1;7Z).
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o Bwy(E) # 0 € H3(W;Z), where 3 is the integral Bockstein homomor-
phism.

e by(W) = bH(W) = 0, for every 8 € Red(W, E) restricting to 3; on the
ends,

p(B2) = p(B1) + oy (B2) — o, (B1) 2 0,

and H; (Y1) @ Hi(Y2) — H(W) is surjective. That is, (W, E) is p-
monotonic and supports no bad reducibles.

e E is non-trivial, by (W) = 0 and bT (W) > 0.

Later we will need a similar notion for U(2)-bundles. If E is a U(2)-bundle on the
cobordism, we say that it is weakly admissible if its reduction to an SO(3)-bundle
E is weakly admissible.

The weakly admissible U(2)-bundles correspond to the first, third, and fourth
cases above; the second case precisely means that E admits no lift to a U(2)-bundle,
which implies that it admits no reducible connections.

We will soon see that every item on this list admits a regular perturbation. It
should be noted that in fact we can achieve regular perturbations when (Y3, Es)
is admissible but the negative boundary component is not. We do not include
these in our definition of weakly admissible bundles as they do not glue together
well in general. The composite of a cobordism from a rational homology sphere to
an admissible bundle, and then back to a rational homology sphere, need not be
weakly admissible.

For the definition above, we have the following.

LEMMA 4.44. The composite of two weakly admissible cobordisms remains weakly
admissible.

PROOF. First, it is clear that the composite of the first type of weakly admis-
sible cobordism with any other remains weakly admissible. That the composite of
any cobordism and one with fw;E # 0 still has fwsE # 0 follows immediately from
the naturality of the Bockstein and the fact that wsy is natural under restriction.
Suppose we have weakly admissible cobordisms of the third or fourth type that are
not of the first or second. Then their boundaries are rational homology spheres,
and the composite also has b (W) = 0; the term b™ (W) is additive under gluing
along rational homology spheres, so the composite of any of the third or fourth type
with the fourth type is again of the fourth type.

So what remains to check is that the composite of any cobordism of the third
type with another of that type remains of that same type. It is clear that the
p-monotonicity condition is additive; the interesting thing is to ask about is the ho-
mological condition. At first glance, it is mysterious why composites of cobordisms
satisfying this condition should still satisfy this condition; it is made more clear by
remembering the point of that condition.

Let A be a reducible on the cobordism W with by (W) = 0, corresponding to
cohomology classes {z1, z2}; write r; for the restriction of A to the corresponding
boundary component. The p-monotonicity condition and homological condition,
combined, are equivalent to the following: the index

I(Df,frd) _ _2(21 _ 22)2 _ 2b+(W) + Pry (7‘2) ;pﬂl (7”1) +1-— S(rl) ;S(TQ)

is nonnegative for all (A, 7). (This is the index computed above Definition [4.39])
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Now let W7 and W5 be weakly admissible cobordisms between rational homology
spheres equipped with reducibles A;; write A5 for the reducible on the composite
cobordism W, and rq, 79,73 for the restrictions of s to the successive 3-manifolds
that serve as boundary components of W7 and Ws. It is easy to see that

I(DRR) = IDXES) + I(DRYE) + S(r2) — 1.

Now the index [ (Dxrefr) is non-negative for all reducibles; so for the composite,
we find I(Dzﬂi‘%ﬂ) > S(r2) — 1. But 73 is a reducible, and so S(rq) is either 1 or 3;
thus we obtain I(DR"4 ) > 0, as desired. |

Consider the situation that W is a cobordism from a homology sphere to a
rational homology sphere, and W5 is a cobordism from a rational homology sphere
back to a homology sphere, so that H;W; are both isomorphic to the middle bound-
ary component. Then clearly the composite cobordism fails the homological con-
dition, even though it tautologically satisfies p-monotonicity (all reducibles are
full reducibles, where the p-invariant and signature data are both zero). So even
though they satisfy the homological condition, one of W7 and Wy must fail to be
p-monotonic.

For every weakly admissible cobordism, all reducible configurations that exist
for generic perturbation 7 have non-negative normal index. (In the admissible case,
we may choose the perturbation 7 so that there are no m-ASD connections on the
cobordism.)

In the first three cases, this remains true when considering paths of perturba-
tions. In the final case, reducibles only appear generically in families of perturba-
tions of dimension b* (W), but do not necessarily have non-negative index; when
they arise, we may not achieve transversality. Strengthening the p-monotonicity
requirement does not solve this problem.

We conclude this section with some remarks on gradings.

LEMMA 4.45. Let (W,E) : (Y1, E1,m1) — (Ys, Eo,m3) be a cobordism between
3-manifolds equipped with weakly admissible bundles and regular perturbations. If
«a; and B; are choices of critical orbits, then

ng(al,ag) - grw(ﬁl,&) = gr(a1, B1) — gr(az, Ba2).

This follows immediately from the additivity property of the grading and the
fact that gr(s, 8) = 0.

COROLLARY 4.46. Let (W E) : (Y1,7m1) — (Y2,7m2) be a cobordism between ra-
tional homology spheres equipped with the trivial bundle and small regular pertur-
bations. Write 0; for the corresponding trivial connections. We have

wy(E) € H*(W,0W;7Z/2),
and so we may use the Pontryagin square to write
wy(E)? e HY(W,0W;Z/4) = Z,/4,

and 2wy (E)? € 27,/8.
Then

g (a1, ) = —2wo(E)? + 3(b* — b") + gr(fa, az) — gr(0y, o).
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Suppose (W, E, A) is a cobordism from (Y, E, 7, «) to itself, where Y is a rational
homology sphere equipped with a regular perturbation w and w-flat connection a.
Then

g™V (o, @) = —2wy(E)? + 3(b* (W) — b (W)).

PRrROOF. Recall Definition [4.10| that gr(c, 8) is given by ind(Q} ) for any con-
nection A connecting a and  with perturbation 7 limiting to the fixed perturba-
tions on the ends, and

gr(a7 B) = ?(O@ﬁ) +3 —dima.
Proposition [1.36] then provides us with
gw(gl, 02) = —2’(1)2(E)2 — 3(]. - bl + b+),

using the fact that p; = w3 (mod 4) and S(f) = 3, as well as the vanishing of the
invariants p(6) = o.(6) = 0. Therefore

gtV (01, 0:) = —2wy(E)? + 3(b* —b™).

Then the conclusion is simply a special case of the previous lemma.

The final claim follows from the same index calculation we used to calculate
gtV (61,62); the key points are that the o,(a) terms cancel, and that S(a) is
3 —dima. |

We may say something about the gradings of reducibles. We begin with the
fully reducible connections.

PROPOSITION 4.47. LetY be a rational homology 3-sphere equipped with a trivial

bundle and small reqular perturbation w. If © and ©" are fully reducible connections,
then gr(©,0") € 4Z/8.

PRrROOF. It suffices to prove this when w = 0; the spectral flow description
above, as well as the assumption that 7 is sufficiently small that no eigenvalues
cross the weight §, implies the grading is the same for arbitrary perturbation.

Now recall that there is an action of Gg/G% = H'(Y;Z/2) on both the 3-
dimensional configuration space g?E &~ The unperturbed Chern-Simons functional
is invariant under the full gauge group, and so the critical set is preserved by this
action. Therefore, we also have an action on the 4-dimensional configuration space
uaﬁgfr*E’kﬁ(a?ﬂ); we take the disjoint union here because the action of x takes

gi*E7k75(0476) to g;*E7k75(x ca,x - 3).

The identification in Proposition implies that H(Y;Z/2) acts freely and
transitively on the set of fully reducible critical points (or what is the same, the set
of fully reducible points). So there is a unique x € H'(Y;Z/2) with z-© = ©’. Now
pick a connection A € B,y 5(6,©'). Because the action of HY(Y;Z/2) preserves
the ASD equations, the index of QA agrees with the index of @Q,.A.

Therefore, gr(0,0') = gr(©’, 0); here we use that 2z = 0, so

-0 =(x+z)-0=0.
But we know
2g1(0,0') = gr(0,0') + gr(6,0) = gr(6,0) = 0.

Because these take values in Z/8, we see that gr(©,©’) is a multiple of 4. |
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We may make a similar observation about general reducibles (both SO(2)- and
fully reducible connections), with a completely different proof.

PROPOSITION 4.48. Let Y be a rational homology 3-sphere equipped with a
weakly admissible bundle E and a small reqular perturbation 7. If a and 8 are
reducible critical orbits, then gr(a, B) is even.

ProoOF. First, we show that there exists a cobordism (W, E) : (Y, E) — (Y, E)
so that there is a reducible connection on (W, E) restricting to o and 8 on the
corresponding ends. To see this, recall from Proposition that components of
reducibles are classified by pairs of cohomology classes {21, 22} € H?(W;Z) so that
z1 + 22 is a fixed integral lift of woE (and, in particular, if there are reducible
components such an integral lift exists). We see, therefore, that it suffices to show
that every oriented closed 3-manifold equipped with a pair of cohomology classes
(21,20) € H*(Y;Z) is null-bordant through an oriented 4-manifold equipped with
a pair of cohomology classes (z]V,z3V) that restrict to the z; on the boundary.
Because pairs of cohomology classes are classified by maps to CP* x CP™, we are
asking that Q"(CP* x CP”) = 0. This follows immediately from the existence of
the Atiyah-Hirzebruch spectral sequence, the fact that CP* x CP*™ has cohomology
only in even degrees, and Q9" = 0 for 1 < ¢ < 3, as this implies the terms E,%ﬁ_k =0
for all k, and hence the same is true of E™.

Now if n/V are the associated complex line bundles to (2", 23"), the SO(3)-
bundle is

ExRon @ )"
and the reducible component is labelled by {2V, z3V}; choosing such a bounding
manifold for both (Y,a) and (Y, 3), we may simply take the connected sum to
obtain the desired cobordism (Y, E, o) — (Y, E, B).
Now recall from Lemma 48] that
g’ (8,0) — e’V (8, 8) = gx(e, B).

To show that gr(a, 3) is even, our goal is to show that gr'V(B,a) = gV (B, )
(mod 2). Pick a reducible connection A, asymptotic to 8 at —oo and « at +o0; the
previous discussion amounts to saying we may do so.

First, we remark that the A enjoys a splitting § @ A, for a connection A on a
complex line bundle and 6 the trivial connection on the trivial real line bundle. We
may thus write I(Qa) = I(Qg) + I(Q4). Because the index of a complex linear
operator is even, we see that I(Q4) = I(Qp) (mod 2) and

1(Qu) = b'(W) — 1= b*(W).
Therefore, because [ is reducible and hence 3 — dim 3 is odd, we find that
g’ (8,0) = b1 (W) —b* (W) (mod 2).
As for gr™V (3, 3), the final part of Corollary says that
gtV (B, 8) = —2wq(E)? + 3(b1 (W) — b (W)).
Reducing modulo 2, we find that gr'V'(a, o) = b1 (W) — b (W) (mod 2), and so
" (a,0) =g (8,0) (mod 2),

as desired. ]
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4.6. Transversality for the cylinder and cobordisms

THEOREM 4.49. Let E be a weakly admissible bundle over a 3-manifold Y.
Suppose a perturbation Ty € Pg,s has been chosen. Then by Definition of this
space of perturbations, the enumeration of reducibles in Proposition [3.5 holds, and
the critical set €, is a finite set of nondegenerate SO(3)-orbits. If O is a small
SO(3)-invariant neighborhood of these orbits, and Pg o s the space of perturbations
™ € Pg,s with fﬂ|o = f“0|(9’ then for a residual set of m € Pg 0,5, the R-reduced

moduli spaces of framed instantons M%ﬁz,w(a, B) between any two critical orbits are
cut out nondegenerately. Hence these are smooth SO(3)-manifolds of dimension
gr (o, B)+dima—1 unless « = B and z is trivial, in which case M%’O’ﬂ(a, a) = .

PrROOF. First, we remark on the reducibles: by Proposition the only
reducible solutions are constant. We want to verify that the solutions are nonde-
generate at constant trajectories; this amounts to saying that for the operator
%Jrﬁés\sm 0 - et
has no cokernel other than the constant trajectories at ker(A,) < Q°(gg). This
is true by applying a standard separation of variables argument to the adjoint
operator.

Now the only points to worry about are irreducibles, for which this theorem is
standard: see [Don02 Section 5.5.1] or [KM11b]. (This is precisely where we
use the perturbations in Pg o which agree with our original perturbations in a
neighborhood of the w-flat connections.) |

Before we continue the proof of transversality for cobordisms, we will need the
following lemma.

The key assumption we started with was that I is nonnegative, as the follow-
ing lemma makes clear. The non-equivariant index 0 case is written in [Sal99]
Appendix A.3].

LEMMA 4.50. Fiz a compact Lie group G and two separable G-Hilbert spaces X
and Y. The Banach manifold Fo(X,Y) of G-equivariant Fredholm maps X — Y
decomposes into disjoint open sets FL(X,Y), where I € RO(G) is an element of
the Grothendieck group on finite-dimensional G-representations, labelling the index
of an operator.

Each FL(X,Y) is stratified by locally closed subsets fg’W(X, Y), where V and
W are finite-dimensional G-representations with [V — [W] = 1. These are defined
to consist of those operators T € Fa(X,Y') with ker(T) = V and coker(T) = W.

Each fg’W(X, Y) is a smooth submanifold of Fq(X,Y); the normal space at
an operator T € ]—"g’W(X, Y') is isomorphic to Homg(ker T, coker T)).

PRrROOF. Let T € fg’W(X, Y), and split X = Xo® X; and Y = Yy @Y7, where
Xo = ker(T), X; = Xg-, and Y; = Im(T), while Y, = Y;+; then by assumption T},
is an isomorphism. A neighborhood of T' in ]-"g’W(X ,Y) consists of equivariant

maps 1" = (é ZB;>’ written in block-matrix form, where

AZXO—>X0,BIX1—>X0,C2X0—>X1,DZX1—>X1,

where D is an isomorphism.
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For T" sufficiently close to T, we have T" € fg’W(X,Y) if and only if the
projection map ker(T”) — ker(T) = X is an isomorphism. For T" € ]-'g’W(X, Y),
denote the equivariant inverse of the above projection by v : Xo — ker(7”) and
write it in components as (z,v1(z)). The defining property of v; is that

(A+B’l)1,C+D"U1) =0.

Because D is an isomorphism, we may write v; = —D~'C, and then we see that
A = BD7!C. Conversely, it is easy to see that if A = BD~'C then the projection
map ker(7”) — Xj is an isomorphism with inverse (1, —D~'C). So A = BD7!C is
a defining equation for fg’W(X ,Y) near zero. The map

FYW(X,Y) - Homg(Xo,Yo), T'+— A—BD'C

has derivative T — A at zero, which is a surjective linear map, and hence we see
that ]—"g’W(X, Y) is a smooth manifold near T. [ |

For the most difficult part of the argument — transversality normal to the
reducible locus — we will need the following lemma.

LEMMA 4.51. Let w be a reqular perturbation on (Y, E), and consider the -
perturbed ASD operator on [0,00) X Y with Coulomb condition. Writing a 1-form
on [0,00) XY as ¢(t) + dt A ¢(t) for time-varying 0- and 1-forms ¢ and ¢, and a
self-dual 2-form as (dt A *w(t))T for a time-varying 1-form, this operator is

QA (D1, Y1) = (Q% - dZ(t)wta 1112 - dA(t)¢t + Bo(t) - (DA(t)) (cs + fr) 1/%) ;

its adjoint is the same, with the signs on the time-derivatives negated. Henceforth,
we denote

L(t) = Bo(t) D) (cs + fr)-
Then the following are true.
(1) If+ is a time-dependent 1-form with QA ¥ =0, and furthermore »(0) =
0, then in fact 1» = 0 on the whole of [0,00) x Y.
(2) If Qax(¢,%) = 0, and furthermore 1(0) = —da(yo for some 0-form o,

then one may extend o to a time-dependent 0-form o, with

(be,9t) = (JZ,—dA(t)ot);

that is, if an element of the kernel is exact on the boundary, it is globally
exact.

PROOF. The first statement follows immediately from Lemma[4:28} the second

is more subtle.
First, set oy = A;it)df&(t)wt' Replacing (¢, ) with (¢,v) — dao to the given
element of the kernel, we have dz(t)wt = 0 for all . We aim to show that this (¢, ¥)

is itself the differential of some O-form on [0,00) x Y.
The linearized ASD equation now takes the form

Vi 4+ L(t)y = d e
Fix an isomorphism, C* in ¢,

er  ker(dj o)) — ker(dj ,))-
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We use this to write ¥y = e¢(f;), where f; is a time-dependent element of ker(dZ(O)).
Then we may write ¢, = e.(f{) + e;(fi), where €} : ker(d;’;(o)) — Q! is a continuous
linear map, varying continuously in time.

Projecting to ker(d* A t)) (and calling the projection operator II;), we obtain the
following equation on ker(d A(O))

fi A (e L L(t)er) (fr) = —(e) ™ () (fr)-

The operator e; ' (IT; L(t)e;) differs from a symmetric and densely defined opera-
tor by a bounded operator, and the operator e; 1(Hte’t) is bounded, so this satisfies
the conditions of Lemma therefore, f; = 0 for all time, and so ¢ = 0. The
ASD equation becomes

da@or = 0.
We need to show that (¢¢,0) is exact. But if oy = SS ¢.ds, we have

t
dac, = (61, f da(s)0sds) = (1,0).

So any element of the kernel which is exact on the boundary is exact on the
whole of [0,00) x Y. |

THEOREM 4.52. Let (W, E, ) : (Y1, E1,m1) — (Ya, Es,m2) be a weakly admis-
stble cobordism, where w € P§4) ; this means, in particular, that the m; are reqular
perturbations and the enumeration of reducibles Proposition [3.5 applies. Write, as
usual, ’PC for the space of perturbations which agree with the m; on the ends.

For any fized constant C' > 0, there is an open neighborhood (n_,7w.) € Uc
'P.,E4) with the following significance.

There is a residual set of m € Ug so that for any w in this residual set, every
moduli space ME’ZJ/(C%,ﬂ) with energy at most C is cut out transversely, and
hence is a smooth SO(3)-manifold of dimension gr,(a, ) + dima« if it contains
irreducible connections. In particular, reqular perturbationﬁ exist arbitrarily close
to (m1,0,m2).

PrROOF. As before, we argue inductively on reducibility type. We have already
seen in Lemma that the set of perturbations for which the fully reducible
connections are cut out transversely in a neighborhood (7—,7;) < U of any end

perturbation (7_,7,) on a weakly admissible cobordism. Furthermore, we saw in
the proof of Proposition [£.24] and Proposition [£.25] that for a residual set of 7 € U,
we achieve transversality 1nternally to the reducible locus. The same argument
applies just as well to irreducible connections. The only remaining difficulty is
achieving transversality normal to the reducible locus.

Recall that above the neighborhood U, we have a Hilbert manifold of parameter-
ized reducible instantons U ./\/lf:g, equipped with a projection to U; this projection
is proper so long as you restrict to m-instantons with energy bounded by a fixed con-
stant C. A fixed component of this space corresponds to instantons which respect
a splitting of topological type E = R® .

5Here we use regular in the sense that moduli spaces up to some energy bound are cut out
regularly; we will only need those moduli spaces with gr, < 10, which corresponds to an energy
bound.
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Over this Hilbert manifold there is a Banach bundle, whose fiber above (A, )
is the space of SO(2)-equivariant Fredholm maps

(ker(di )i.s) — Q1 s(Wsn);

a more invariant way of specifying the domain is N Agf,ffih s, the normal bundle to
the reducible locus.
Write UF for this Banach bundle with projection

UF - UM

There is a stratified sub-bundle of this bundle, which is a locally closed union of
manifolds: the subspace UFZ* of those Fredholm operators with cokernel isomor-
phic to C7, for some j > k, with SO(2) acting with weight one. By Lemma m
the normal space to UF7 at (A, T, Dxrﬁrd) is

Homg o2y (ker(DKf‘;d), coker(DKffrd)).

Here D'**d is the ASD operator restricted to the bundle 7; it has no gauge fixing
condition, or rather has the gauge fixing condition built into the domain of the
map.

Our next goal is to show that the section Dgffrd : U/\/lﬁjfg — UF is transverse
to UFZ! along M’(ﬁf}{’m)’k’& — that is, we are only showing that this map Dred
is transverse to UF=! along the fiber above 0. This is true for all fully reducible
connections by the definition of U, so we may as well assume A is SO(2)-reducible.

Now suppose (A, (m—,7~)) is a reducible perturbed instanton whose perturba-
tion has no interior part. Recall that if W has cylindrical ends [0, 00) x Y, we define
the interior holonomy perturbations on the interior of the submanifold

W' =W\((1,0) xY).

Our first claim is that for any point p in the interior of W’, there is a collection
of loops 71, -+ ,yn based at p so that the equivariant map

daHol” : ker(D{™!) — (gg,)"
is an embedding.

This follows because w must be exact over the interior of W’ by Lemma and
therefore by the second point of Lemma w is exact along (0,00) x Y as well.
The issue is that if 01, 09 are the 0-forms with dao; = w over the interior and ends,
respectively, it’s not clear that o1 = g2 over (0,1) x Y'; however, their difference is
a closed 0-form on (0,1) x Y.

If A is reducible over (0,1) x Y, then a unique continuation argument shows
that it is reducible of the same class over all of (0,00) x Y’; in particular, the closed
0-form o1 — o2 extends to a closed O-form on the whole of (0,00) x Y. Adding this
to o9, we find that indeed there is a globally defined O-form o € Qg+1757ext(W; JE)

so that w = dao, and thus w is zero as a tangent vector in gE’k’g.

In fact, because this derivative map is SO(2)-equivariant, its image must lie in
some complement to the SO(2)-fixed subspace (iR)".

The second claim is that one may choose a finite set of points p1,--- , p,, in the
interior of W’ so that the evaluation map
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coker(Dllrlred — (—DAz’Jr(ngi)
i=1

is injective; again as above we may restrict to A%¥(g/iR).

This is where we use, in an essential way, that m does not have a component
which is an interior perturbation — to run the elhptlc regularity argument that
1dent1ﬁes e L? ks Tequires that the perturbations D AV extend to Sobolev spaces

J loe for all =k < j < k, whereas we only have that extension through 0 < j when
the perturbation includes an interior part. When there is no interior part, however,
we have enough regularity that we may point-evaluate as above.

So suppose that we have enough regularity to point-evaluate, and that the above
map was not injective, for any choice of points p; in the interior of W’. This would
imply that there was some ¢ € coker(D‘"Ed) which was identically zero on the
whole of W’. But then, by the first point of Lemma 1 is zero on all of W.
Thus some collection of points p; suffices.

Now A, being SO(2)-reducible but not fully reducible, we may assume that the
curves above (at each point p;) are chosen so that

Hol™ (A) € U(1)M\(£1)™

here we identify I'a < Aut(E;) with U(1). Call this element Hj for convenience.
This means that when we choose the equivariant map

T :m(Epj)N — A*T <9Epj)

so that the derivative dy,r; is an arbitrary SO(2)-equivariant map

gg; — A2’+ (QE,,]) )

and in particular can restrict to an arbitrary chosen SO(2)-equivariant map

)V .
(ngj /’LR) — A>T (ngj /zR) .
Thus, finally, we may choose these maps r; so that, upon restricting to the

image of ker(D‘"ed) and projecting to the image of coker(D‘”ed) the maps r; give
an arbitrary chosen SO(2)-equivariant map

ker(D‘rred) — coker(D”md).

As usual, now, we may approximate these collection of loops and maps r; by
elements of the fixed countable dense set of interior holonomy perturbations 7;,
choosing the self-dual 2-forms supported in a neighborhood of the points to very
well approximate d-masses at those points.

So we may approximate an arbitrary SO(2)-equivariant map from the kernel to
the cokernel as a map induced by Dgfe‘i@m.

Thus, the map

D" UMY — UF
is indeed transverse to UF=! above (rm_,m) € U. Now recall from Lemma
that, so long as you restrict to those instantons of energy at most C, the map

UMred’sc — U is proper, and in particular closed, so the tube lemma applies:
there is a neighborhood (7_,7,) € Uz < U so that the restriction of D™ to
Uc M4 is transverse to U F for those m-instantons with energy at most C. It is
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safe to assume that C is not the energy of any reducible m-instanton above Ug, so
that this is still a smooth manifold; we drop the C' from the notation from A4
for convenience.
Write
(Dirred)fl(chjzl) — UCMZPZ?,zl;
this is a union of a countable collection of locally closed submanifolds of positive
codimension. By Sard’s theorem, the regular values of the projection

red,>1
Uc./\/l,w; - Ug

form a residual set; for 7 to be regular simply means that coker(DKffrd) = 0 for all
reducible m-instantons A.
This is what we set out to prove. |

It is worth recalling in the above that we may choose a constant C' so that for all
7 € Ug, any moduli space of instantons with gr,(«, 8) < 10 consists of instantons
with energy at most C. In particular, there is no need to take C arbitrarily large,
and no risk of the open sets Ugx shrinking to zero as one attempts to do so.

4.7. Gluing

We follow the approach to gluing given in [KIMO7, Chapter 19], and in particular
we need to briefly discuss weighted Sobolev spaces and the perturbed ASD equations
on compact cylinders.

We write ZT = [-T,T] x Y and Z* = [0,00) x Y u (=0, 0] x Y; we view Z%
as a limit of the Z7, stretching until what used to be 0 becomes the point at co.
We uniformly have 0Z7 = Y LY. The function spaces of interest to us are the
Sobolev spaces of sections of vector bundles over Z7. The L? Sobolev space is the
completion of the space of compactly supported smooth sections on Z7'; notice that
there are no boundary conditions on these sections. As a remark before continuing,
the restriction map to the boundary takes value in the Liq /2 Sobolev space.

We define the weighted Sobolev spaces on Z7 as in [Linl8| Page 72]: let o5 :
R — [—4, §] be an odd smooth function such that o5(t) = —6 for ¢t > 1 and o5(t) = 6
for ¢t < —1. For each finite T" > 2 we let g7 5 be the positive smooth even function on
[—T,T] which is equal to 1 on the boundary and has o5 = log(gr,s)’. For t € [1,T7],
we have grs = e~0=T) "an exponentially decreasing function with final value 1.
Then for sections on the finite cylinder Z7 we set

1flzz = = lgrs - fllrz-
k.5 k

For T' = oo then as before we will use g, 5 = !9 For finite T, this is equivalent
to the usual L? norm, with implicit constants growing exponentially in 7.

Now as before we may introduce the moduli space of instantons on the finite
cylinder Z7 in the same component as the constant solution v4 in the usual way:
we consider the configuration space vy + Q}f 5(ZT; gr) and quotient by the space

ggf,; 11,5 of gauge transformations. In the case 7' = oo, the h (for harmonic) denotes
that these gauge transformations should be asymptotic on the noncompact end to
elements of I' 4, possibly different on each component. These moduli spaces with no
boundary conditions are infinite-dimensional and depend on the Sobolev index k,
as the restriction of an L? ASD connection to the boundary may only be of Sobolev
class Li_l /20 in any Li +1/2 gauge equivalence class.



80 4. MODULI SPACES OF INSTANTONS

When defining framed moduli spaces on the finite cylinder Z7', we set

Mg = Aap(Z7) x E 1)/ %5 k1,5

Here A denotes that we are based at the constant trajectory 4. Because these
moduli spaces depend on the Sobolev index k, we include it in our notation.

In the infinite case Z*, there should be two framings, one for each component,
which have the same value in the orbit through A in B% when we take the holonomy
to +00. To mirror the case of finite cylinders, we write this as

Angs(Z7) = Aaps(Z7) x g 1y X Eo- p);

the notation (0%,b) singifies that this lies in the component [0, 00) x Y.

Write /\7;“€ 5(Z*) for the quotient. Now we may take A-holonomy to (o, b)
or (—o0,b), respectively, and project the framing factors to E,/T'; and we write
M Ak,5(Z™) for the subset on which the two framings project to the same element
of Eb/Fa‘

For all T, there is a restriction map

R": Mus(Z7) = By 1 p(Y UY).

When T = o0, an element of M4 ;. 5(Z”) is an equivalence class of connection with
a framing at each basepoint on the two boundary components. Therefore, R* may
be given by literally restricting the connection and framing to the boundary (up to
gauge equivalence).

For finite T this is a little more complicated. On the left boundary component
Y, this is the usual restriction map (the framed basepoint is on Y), but on Y, it is
given by restriction in the connection coordinate and parallel transport from —7T
to +7 along R x {b} in the framing coordinate.

Now we turn to slices for the gauge group action so that we may compute
neighborhoods of M A,k,s @s an equation on a linear space.

As before, we may consider the Coulomb slice ker(d%,) < Q,ﬁy(s(ZT;gE) where
~va denotes the constant trajectory at A; in particular

d¥ (dt A o(t) +w(t)) = —o'(t) + diw(t).

The Coulomb slice is no longer a slice for the gauge group action: if we try to solve
the equation d¥ (d,,o +w) = 0, to write an arbitrary element of Q! as a sum of
an element of Im(d,,) and an element of ker(d%,), we find that

d:Ad,YAJ = —diAw
has a unique solution d., o for each w and fized boundary values dAU|Yu?.
We obtain the Coulomb-Neumann slice around 4, written C/\/'AJC,(;: the subset

of we O ;(Z";gr) on which d%,w = 0 and, writing w = ¢ + dt A 9, where ¢ is a
time-dependent O-form, we demand that

(4

Every connection on Z7 sufficiently close to 74 is gauge equivalent to one on the
Coulomb-Neumann slice, and the only remaining ambiguity is that CA 4 s carries
the action of the stabilizer I',, in the gauge group, and y4 +a is gauge equivalent to
Ya+u(A). In particular, observe that CA 4 1 s X1, SO(3) gives an SO(3)-invariant

neighborhood of y4 in B(Z7T).

=0.

ozT



4.7. GLUING 81

Before moving on, we recall Lin’s abstract Morse-Bott gluing theorem. Let E
be a vector bundle over a closed oriented 3-manifold Y, and let L be a self-adjoint
elliptic operator acting on L%(Y; E) with kernel Hy. In what follows, we consider
the operator D := d/dt + L acting on finite cylinders Z7 = [T, T]| x Y and infinite
cylinders Z* =[0,00) x Y 1 (—00,0] x Y.

On the infinite cylinder, we write

L} 5.ext (27 7°E) = Ho + L 5(Z7; 7*E),
where Hy indicates sections sp, in ker(D) on Z* which are constant in time at
some element hg in Hy = ker(L). In fact, we write
& =Ly o(ZTmE), & = L} 527, 7"E)

and
Fi =Ly 5(ZTmE), FP = Li_ 427, 7*E).

We have a projection map 11§ : £ — Hj given by taking the asymptotic value
at +o0 and projection maps I : £ — Hy given by projection onto the subspace
of constant sections in the L% 5 horm (equivalently, in the La 5 horm).

Suppose we are given a bounded linear operator

I:L; 4 »(YUY;E) - H
for some Hilbert space H; by restriction to the boundary this induces maps
II: L} s(Z";n*E) > H
IL: L} 5.0 (Z7;7*E) — H.
We now assume, crucially, that the map
(D17 1) : £ — FY @ Ho® H
is an isomorphism, which implies the same for ¢’ sufficiently close to §. Now suppose
we are given a non-linear map
a:C*(ZTn*E) —» L3 (Z7;m*E),
obtained by restriction to slices from a map ag : C*(Y;7*E) — L&
assume that a extends to a smooth map
Li([-1,1] x V;7*E) — Li_,([-1,1] x Y;7*E)

with a(hg) for every hg € Hy and we assume that « is purely nonlinear, in the sense
that its derivative at 0 € L?([—1,1] x Y;7*E) is zero. This implies that « defines
smooth maps E(ST - .7:5T with the same property.

Now write

(Y;7*E). We

F'=D+a:& - F]

and )

M(T) = (F") " (0)c &F.
The following is [Linl8| Proposition 3.5.15].

PROPOSITION 4.53. For T € [Ty, ], the sets M(T') are Hilbert submanifolds of
&L in a neighborhood of 0. There exist n > 0 and smooth maps
u(T, =) : By(Ho ® H) — M(T)

which are diffeomorphisms onto their image and have

(o, IMu(T, (ho, h)) = (ho, k) and u(T, (ho,0)) = Sp,-
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For T € [Ty, o], we have a map
pr : By(Hy® H) = Li 1 ,(Y UY;E)

obtained as a composition of uw(T, —) with restriction to the boundary. For each T,
wr is a smooth embedding; pr is smooth as a function on [Ty, ) x B, (Hy®H), and
pr = piop as T — oo in the C5, topology on maps B, (Ho@H) — Liq/z(y uY; E).

Finally, there is an ' > 0 independent of T so that the images of the maps w(T, —)
contains all solutions uw € M(T) with ”uHLi IS 7.

We will now state our main gluing lemma. In what follows, we will use Lin’s
abstract gluing theorem to prove our lemma in three cases, depending on the re-
ducibility type of the orbit «, along with some mild changes (the flavor of the
changes depending on how reducible « is).

LEMMA 4.54. Let (Y, E, ) be a closed oriented 8-manifold equipped with a weakly
admissible SO(3)-bundle and regular perturbation w. We write « for a w-critical
orbit; if A is a connection in the gauge equivalence class of «, we write the corre-
sponding Coulomb slice

Ko = ker(dffl) N Q}C_l/2(Y;gE),

and B(Ky) for its unit ball. The Hilbert space ICo, carries the action of the stabilizer
of A in the gauge group; thinking of Ko as the normal space to a point in the orbit
a in 5271/2(1/), this is the same as the action of Ty, the stabilizer of a point of «
in SO(3).

We may thus extend KCn to a vector bundle

~

Ko :=80(3) xg Ky
over the orbit o, equipped with an SO(3) action (acting on the factor of SO(3) on

the left). We write the associated unit disc bundle as B(Ka).
There is a Ty so that for all T € [Ty, 0], we may find smooth, SO(3)-equivariant
maps
U(T,~) : B(Ka) = Mar,s(Z7)
which are diffeomorphisms onto neighborhoods of the constant solution vy, and such
that the map

fir B(’Ea) - g]%,k—l/Q(Y uY),
given by composing u(T, —) with the restriction map
RT s Mas(Z7) = B 1 (Y UY)

described above using holonomy in the framing coordinate for finite T, has the
following properties.
First, fip, being the composition of equivariant maps, is SO(3)-equivariant; fir

is a smooth embedding of B(Ky) for all T € [Ty, 0], and Jig is smooth as a function
of [T, ) x B(Ky). Though not smooth as a function on [Ty, 0], we at least have
fir = [y in the CF. topology on B(I%a) as T — 0.

Finally, there is an n > 0, independent of T, so that the images of u(T,—)

contain all solutions [y] € Ma,k,(;(ZT) such that

v = Yol 27y <.
k.6
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The vector space Ko has an eigenspace decomposition K, @ KT = K,; corre-
spondingly we have an SO(3)-equivariant fiber product decomposition

B(Ka) = B(K,) xa B(KY).
We also have the decomposition
Ma,k,ti(zoo) = Mva,k,é(R20 X Y) X Ma,k,5(R<O X Y)

The map (00, —) respects this decomposition: it is a fiber bundle map over «, and
on each fiber it respects the product structure.

The easiest case is when « is irreducible, as then we may solve the gluing problem
in a Morse (not Morse-Bott) setting.

Proor oF LEMMA [£54] IN THE IRREDUCIBLE CASE. We will be studying the
ASD operator with a gauge fixing condition; the linear operator L on Y is the
perturbed operator Tess A,x- In the irreducible case, this operator has no kernel,
and Lin’s gluing theorem reduces to the abstract gluing theorem [KMOT7, Theo-
rem 18.3.5].

First we will apply the abstract gluing lemma to see the corresponding statement
about unframed moduli spaces: we will see that there are maps

u(T, —) : B(/Ca) — Ma7k75(ZT)

parameterizing solutions of the perturbed ASD equations in a neighborhood of 4
satisfying the same conditions (without the equivariance); the corresponding restric-
tion maps RT are given by the actual restriction of connections to the boundary
(as opposed to before, where it involved a global quantity, the holonomy).

The argument in [KMO07,, Section 18.4] applying the abstract gluing theorem to
the Seiberg-Witten equations readily applies all the same to the ASD equations.

We sketch the argument, as we will use essentially the same argument in the
reducible case. Fix a connection A on Y in the gauge equivalence class of . We
identify a neighborhood of o in By ;5 as ker(d? ) via the Coulomb slice.

On the cylinder Z7, we identify the spaces
Qllc,é(ZT; 9E)
and
(@ ®9*), , (2":0)
with
Li s (2T ROT*Y) @ 0p);
the first by writing every 1-form as ¥ + dt A o for ¢ a time-dependentent 1-form

on Y, and the second by writing every self-dual 2-form as (dt A ¥)™.
Now note from this isomorphism that when we have a € Q}WS(ZT; gE), we may

keep track of more information at the boundary than just a|Yu7; this restriction
kills any term of the form dt A . So we write

r: Qllc,é(ZT§9E) - Qllc71/2(Y uY;0r)® 9271/2(1/ uY;0E),
to record both the restriction of a and its normal value o(+T,b), or o(0%,b) in the
case of the infinite cylinder.



84 4. MODULI SPACES OF INSTANTONS

On 911%1/2(1/; gr), we may project to ker(d¥ ), which has an eigenspace decom-

position K, @ K} for the action of D4 .. (The positive and negative eigenspaces
swap upon orientation-reversal.) Write

IT: Qllc—l/Q(Yl—‘?; 9E)®Qg—1/2(Y'—‘?3 gg) = K;@Qg—l/z(y§QE)@Kz@ng/z(?? 95);

this is the spectral projection on the ker(d% ) term (projecting to negative eigenval-
ues on Y and positive eigenvalues on Y), and records the data of 0| ogT
Now, on the linear space Q}C s(ZT; ap), consider the equations

i a+(a na)t 4 (dt A Va(ya+a)t =0
d¥,a=0

II(a

(7ZT) =c

Here
ce K, @0 1, (Yign) KL @0 1 ,(V;0p);
we henceforth write this space as H = H~ @ H™" to simplify notation. The above
equations are simply the ASD equations with boundary conditions corresponding
to the spectral projection of the Q!(Y) component and restriction of the Q°(Y)
component.
The linearization of these equations is

Q'YAJTG’ =0
I(a

aZT) =0,
so the most important thing to check is that these linearized equations determine
an isomorphism

0% (Z%508) = (T @)k 1(Z27;08) ® H;
equivalently it suffices to show that
2;,([0,00) x Y g) = (*F @Q°)5-1([0,0) x V' 95) @ H™
is an isomorphism. To do this, we write Q, » = % + ﬁe\ssAm, and split
LY@ (Y) = Q2 ®@Im(da) ®ker(d);

rewriting Im(d4) = QQH/Q(Y; gg), we have

ITG?SA,‘IT = (_01 _§A> )

which is invertible because A is irreducible. On the other component, our operator
takes the form D 4 ., which is invertible because 7 is a regular perturbation.

First let us see that (Q., «,II) is surjective. We may write an arbitrary element
of the domain as

(087 1/157 hv C) € (Q2,+ ® Qo)kfl([oa OO) X Ya gE) @ Hiv
where o is a time-dependent O-form and 1 is a time-dependent 1-form, thought
of as the self-dual 2-form via (dt A 5)T; he K and ce 9271/2(1/? 9E).

We may decompose Q°(Y) into the eigenspaces of Ay and ker(d%) into the
eigenspaces of D4 .. For ¢ € Q;.([0,00) x Y;gg) we write ¢5 = ws + dans, where
ws € ker(d? )x—1/2. We will explicitly write out (@, x,II) in terms of these.
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Using the eigenspace decompositions, we may write
o5 = Z bx(s)ox
s = Y ea(s)on
e = D da(s)wa,

where the coefficients range over a basis of eigenfunctions.
Now we find that these must satisfy o'(s) = Aan(s) and n'(s) = o(s). These
immediately give us

by =),
b\ (s) = Aea(s).
Combining these we solve to find
ex(t) = ex(0) - etV

However, under the assumption that ¢ € L% and hence n € Li +1, the sign must be
negative. By specifying ¢ above, we specify the values of ¢y (0) for all A, and hence
both b and ¢ for all time. Because Y] ¢ (0) defines an Li_l/z function on Y and the

sum Y. e_‘r)‘c,\(O) satisfies an elliptic equation, regularity implies that this defines
an L? function on [0,00) x Y (and similarly for b).

Now for 1, we get the formula w) (s) = Awx(s). This can only contribute to the
solution if A < 0, as otherwise w is not L?. We specified the values of wjy(0) for
A < 0 in the choice of h € H~, and thus have specified w for all time; as above it
has the desired regularity. We have constructed a solution to the equations of the
desired regularity and with desired boundary values, so (@, II) is surjective.

To see that (Q,II) is injective, we remark that the above argument always
produced unique solutions.

This in hand, the abstract gluing theorem gives us a map

(T, =) : By (Ko @KL @90, 0(Y uT)) - 0 5(27:08)

parameterizing solutions in a neighborhood of 0. To use this to get a parameteri-
zation of y4 in Ma ks(ZT), we observe that a neighborhood of v4 in the latter is
given by the Coulomb-Neumann slice CA 4 5, and this parameterization is com-
patible with the restriction maps; so to obtain the desired parameterizations, we
simply need to restrict the domain of u to B, (K, @ K} ), imposing the Neumann
gauge condition that the dt A ¢ component is zero on the boundary.

Recall that projection M(Z7) —» M(ZT) forms a principal SO(3)-bundle over
the irreducible instantons. Our goal is to choose a section of this over B(K,),
sitting inside M (Z7) via u(T,—), which will automatically give us an equivariant
map SO(3) x B(Ka) — M(ZT), as desired. But we should be careful in how we
choose this lift so that the maps pur have the desired properties.

We identified a neighborhood of 4 in M4 1. 5(Z") with a subset of CA 4 1,5(Z7).
We may thus define the section above CN 4 1 5(Z7); choose the section to be

CNA,;“;(ZT) — SO(3) x C./\/'A’k,(s(ZT)
A~ (p,A)

for p a fixed framing.
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Then writing B(Ka) = SO(3) x Ka, our parameterization
UT,—) : SO(3) x B(Ka) » M(2Z7)

is given as (@)(g, h) = 5(u(h)) - g in the ‘framed Coulomb-Neumann slice’ SO(3) x
CN 4 k5. That this is a smooth embedding for all T" follows from the corresponding
fact for unframed moduli spaces, and because pr is assumed smooth in finite 7', so
is fir; similarly fiz — i in the C%. topology.

Finally, because the unframed map u(c0, —) respects the product structure and

we defined @ to be a fiber bundle map, the last statement is true. |

We quickly discuss linear models for the configuration space B Ako(ZT) when
A is fully reducible. When T is finite, choosing a base framing p, a neighborhood
of 0 in the Coulomb slice

CNars(ZT) € Anrs(ZT) x {p} € Aars(Z7)

projects to a chart in gﬂ*E’k,(g(ZT) around 4, so we may effectively study neigh-
borhoods of 74 in the moduli space on finite cylinders by studying a subset of the
equations in Coulomb-Neumann gauge. We will consider the Coulomb-Neumann
slice as a subset of Q,lws(ZT) and work there. In this case, the space Hy = ker(L)
above is the Lie algebra g,; when considered as a subset of Q'(Z7), these consist
of the 1-forms dt A o, where o is a fixed A-parallel section of gy.

The discussion of the Coulomb-Neumann slice remains correct on the infinite
cylinder: everything in a neighborhood of v4 in B4k s(Z7) is gauge equivalent to
an asymptotically decaying connection in Coulomb-Neumann gauge. Recall here
that our definition of B 4.k,5(Z%) involves two framings: one on each boundary
component. Applying A-parallel gauge transformations on each component, we may
change those framings arbitrarily while obtaining another connection in Coulomb-
Neumann gauge.

In fact, while we will consider the space £ = Q}. s.ext(Z7;9k) of 1-forms which
asymptotically decay to dt A o, in the case of the infinite cylinder the extra kernel
arising as dt A o is somehow illusory: applying a gauge transformation we may
change any connection in this extended space to a connection in Coulomb-Neumann
gauge.

Similarly, for any a € CN 4,5, we have by definition of Coulomb-Neumann
gauge the integration by parts formula

0= <dfma,b>L2 ={a,d, byr>.

Above, the projection Iy was projection onto the constant sections dt A o in the
L(QL s inner product; then this is defined to be the same as <a, g%’ sdt A o)z, where
gr,s is the weight function in the definition of Sobolev spaces on finite cylinders.
But we may choose an antiderivative %Gﬂg = g%’ s» and then the right-hand
side of this inner product is d,,, (Gr,50), because ¢ is A-parallel. Therefore, for any
solution in Coulomb-Neumann gauge, II3'a = 0. With this, we begin the proof.

Proor oF LEMMA [£.54] IN THE FULLY REDUCIBLE CASE. The equations we look
to study with Lin’s abstract gluing theorem are nearly the same as last time: now
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they are
dl,a+(ana)™ +(dt A Vi(ya+ )" =0
dy,a=0
H(al,,r) =c
Hga= ho.

That our operator (D, Iy, IT) satisfies the invertibility assumption follows by the
same separation of variables argument as in the irreducible case.
Lin’s theorem, therefore, gives us a parameterization

w(T, ho,h) : By(Ho @ H) — Q. 5(Z7)

of solutions to the above equations on ZT with (ho,h) € B, (Ho @ H); recall that
here Hy consists of 1-forms of the form dt A o for o € ker(A 4) and

H=K,®0Y;9p)®K,®Q(Y;g9r).

For his application, Lin restricts to the subdomain Hy @ K, @ ICX; based on
the discussion above, we see that in our case we should actually restrict to the
subdomain K, @ K} and ignore the terms coming from Hy. We abuse notation
and write u(7T,h) = u(T,0,h). As long as T is finite, all solutions thus obtained
are in Coulomb-Neumann gauge, and this defines a parameterization of a small
neighborhood of v4 in MA,k(ZT).

Before going on, we should explain why this map wu is equivariant; this follows
as a consequence of uniqueness of solutions. That is, if g is a gauge transformation
preserving 4, then u(gho, gh) is the unique solution a to the equations

di a4+ (ana)™ +(dt A Vi(ya+ a))" =0

dy,a=0
(a 5;ZT) =gc
Mla=0

Here ¢ = (h,0,0) and IT is the projection operator to
K@Kt @Q%Y uY;gr) ® Ho.

But this equation is also satisfied by gu(T, h), because the projections are equivari-
ant and the ASD equations are invariant under gauge transformations.
So u(T, h) defines a map

By(Ka) = CN 4 35(Z7) x {p} € Aans(2Z7)

for T' finite, where p is a fixed framing; projecting to gAk,(;(ZT), this gives a
neighborhood of v4 in /r\\/lJA,kﬁg(ZT).

So we have our parameterization of a neighborhood of v, for all T € [T, ©];
we should check the desired properties of the restriction maps. The abstract gluing
theorem guarantees certain properties of the maps u% : By(H) — ker(d})i—1/2
obtained as the restriction of @(7T,h) to the corresponding boundary component.
However, our gluing lemma asks for properties of a restriction map whose definition
includes the framing, written jiz. In the case of restriction to the leftmost boundary
component, there is no change, as the framing is already fixed on the left boundary
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component; there is no need to perform any holonomy. But the right enpoint map
is more complicated.

Let’s be precise. Let (A,p) be a framed connection on Z7, where the framing
is chosen at (=T,b). Then the definition of the right endpoint map is

(A, p) — (A|7, Hole’b)ﬁ(T’b)p) ;

we then pass to the quotient by the gauge group action (as this is an equivariant
map).

Now, we identified a neighborhood of A in Bg j_1/2 (Y) with the projection of
the Coulomb slice ker(d¥) x {p} c ﬂE’k,l/Q (Y), where p is the same fixed framing

as above. Therefore, identifying a neighborhood of v4 in MA,k,é(ZT) with the
corresponding subset of the Coulomb-Neumann slice (and a neighborhood of A
with the corresponding Coulomb slices), the restriction 7 to the left boundary
component is still given by the same

pg : CN ags(Z7) — ker(d¥)_1/2(Y)

as in the abstract gluing theorem, because our framing is chosen fixed at the left
boundary component to begin wit. However, the restriction to the right boundary
component is now given by

fit(a) = 0% (a) - p (a) € ker(d%)p—1/2(Y),

where we have identified 07 (a) € SO(3) with an A-parallel gauge transformation.
Precisely, the map o7 is given by
-1
o7 (a) = (Holl D=
using the same framing p at £7" to identify this isomorphism E(_r ) — E(r ;) with
an element of SO(3). We have o(0) = 1: the connection v4 is in temporal gauge
and so there is no holonomy across R x {b}.

What we need to do first is see that o (u(T, h)) converges in the C\%, topology.
We will then use this to define the map (o, —), as an appropriate modification of
u(00,0,—).

First we recall how holonomy is defined. First, given a € v4 + Q}W;(ZTL there
is a natural restriction map to

dfdt + g s([=T,T1,00) = d/dt +dt A Q)40 5([=T, T}, )

to the line R x {b}. The holonomy along the path only depends on the values of
a on this path, and more precisely, if we decompose a = dt A n(t) + ¥(¢), it only
depends on (b, t). Precisely, let y(t) : [-T,T] — SO(3) be the unique solution to
the differential equation

Y (v~ (t) = n(b,t) and y(-T) =1,

guaranteed as long as k—3/2 > 1, so that n is C'. Solving this differential equation
gives a smooth map

Lift : Li73/2,5([_T7 7], g) — Li,g)/z,(;([—T, T],50(3)),

and then evaluation at T is clearly smooth.
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If we write u4 (h) as the component of u(c, h) on the cylinder [0,00) x Y, and
similarly for u_(h), we write

U(T,h) = tius(h) + 75 pu_(h).

We see from [Linl8, Lemma 3.5.19] that U(T, h) — u(T, h) goes to 0 in the C}Z,
topology. So it suffices to check that o (U(T,h)) has a limit in CZ..
Now we may be very explicit. By translation, consider instead the interval

[0,2T]; we may see that o (U(T,h))™! is the solution to the differential equation
' (#)yH(t) = us (R)(t,b) + u_(h)(t — 2T,b) and 4(0) =1,

evaluated at 27. We may instead consider this as the product gog; of two elements
of SO(3): first, gy is the time-T value of that same equation; second, g is the value
at T of the solution to the differential equation

Y ()7 HE) = u_(h)(—t,b) + ug (R)(2T —t,b) and ~(0) = 1.

That g = gog1 is just the statement that the holonomy of two paths, traversed
in succession, is the product of their holonomies and that the holonomy of a path
traversed in reverse is the inverse of the holonomy.

We examine ¢g;; the analysis of the other term is very similar. Notice that the
stated differential equation only needs the values of the given functions on [0, 7],
so we introduce a cutoff function 8 which has 8(¢) = 1 for ¢t < 0 and S(t) = 0 for
t > 1/2, and Br(t) = B(t — T); write

qr(h) = uy(h)(t,b) + Br(t) (u_(h)(t — 21,b)).
It is clear that U(T,h) and gr(h) give the same time-T holonomy map, as they
agree on [0,7]. Our first claim, to be proved below, is that the time-dependent
map B,(K.) — Li_?’/zé([o7 ), gp) given by sending h — Br(t)u_(h)(t — 2T,b)
converges to 0 in C; given that this is true, our goal becomes finding the C5,
limit as T' — oo of
evpLift (us (h)(¢,b)) .

Now there is nothing left to do here, as u, is time-independent! We see that the

output converges in the C5, topology to

(0F,b)—>(c,b)
HOI"YA +u4 (h)

Similarly we may identify the limit of go as the inverse of the corresponding

Hol(()*(,’b))—»(—ffv,b).
We conclude, therefore, that o (u(T,h)) converges in C{~. to oc*(h), which is

loc
defined to be the inverse of

R [ )

This makes some intuitive sense; the appearance of o7 corresponds to the twist
in framing as we move the left endpoint framing to the right endpoint. So on the
infinite cylinder, we should be forced to take holonomy from left endpoint to right
endpoint.

Based on the above, we define the map

(00, —) : By(Ka) > CN ak,6(Z%) x SO(3) x SO(3) ./ZAJ“;(Z%)
to be
(00, h) = (u(o0, h), p,a™(h) - p);
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we project from this framed Coulomb slice to the configuration space ./W(Z ).
Then the above discussion shows that indeed, fip — fiy as T — 0.

Now to prove the claim that Sr(t) (uy (h)(t —2T,b)) converges to 0 in CZ..
The point is that the application of the inverse function theorem defining u, can
be factored through a Sobolev space with smaller exponent, so that one may find

pointwise bounds on all of the derivatives of u:
| Dy (h)(t = 2T,b) || < Co(h)e > 2T,

where the C,, are continuous functions of h depending on m; the same is true when

adding in the bump function (whose derivatives all have compact support).
Because the support of Sruy (t—2T) is contained in [0, 7 +1], we obtain bounds

by C,(h)e=% 1=T): taking T — oo we see that this goes to 0 in C'* |

loc®

What remains is the case of SO(2)-reducible critical orbits. We use a mix of
the above techniques; we work in the Coulomb-Neumann slice as a model for the
normal space to v4, and then extend this to an SO(3)-invariant parameterization.

PROOF OF LEMMA [4.54] IN THE SO(2)-REDUCIBLE CASE. We study the same
equations as above, where 74 is an SO(2)-reducible constant trajectory. We start
by choosing p € S§? = E(,5)/T 4, a choice of framing modulo the action of I'4;

restrict to the subspace M (ZT) given by those pairs (A,q) with framings that
project to p in the quotient. (This is the space that has a neighborhood modelled
by the solutions to the equations in the Coulomb-Neumann slice.) We find just as
above that Lin’s abstract gluing theorem again provides us with an S'-equivariant
parameterization B, (K,) — M (Z7). The issue is in verifying that the restriction
maps to the right end, which depend on holonomy, converge as T' — oo in C}5., as
before.

We may choose an arbitrary lift of p to an actual framing p. Note that be-
cause 4 is in temporal gauge, the holonomy from —7 to T is the identity. Now

choosing the domain of the parameterization u small enough, we may demand that
Hol(~T:0)>(T:b)
vya+u(T,0,h)

normal bundle, we may choose an S'-equivariant diffeomorphism U =~ S! x D2
This gives us an S'-equivariant projection map P : U — S'. We write

——(=T,b)—>(T,b)
HOLYA+u(T,O,}L) = PHol

D lies in an S'-invariant neighborhood of I'4 - p. Exponentiating the

(—T,b)—(T'b) ~.
va+u(T,0,n) P

this is precisely the amount of holonomy in the ‘S'-direction’, and the analogue of
oT(u)~! for the SO(2)-reducible case (that is, the inverse of this term is precisely
the rotation appearing in the right-most restriction map.)

We saw above that Holizg ’g)};' ) does converge in C5. as T'— o0, and to
(0~ b)=(—0,6)\ L gy 1(0F b)= (0,b)
(HOlu(oo,o,h,) ) Hol, . ony "

—(=T,b)—>(T,b
Because the projection P : U — S! is smooth, the same is true of HOli(Tp,)h) ( );

we use this to define the map (00,0, k) on B, (Ks) — MlA,k,&(ZI) as before, and
see that it is SO(2)-equivariant.

All that is left is to extend this to an SO(3)-equivariant parameterization of the
whole of ./WA,;.C75(ZT). We write the neighborhood of (v4,p) as

(p+8") x51 CNy 16 (Z7).
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That is, we allow ourselves to vary over all framings that lie above the fixed p € S2,
and then quotient by the natural action of I'4. Then there is a canonical S'-
equivariant map

Sl X g1 CN7A7k75(ZT) i 80(3) X g1 CN7A7k75(ZT).

This is our desired section. We thus extend our parameterization to an SO(3)-
equivariant parameterization SO(3) x g1 B, (Ko) = M(ZT) of a neighborhood of
the orbit through 4, as desired. |

With this, the proof of the gluing theorem follows essentially the same lines as
in [KMO7, Chapters 19 and 24.7]. We outline the procedure and show what mild
modifications are necessary. For the rest of this section, if (W, E,x) is a manifold
with cylindrical ends and perturbation m, we demand that 7 is regular.

First, the moduli spaces ME,Z,ﬂ,k(ZT) of m-perturbed instantons on the cylin-
der, finite or infinite, are cut out transversely inside g%,zmk(ZT), and therefore
form a smooth Hilbert manifold no matter the perturbation m. The proof of this
is no different than [KMO7, Theorem 17.3.1]; the point is that we have a unique
continuation result for zeroes of the adjoint operator Q% ., as the equations are of
gradient-flow type. 7

Fix a compact manifold W with boundary Y; L Ys, with cylindrical metric near
the boundary, and SO(3)-bundle E which restricts to bundles E; over the respective
ends Y;. Suppose we have fixed small perturbations 7; on (Y;, E;) so that there are
finitely many nondegenerate critical orbits of csy, + fr,. Further, we assume (W, E)
is weakly admissible, so it admits some perturbation achieving transversality on all
moduli spaces of bounded dimension on the infinite cobordism w.

On the cylindrical ends of the infinite manifold W, we fix the constant pertur-
bation (dt A V., (A))t. This is dampened by a cutoff function on the end

[0,00) x (Y1 U Y3),

equal to 0 for z < 1 and equal to 1 for x > 2. There is a further interior holonomy
perturbation supported in the complement of [1,0) x (Y; U Ya).

For L > 2, if WT is the complement of (L,0) x (Y; U Y3), then the moduli
space of instantons /WEJ,;C(WL ) on the compact manifold WL is a smooth Hilbert
manifold in a neighborhood of Mg j 5(W). This is a matter of showing that if A is
a m-instanton on W, then any nonzero element of the kernel of Qj‘;"w on W1 must
restrict nontrivially to the boundary.

For suppose to the contrary that we had ¢ € Q%’;:(WL;QE) with ¥|ape = 0.
Elliptic regularity allows one to obtain ) € Li on WI\W, where the perturbation
arises from the gradient of cylinder functions on slices. For the same reason, we
can argue that ¢|;yz = 0 means by unique continuation that ’(/J|(7wL\W =0. In
particular, 1) extends by 0 to an element

Ve Q%I;&(W;QE), with Qxﬂd} = 0.
The assumption that 7 is a regular perturbation then means that 1) = 0 globally,
and so 1 = 0, as desired.

We write
~ ~ ~ L
Mg ks € Vg p © ME - (W7),
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the middle term denoting an open set of m-instantons A on WL for which Qa  :
QU (Whige) - Q7 (WL;gg) is surjective.

From here, we may describe moduli spaces on the manifold W with infinite
cylindrical ends as a fiber product. Let I J+ and I, be a finite sequence of intervals

(0 < j <n,0< ¢ < m), where the first negative interval is I, = (—o0,0], the
first positive interval is I = [0,0), and all other intervals are finite. Write B¥ =
By ks /2 (Y*). There are evaluation maps

evy : Vg, — B x B,

~ + ~ ~
and similarly for Mg, (2% ) — B* x B*. For the infinite ends, we only have one
evaluation map. We assemble all of this into a map

~ —~ —~ _ ~ ~ 2
(B Ry) s Vi X0 M s(25) i M (27) = (3B =2, B7)

LEMMA 4.55. Let W be the cobordism with cylindrical ends attached. There
is a natural map from the fiber product Fib(R_, Ry) to ME,ﬂ,k(W), which is a
homeomorphism. Because any instanton A in the image is assumed to be cut out
transversely, the corresponding element of XN/E%TF X HM(ZI), the map R_ x R, is
transverse to the diagonal.

We do not repeat the proof, which follows essentially as in [KMO07, Theo-
rem 19.1.4].

We now want a canonical way to cut up the real line (or multiple copies of the
real line, in the case of broken trajectories) so that every instanton is written as a
fiber product, as above, where most intervals are of a fixed large length 2L (where
most of the energy is supported), and otherwise are of large variable length T' > T.

The mechanism for this is given in [KMOT7, Section 19.2]. For A € B, k—1/2(Yi)’

we write ¢;(A) = [|[Va(cs + fz)||z2. Fix € > 0 so that any nontrivial instanton on
R x Y; has ¢;(A(t)) < e for some t € R. Let 8 be a cutoff function equal to 1 for
x = eand 0 for z < ¢/2.

DEFINITION 4.56. Let I = [-L, L]. An instanton on I xY is said to be centered
if
(1) «(A(t)) <e¢/2forte|[-L,—L+1]u[L—1,L],

(2) ¢(A(t)) = € for some t € [—L, L], and

(3) The center of mass

jtﬁ(c(A(t)))dt / J Be(A(1)))dt

The space of centered instantons forms a smooth Hilbert manifold. Then we
have the following analogue of [KMOT7, Proposition 24.7.3], with the same proof.

LEMMA 4.57. For any compact subset
K c Mg, ks(0,01) Xa, -+ X Mg, gs(n_1,0n)

Xa, MEks(0n, B0) X6, "+ Xy MEy k,6(Bm—1, Bm),
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there is an Lo so that for all 0 > L > Lo, we have a neighborhood K < V(K,L) c
Mg i,5(co, Bm) for which
(1) For any A € V(K, L), the restriction of A to W has c(A

owe) S €/2,

(2) Any A € V(K, L) admits a unique collection of cylinders of length 2L in
the complement of W so that A|I is a centered instanton, while

(3) The complement of both WE and these intervals consists of cylinders of
length at least Ty, where Ty is larger than the least T for which Lemma
applies to each of Y1 and Ys.

As a corollary, we have a map d : V(K, L) — (0,0]"*™ measuring the distance
between the centers of successive centered intervals; for the ends closest to W, we
consider OW to be the location of that corresponding center. It is easy to see that
the values of d do not depend on K or L; in particular, taking the union over all
V(K,L), we obtain a map V — (0,0]"™™ from a neighborhood of the stratum
in M, the neighborhood V' consisting of all instantons that may be partitioned as
above.

At the same time, we have a map

~

evy 1 (0,00]" ™ x Mg WM (ag) X7y By (K,

i

) x" Mcen(ZlL) X ‘7}§7r,k
e 'V A 7[00 2 nz m 3 2
X;n:_ol B,(Kg,) x™ Meen(Z3) x ME;@);Y (Bm) — (X Bg, k172 % BEz,icq/Q) ,

the map in every case given by restriction; perhaps most notably here, for the
B,(K4) factors we are using the maps (T, —) of Lemma to parameterize a
neighborhood of v4 in Mwai,k,g(ZT), where T' € [Ty, 0], and then restricting to
the boundary; Lemma [4.54] included the fact that these restriction maps converge
in Cf. as T — o0.

We call the domain (0, 0]"™™ x M and the codomain A. This map is smooth
on each stratum of (0, 00]"*™, and for a convergent sequence T,, € (0, 00]"*t™  the
maps evy, converge to the appropriate limit in the C}5, topology. We may identify

ev;'(A) in the above fiber product as the neighborhood V(L) in Mg 1.s(0, Bm)-
Now we may apply [KMO07), Lemma 19.3.3].

THEOREM 4.58. Let W be a compact 4-manifold equipped with two boundary
components, cylindrical metric near the boundary, an SO(3)-bundle E restricting
to the pullback of fixed bundles over the ends, and a curve v which is cylindrical at
the basepoints on the ends. Further let W be equipped with a perturbation m so that
Mg (o, B) is cut out transversely whenever the expected dimension is at most
10.

Then suppose we are given any open stratum o € Mg . »(, B), where gr,(a, B) <
10 —dim «v. In that case, we may find a neighborhood V(o) and an SO(3)-invariant
map V(o) — (0,00]™t™ which is stratum-preserving, a submersion on each stratum,
and a topologically trivial fiber bundle for the inverse image of a neighborhood of
0. In particular, Mg (v, B) is a topological manifold with corners and a smooth
structure on each stratum.

PROOF. Above we constructed a map evy : (0,0]"t™ x N' — R, where N and
R are Hilbert manifolds; here T € (0, c0]™*™. For fixed T, the map evr is smooth,

and T — evy is convergent in the C}5, topology because the same is true of the



94 4. MODULI SPACES OF INSTANTONS

restriction maps pr on B(Kg,) and B(Izﬁj). Thus the aforementioned lemma tells
us that ev™1(A) — (0,00]"™™ is a topological submersion, which means precisely
that V(o) — (0,00]™*™ is a trivial fiber bundle near co. That the projection is
smooth and a submersion on each stratum follows because pr is actually smooth
in T on each stratum. |

We summarize the results of this section as follows.

PROPOSITION 4.59. For a regular perturbation 7, and gr, (o, ) < 10 — dim«
as in Corollary Mg . -(a, B) can be given the natural structure of a com-
pact topological SO(3)-manifold with corners with a smooth structure on each open
stratum. We have the following decomposition of the boundary:

amE,z,ﬂ'(avﬁ) = |_| ME,Zl,‘IT(Ony) X'y ME,ZQ,TF(’Y?&)'
YiZ1%kz22=2
The same is true on a cobordism W as long as grgv(mﬁ) <10 —dima. In that
case, we have the decomposition

Mp.r(@B) = || Mpoorm (@) xo My (7. 6)

VEC ;21 %22=2

|_| m]‘g/,zlﬂr(a7C) XCHE272277T2(<75)'

CECry 521 %22=2

4.8. Families of metrics and perturbations

Let S be a compact smooth manifold with corners. Let (W, E) be a cylindrical
end cobordism (Y7, E1) — (Y2, Es), and suppose each (Y;, E;) is equipped with a
regular metric and perturbation (g;,7;). A family of metrics and perturbations
parameterized by S, written wg, is the data of:

¢ asmooth metric on the bundle pjj, TW on S x W, restricting to the product
metric dt? + g; on R x Y; on each end, and

e a smooth map S — P¢£4), the latter being the space of perturbations on
W which agree with m; on the corresponding ends. We usually restrict
to a small neighborhood U¢ of the perturbation (7w_, 7 ) with no interior
part, as in Theorem

We may then define the parameterized moduli spaces ME,z,s(Oé,B) of pairs
(s,A), where A is a ms-perturbed Li,s instanton going between critical orbits «
and S in a fixed component of trajectories z. Fiberwise compactifying by ideal
instantons and broken trajectories we obtain ﬂE,z,S(ayﬁ); the result is compact
by a version of Proposition [£.19] which allows for variations of metric on the interior
(which requires no change in the argument).

There is a bundle over .S x gg7z7k,6(a, B), written Sg, whose fiber above (s, A) is
Qi’fl’is(W; gr); the notation +, s indicates that we are taking the self-dual 2-forms
with respect to the metric gs.

DEFINITION 4.60. At each perturbed instanton (s, A) € /WE72,S((175), taking
the derivative of the SO(3)-equivariant map o : S X Bg .k s(a, 5) — S defined by
the instanton equation induces a map on the normal space to each orbit,

(do)a,s : TsS x ker(da*)i,s — Qi’jl’i;(W; 9E)-
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We say the parameterized moduli spaces ./WE,Z,S(@, B) are cut out regularly if
(do)a,s is surjective for all perturbed instantons (s, A) in the homotopy class z. In
this case the parameterized moduli space /’\ZE’Z’S(m B) is a smooth SO(3)-manifold
of dimension gr,(a, 8) + dim S.

We say the compactified parameterized moduli spaces Mg . s(a, 3) are cut out
regularly if every moduli space ./f\\/lJE,ms(%v' ) appearing in the compactification is
cut out regularly.

If Mg . s(,f3) is cut out regularly for all (o, 3, 2) with

gr (o, 8) + dim S < 10 — dim ¢,
we say that mg is regular.

Recall Definition [£.43] of weakly admissible cobordism. In the first two cases,
no reducibles arise for any perturbation, and still do not arise in families. In the
third case, there is a unique reducible of each type for every perturbation, and in
particular for the moduli spaces parameterized by a family of perturbations there
is a dim S-dimensional space of reducibles of each type.

In the final case, we have b* (W) > 0 and E is nontrivial. In this case, for a
generic perturbation, there are no reducibles; the expected dimension of the space
of reducibles is —b™ (W). This means that they do arise in generic families when
dim S = b (W). Something else needs to be asserted to guarantee that in families,
reducibles are still cut out transversely. Instead of adding more homological con-
ditions (akin to p-monotonicity, but even more strict), we will simply endeavor to
avoid the reducibles.

PROPOSITION 4.61. Suppose (W, E) is equipped with a metric, a weakly admis-
sible SO(3)-bundle and regular perturbations w4 on the ends. There is an open set

(m_,0,7m+) € Uo C PC(4) of the space of perturbations which equal w1 on the ends.
The set Ug is the small neighborhood around (7_,0,7.) giwven in Theorem n
which all fully reducible connections are cut out transversely and the parameterized
space of reducibles UcM™® is transverse to the space of Fredholm operators with
non-trivial cokernel at those reducibles with energy < C. We may demand that Uc
is contractible by passing to a small ball around (w_,0,7).

Suppose o, 1 € U are reqular perturbations.

If either b™ (W) # 1 or that E admits no SO(2)-reducible connections of class
Li’ s with my-flat limits, then there is a reqular family m, of metrics and perturba-
tions m : [0,1] — Uc, all with the same values on the ends.

If ¥ (W) = 1 and E supports SO(2)-reducibles, suppose m : [0,1] — Uc is a
path of metrics and perturbations such that no w; supports a reducible instanton.
Then we may modify the perturbations w: by an arbitrarily small amount on the
interior of [0,1] so that m forms a regular family of metrics and perturbations.

If K is any compact family of metrics on W, constant on the ends, then replacing
the open set Uc above with a smaller open set Uc i, everything above still applies
while allowing us to vary the metric in the family K.

ProoF. This follows from the same strategy as in Theorem In the first
case (that b7 (W) # 1 or E supports no reducibles), pick an arbitrary path m; :
[0,1] — Ug; in the second case we are supplied such a path. By the assumption
that m, € Ug, all fully reducible connections are cut out transversely for all t. We
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have a parameterized moduli space of reducibles, and the map
UCMred N UC

has index —b*(W); we have already assumed that g, 7; are regular values, so
by a small perturbation we may assume that m; is transverse to this projection.
That is to say that for the family m;, the reducibles are cut out transversely inside
the reducible locus. When b (W) > 1, this means there are no reducible m-ASD
connections; when bt (W) = 1, we already assumed there were no reducible 7-ASD
connections; when b (W) = 0, there is a finite set of m-ASD connections for each
t.

Now as in Theorem [£.52] we have a countable union of submanifolds of even
codimension

UCMred,Zl c UCMred,
restricting to those reducible connections of energy < C. This is the space of
reducible connections supporting a splitting E =~ R @ n so that the normal ASD
operator
DR Q) s (Win) — Q2 (W)

has non-trivial cokernel. The codimension of each of these is even because the
normal space is isomorphic to Homc(Ci™7,C?) for 4 > 0,5 > 0, which is a non-
trivial complex vector space; the fact that the index i is positive for each reducible
A is part of the assumption that W is weakly admissible.

By assumption, my and m; are regular values of the projection

UCMrcd,Zl N UC’,

so by a small perturbation we may assume that m; is transverse to this projection
as well. Because the codimension of each manifold in UoM™4=1 is at least 2, this
means that for any reducible m;-instanton A, the normal ASD operator is surjective.

That is to say, for the path m;, any reducible m-instanton A of energy < C' is
cut out transversely, and not just internally to its own locus.

Now we conclude by playing the same game with the irreducible connections:
we have a parameterized moduli space Uo M and we demand that the path 7,
is transverse to the projection

UCerred N UC;

which we can make true by a small perturbation on the interior of [0, 1].

The set Uc depends on the chosen metric on W, but as in the statement of the
proposition, we may vary over a compact set of metrics by passing to a smaller
open set Uc . ]

REMARK 4.62. Except in the case where E admits no reducible connections
whatsoever, there are obstructions to extending the above theorem to arbitrary
families of metrics and perturbations, even when bt = 0. Generically, one expects
the set of reducibles for which the operator Qif"jrd has nontrivial cokernel to form a
codimension I 4 2 family, where I is the index of this operator. The definition of
regular family of metrics and perturbations does nothing to help this: the map we

want to be surjective,
ﬁs/(ﬂ)A : TS — coker(Q'*?),

is an equivariant map. The former space has trivial circle action, and the latter
space has circle action of weight 1: the only equivariant map is zero. So if our family
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of metrics and perturbations supports a reducible which is not cut out transversely
in the usual sense, it won’t be cut out transversely in the family sense, either.

When E admits no reducible connections, there is no difficulty applying the
usual ideas: there is a smooth map 7 : PM — P, and we choose a map S — P
transverse to 7 extending a given map 0S5 — P transverse to .

REMARK 4.63. Suppose we are given metrics gp,g1 on W, which give open
sets Uc,; depending on the metric; and suppose we are given regular m; € Ug,.
Choosing a path g; between these metrics, we see that we may choose a generic
path between the two perturbations, so long as they are chosen in a smaller set
UC,gt c UC,O N UC,1~

To actually construct a generic path between the perturbations, then, first
choose a perturbation 7 € U¢ g4,, and choose a generic path from 7; to 7} inside of
Uc,i- Then choose a generic path from 7, to 7} inside of Uc g, .

Assuming S is a regular family of metrics and perturbations, we have smooth
moduli spaces Mg . s(«, 8) with smooth projection maps Mg . s — S. The space
Mg . s is not compact but the fiberwise Uhlenbeck compactification Mg . s is. As
long as

g’ (a, B) + dima + dim S < 10,

this being at least the dimension of M 5/S0(3), there is no Uhlenbeck bubbling
arising in this compactification. Note that here it is possible for /CIJE’Z’S to be
nonempty even if gr, («, 3) is negative. In this case, the set of s € S so that 7 is
nonempty is a compact submanifold with corners of codimension —gr? (v, 3).

We then have the following analogue of Theorem

PROPOSITION 4.64. If g is a regular family of metrics and perturbations in-
dezed by S, and gr’¥ (o, B)+dim S < 10—dim «, then Mg, s has the natural struc-
ture of a compact topological SO(3)-manifold with corners and a smooth structure
on each stratum. Its boundary has the decomposition

Mg s(@,8)= | Mg, zn(@,7) xy M2, 5(7,8)

v€Cyy
Z1%20=2

U Me:s(@,¢) xe Mp, 20,n(C8) v Mgz s, B)-

CeCy,
Z1%kzo=2

In particular, suppose S = [0,1], and write W as the composite of cobordisms
with cylindrical ends W1 and Ws, obtained by spliting together the positive end of
W1 with the negative end of Wy. Write the broken perturbation w(1) as w; on each
of the W;, where w_ 1is the perturbation on the negative end of W1 and 74 is the
perturbation on the positive end of Wy ; write the common perturbation in the center
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as . So long as gr'’¥ (o, ) < 9 — dim «, we have a decomposition

aﬂE,S,z(a7ﬂ) = U ME—7Z177T— (O[,"Y) X’YME,ZQ,S(’Y7B)

VECH_
Z1%k22=2

U MEI,ZIJ"I (0477) Xn HE2’Z2,71'2 (7775)

ne€xq,
Z1%kz22=2

U ﬂE,zl,S(aaC) XC ME+,ZQ,W+ (Caﬂ)

CGC,\.+ j21%20=2

Y ME,Z,TA’(O) (0[75).

PROOF. Fix an open stratum o ¢ Mg . s(a, 3) corresponding to n breakings
along Y7 and m breakings along Y. The result will follow essentially as in Theorem
[4.58] There we described a gluing map

evr : (0,00]"tT™ x N> R

between Hilbert manifolds. The manifold N consisted of products of spaces param-
eterizing n long (length L) broken pieces of framed instantons on [—L, L] x Y7, and
similarly m on (Y3, E»), a space parameterizing instantons on cylinders [T, T x Y;
for all Ty < T < oo sufficiently large, and a space parameterizing instantons on the
compact manifold W% (which is W with the cylindrical ends [0,00) x Y truncated
to [0, L] xY"). The codomain R consisted of restrictions of these to 2n copies of the
configuration space of framed connections on Y; and 2m copies of the configuration
space of framed connections on Y. This is smooth on each stratum of (0, c0]™t™,
and the individual maps evy converge in C}-, as

Ty — T € (0,00]™+™.

The moduli space of instantons on W, compactified by broken trajectories, is iden-
tified with ev™1(A), the subset of instantons on each piece so that the restrictions
to corresponding boundary pieces agree.

When we allow the metric and perturbation to vary in some family S, this
variation occurs in a compact part of the manifold with cylindrical ends W. As
long as L above is taken large enough, this variation only takes place in W%, and
hence only affects that term of the product; we may replace the term

Mz ps(W) € Vi € Mg (WF)
instead with a parameterized version ‘7EL g of instantons on WL for which
AWwWher,s - Q> Wk
(w,7') = Dax + Vi (A)

is surjective.
The modified evaluation map above is written

(0,00]”+m % NS _ R7

and is again smooth on each stratum of (0,00]"*™, with convergent sequences of
Ty, € (0,00]™*™ giving sequences of maps evy, which converge in C}f.. Again we
have that Mg , s = ev 1(A).
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Therefore we may apply [KMO7, Lemma 19.3.3], which asserts that
ev_l(A) N (07 OO]n+m

is a topological submersion, meaning that it is a topologically trivial fiber bundle
near c. In particular, this gives a chart for a neighborhood of ¢ © Mg ., an open
embedding (0,0]""™ x 0 — Mg, that is the identity on o, is stratum-preserving,
and is a diffeomorphism on each open stratum. |

We will need a version of these results for more general families of metrics
and perturbations termed ‘families of broken metrics’ (see [Dael5] and [KM11al],
where this notion was used to study spectral sequences from Khovanov homology).

Suppose are given a 4-manifold W with cylindrical ends (—o0,0] x ¥; and
[0,0) x Y3, and a sequence of Riemannian 3-manifolds Mj, - - , My, equipped with
an isometric embedding

Lp; (w1 —e€,14¢€) x M; > W.

Each interval [—1, 1] x M; will be equipped with a perturbation @m which restricts
to some neighborhood of (—¢;, ¢;) x M; as (dt AV ,,)T for some regular perturbation
V., on the pair (M;, E;) (that is, so that the critical orbits are cut out nondegen-
erately and all moduli spaces up to some sufficiently large dimension are also cut
out nondegenerately). We say that the perturbation is adapted to the cut.

To define the restriction map for the framed instanton moduli spaces, we need
to assume that the path v : R — W is adapted to the cuts, in the sense that there
is a sequence tq,--- ,ty of real numbers with ¢; + 2 < ;1 so that for the interval
t e [t;—1,t; + 1], we have v(t; +t) = @;(t — t;, ;) for some fixed z; € M;. In
particular, v passes through the M; in the order listed.

The canonical family of broken metrics on W is parameterized by [0, 0]%; for a
fixed element (7%,---,Ty), one replaces the isometric copies of [—1,1] x M; with
isometric copies of

[_1_Ti71+Ti] x M; if T; < o0, or
([—1,oo) L (—oo,l]) x M; if T; = o0,

and replaces the image of v appropriately. The perturbation @m associated to
(Ty,- -+ ,Ty) is defined by assuming that its value on the interval (—c¢; — T, ¢; + T;)
is equal to (dt A V,)™ as above; this remains true in the infinite case. We say that
the metric parameterized by (o0,--- ,00) is an {-times broken metric on W, with
cuts along My, --- , My.

A family of broken metrics and perturbations is given by a compact smooth
manifold with corners S equipped with a family of metrics and perturbations on
W, possibly containing broken metrics and perturbations. If s € S corresponds to
one of these broken metrics, cut along My, - - , My, then we demand there is a chart
@ : (T,0]* x U — S, where U is some topological manifold with corners and ¢
is a stratum-preserving open embedding, so that ¢(T1,--- , Ty, x) is the element of
the canonical family of broken metrics and perturbations associated to (17, - -- ,T})
described above. The variance in metric and perturbation parameterized by z € U
occurs in the complement of the canonical intervals I x M;. The union over the
images of ¢(U) in S, as the ¢ vary over charts for neighborhoods of a specific
sequence of cuts My, -+, My, is called the cut stratum for My,--- , M.
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If S parameterizes a family of broken metrics and perturbations, we define the
parameterized moduli space M s as follows. For a fixed broken metric and perturba-
tion 7, cut along My, --- , My, we are left with a sequence Wy, - - - , W, of manifolds
with two cylindrical ends; other than the outer two, we have W, a manifold with
incoming cylindrical end (—oo, 0] x M; and outgoing cylindrical end [0, 0) x M.
Each of these has a corresponding collection of moduli spaces

|_| Mg, (o, ciga);
Q041 GCﬂ-i
ziem (B (ai,ait1))

we say that an element of /\7}’3[/ .. is a sequence of framed instantons
~w.
Ae Mg, (o, ais1)
so that the concatenation zy * --- % z; is z. That is, writing the space given by the
disjoint union of m;-critical orbits on M; as Ry, (M;), we have
oW oW o W,
MEx = Mgx Xk () ¥R, () ME

which then may be decomposed as a disjoint union according to the paths (z1,- - , z¢).
The moduli space of the family is then defined to be
Mg . s(ag, an) = UsesME 2 (00, ),
topologized so that (s,, A,) converges to (s,A) if s, —» s and A,, > A in L? on
compact sets.

We say that the individual moduli space /’\ZE’Z’7r (ao, au) is regular if each com-
ponent moduli space ME“%J(O@, a;+1) is cut out regularly in dimensions at most
10.

We say that a family of broken metrics and perturbations parameterized by S
is regular if, for each cut stratum o of S parameterizing ¢-broken metrics with cuts
along My, .-, My, but varies metric and perturbation elsewhere on W, we have
that each of the component moduli spaces ME“ZM (s, iy 1) is regular. For £ = 0,
this just says that the open submanifold of S parameterizing unbroken metrics
should be regular in the sense of Definition [£.60]

One may then define the fiberwise Uhlenbeck compactification Mg as before,
by setting M, to be the fiber products

MEO’”U Xéwl(Ml) XIN%W(Mz) ME“’W

of Uhlenbeck compactifications (by ideal instantons and broken trajectories); Mg s

is the union of these over s € S, topologized as above. One easily verifies that Mg
is compact by the same argument as the case of families of unbroken metrics; now
if s,, — s is a sequence that limits to a metric and perturbation with more break-
ings, energy slides off the newly-infinite ends. If Mg is regular and of dimension
at most 10, then this compactification only includes broken trajectories, not ideal
instantons.

On the composite cobordism W, we will want to consider the composite pertur-
bation, but this involves a term along the neck which does not come from what we
call ‘interior perturbations’. We will need to dampen this perturbation out if we
hope to compare the moduli spaces on the composite, with generic perturbation,
to those of the individual manifolds W;.
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We resolve this by considering a 2-parameter family of perturbations. Suppose
S is a family of broken metrics and perturbations; let (7, t) € S x [0,1] denote the
perturbation which is the same as 7, but instead of being 50(5)@m (A) on the neck,
we instead use tﬁo(s)@m (A); for ¢ = 1, this is what we already had, and for ¢t = 0,
this is identically zero.

To see why this is necessary or desirable, recall where the open set U of The-
orem comes from: it is a set of perturbations 7 so that the map

DI U M U F

sending a reducible 7-instanton to its normal ASD operator, is transverse to those
operators with non-trivial cokernel . This open set is guaranteed because we see
that D4 is transverse to UcF along the perturbations (7_, 0,7, ) with no part
coming from ‘interior holonomy perturbations’.

The point is the following. Suppose W is a manifold with two cylindrical ends,
arising from gluing the W; together. Suppose further that 7_,my,--- , 7, is a
sequence of regular perturbations on the ‘cutting’ 3-manifolds, and we consider the
perturbation (7_,0,¢m,0,- -« ,tm,,0,74) on the composite, where we dampen the
perturbation on the necks as above. Then the same argument that shows Dirred
is transverse along (m_,0,7,) shows that D4 is transverse just as well along
(m—,0,---,0,m4) - this is guaranteed so long as there is no ‘interior holonomy
perturbation’ component.

Given this, suppose we have a family of broken metrics and perturbations S; we
will demand that the perturbation on the necks takes a ‘dampened’ form such as
the above. Then if 796(741-) are the spaces of interior perturbations on W;, there is an

open set Uc s, C Pc(i) so that D4 is transverse to the operators with non-trivial
cokernel along any
(G o I T e |
with
7T% € UQSJ

for all 4.

The reason that this is an open condition is the following. Suppose A,, is a
sequence of instantons on W, with gluing factors L finite but going to infinity,
with A,, converging to a broken instanton A. If all of the components of A are
regular, then so is A,,, for large n.

PROPOSITION 4.65. Let S parameterize a family of broken metrics, and 7w : S —
11, Uc,s,i parameterize a family of perturbations on (W, E) so that S is a reqular
family.

Then the family of broken metrics on S only consists of unbroken metrics and
perturbations on the interior of S, and one may modify S by an arbitrarily small
amount on the interior to make it into a reqular family. In particular, given a
broken metric and perturbation my € | [, Uc,s,i, there is a regular path m, of metrics
and perturbations, with m, unbroken for t > 0, and so that the perturbation m a
regular perturbation on the composite cobordism W with zero perturbation on the
‘neck’.

Now suppose that S parameterizes a reqular family of broken metrics and per-
turbations on (W,E). Let 0 < S be a cut stratum of codimension £, so param-
eterizing metrics with a sequence of cuts along My, -, M,. For any stratum
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7 © Mg,.(a,B) of codimension n + ki + -++ + ko + m, parameterizing broken
s-perturbed instantons for s € o with n breakings along the incoming end Y7y, with
k; breakings along the internal end M;, and with m breakings along the outgoing
end Ys. Then there is a neighborhood

V(o) € Mg,. s(a, B)

and an SO(3)-invariant map V(o) — (0, co|Thit+ketm hich is stratum-preserving,
a submersion on each stratum, and a topologically trivial fiber bundle for the inverse
image of a neighborhood of c0. In particular, mn&z(a,,@) is a compact topologi-
cal manifold with corners and a smooth structure on each stratum, with the same
decomposition as in Proposition [{.64}

PROOF. The transversality claim follows without real change as in Proposition

By the discussion before this proposition, if we have a broken perturbation m,

we may choose a path 7; so that 7y is of the form (7_, 7,7, ), where the compactly

supported perturbation 7 is an interior holonomy perturbation — it has nothing
corresponding to the holonomy perturbation on the neck.

The rest follows the same lines as the proof of the gluing theorem: first, we may

use Lemma to build charts pf : Bn.(ﬁi) - ./Wai,k,g(ZiT) near the constant

i

solution v,,, where Z!' = [T, T] x M; for finite T and
([0,00) U (—a0,0]) x My

for T = oo. For uniformity of notation, set My = Y7 and My,; = Y5. Then as in
the proof of Lemma for sufficiently large fixed L may assemble a map with
domain the product

(0, o] FRrtrhetm ME;[ZXaYI(Oéo) X" By (Ho) " Meen(Z)
X V Ek xH Bm(ﬁl) x k1 Mccn(ZlL)

Xo ‘71/% k x* Bne (Hl) Mcen(ZeL)

g
7[0,50) x Ys

x™ Bm+1(H€+1) x™ Mcen(Zz+1) x Mg, s (B).
Recall that VE e C ME . is an open neighborhood of those instantons which
extend to the whole of TV,
Here the x, indicates that the moduli spaces

VWo x PWi x ... x VWi
should then be considered as those moduli spaces altogether parameterized by o,
but not that we parameterize each by S separately and take the product. Secondly,
here we mean by W; the compact manifolds given by trunacting the cylindrical
ends of W/, written End(W;) = [0,00) x dW/, at some large finite [0, L].
The codomam of the map is restriction to the boundary of each piece (this uses
parallel transport along the path v):

~ ~ ~ ~ 2
n e k1 Re ke e m pe
(X BYl,k—1/2 X BMl,k—1/2 X X BMg,k—1/2 x BYz,k—l/Q) .

Call the domain (0, c0]?+Fi++ke+m 5 A/ and the codomain R. Mapping to an
element of the diagonal in the codomain means that the corresponding instantons
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on each piece may be glued to a (possibly broken) instanton on the sequence of
manifolds with cylindrical ends Wy, --- ,W,. The assumption that 05 is regular
means, in particular, that o is a regular family of metrics and perturbations, and
so the map ev,, : N' — R is transverse to the diagonal. By convergence in C\%_, the
same is true for other nearby evr, and in particular the families (T, o) are regular
families of metrics and perturbations for T sufficiently large. This is the first part
of the proposition.

Now [KMO7, Lemma 19.3.3] gives the second part: the fact that this map
(O w]n+k1+“'+k5+m x N SR
is transverse to the diagonal at co means that the projection
ev_l(A) N (O7 Oo]n+k1+~~~+kz+m

is a topological submersion at 0o, which is smooth on each stratum, and hence we
may obtain a corresponding chart for a neighborhood of ev;1(A) < ev=1(A), which
is smooth on each stratum. This space evy!(A) contains a neighborhood V(a) of
the stratum of Mg described in the statement, and so we may conclude. |






CHAPTER 5

Orientations

5.1. Orientability and determinant line bundles

We begin by briefly recalling some generalities on determinant lines. Let H;
and Hy be Hilbert spaces, and let F(H;, Ha) be the space of Fredholm maps. We
would like to claim that there is a natural line bundle over F(H;, Hs), called the
determinant line bundle, whose fiber over T is isomorphic to

A*(ker(T)) ® A*(coker(T"))*);

we intuit this as being the determinant line of the virtual vector space ker(T") —
coker(T).

If one attempts to do this naively (with literally those fibers), the result does
not have continuous transition functions due to jumps in the kernel. Instead, given
any Fredholm operator Tj, choose a finite-dimensional subspace J < Hs so that

To®ld; : HH®J — Hy
is surjective, and instead define the determinant line bundle to be
ANker(T@Id;) @ A*(J*)

for T near Ty. Because T+ Id; is surjective for 1" close enough to Tj, this gives a
well-defined line bundle over this chart; one should argue that the line bundles are
identical for different choices of J, and that doing this on an open cover defines a
legitimate line bundle on F(H;, Hs).

The idea of the determinant line bundle originates in [Qui85] in the context
of Riemann surfaces; the operators ¢; define a family of Fredholm operators over
the moduli space of all Riemann surfaces. Our application is similar, as with most
applications of this construction. Also see [KMOT7, Section 20.2], in which the
authors describe the construction of the determinant line bundle, and explain how
to construct a canonical associative isomorphism

q: det(f(HhHg)) ®det(]—"(K1, KQ)) i det(]-"(Hl (‘BKh H2 (—BKQ)),

its definition involves signs that depend on the choice of J in a local description
as above. All in all, we have smooth real line bundles over each F(H;, Hz) which
have canonical direct-sum isomorphisms.

Now let (W, E) be a Riemannian 4-manifold equipped with weakly admissible
SO(3)-bundle and regular perturbation 7, with two cylindrical ends: one incoming
(Y1, E1,71) and one outgoing (Ya, Fa,m). If o is a m1-flat connection on Y7, and
similarly @ is ma-flat, then the space of connections Ag j s(c, 5) admits a smooth
map

Agks(a, B) = F (Qilq,m QZTM @ 9271,5) ;

105
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sending a connection A to the perturbed ASD operator
Qax = (df + DAV, d});
pulling back the determinant line bundle on the space of Fredholm operators, we
find that we have a line bundle over Ag’)k’ 5
Furthermore, because @ is invariant under the gauge group, we see that @
descends to an SO(3)-invariant map Eg,k_’(; — F, and hence that there is an SO(3)-
equivariant line bundle det(Q) over this space.

LEMMA 5.1. The line bundle det(Q) over g]%,k,& is trivializable.

PROOF. For convenience of notation we drop the super/subscripts on B; ev-
erything here is modulo even gauge.

We begin with Donaldson’s stabilization trick, adapted for SO(3)-bundles (as
opposed to SU(2)-bundles). There is a natural map Ag ks — Aggcks given
by taking the direct sum with the trivial connection; this is equivariant for the
even gauge group (where for an SO(n)-bundle, ‘even’ means that the gauge trans-
formation lifts to a section of Aut(E) x go(n) Spin(n), the action by conjugation).
Therefore, this map descends to a map on the quotients BE — BE(—B(C Write det(Q")
for the determinant line bundle for connections over E @ C; for a connection of the
form A @ 6, the operator @)’ splits as a direct sum of the ASD deformation com-
plex for the three bundles g, C* ® E, and R, where on the first term we use the
connection induced by A, on the second term the connection 6§ ® A, and on the
final term the trivial connection. Note that the second term is a complex linear
operator, and hence has canonically trivial determinant.

Thus this stabilization map pulls back det(Q’) to det(Q) @ det(Qg), where the
final term is a trivial line bundle. In particular, if det(Q’) is trivializable, then
det(Q) is as well. Write By, for the configuration space of connections on E @ C,
modulo even gauge, and erte B (¢ for the smooth SO(2¢ + 3)-manifold of framed
configurations on E @ C*, whose quotient is B(g

Next, because the redumble subspace is of infinite codimension, transversality
implies that the inclusion of the irreducible subspace g&) — g(@) is a weak homo-
topy equivalence. In particular the restriction map

[B(e), RP*] — [Bf;), RP”]

is a bijection, so any line bundle which is trivializable over 52’2) is necessarily globally
trivializable. Now our bundle is crucially an SO(3)-equivariant line bundle over
g&), so it is the pullback of some line bundle over B(*Z), the space of irreducible
connections modulo gauge (with no framing). Our goal now is to show that this
line bundle is trivial, which will start from a calculation of WlBZ}) By definition,

this space is the quotient of A* by the even gauge group gE(—B(C“ because A* is
again the complement of a union of infinite codimension submanifolds, we see that
it too is contractible, and so 7r18 0 = WogE@Cg Next, we must calculate this group
of components. This is where stabilization is first useful.

Fix a principal G-bundle P over a CW complex Y. It is not difficult to show
that the pointed mapping space Mapf: (Y, BG) gives a model for BG(P), where
the superscript indicates we are only interested in the component which classifies
the bundle P. Now, because BSO is an H-space (with product structure given
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by direct sum of vector bundles), in fact every component of Map, (Y, BSO) is
homotopy equivalent to any another. For n sufficiently large,

mMapk (Y, BSO) = Map? (Y, BSO(n))

(this is true for 7 = 1 already as soon as n = 7). To compute the fundamental group
of the quotient by all gauge transformations, it suffices to compute the fundamental
group of the identity component of Map, (Y, BSO). As before, because we are only
interested in the quotient by even gauge transformations, we actually need only
compute m Map,, (Y, BSpin). Because there is a fibration

F — BSpin — K(Z,4)
with F' 6-connected, we see that
m1Map, (Y, BSpin) = mMap, (Y, K(Z,4)).

Now, it is a theorem of Thom [Tho57] that we have a splitting

n
Map, (Y, K(G,n)) = | [ K(H"'(Y;G),4),
i=1
and in particular, m Map, (Y, K(Z,4)) =~ H3(Y;Z).

In our case, the gauge group G&" consists of even gauge transformations which
are asymptotically parallel; this fits into an exact sequence G¢ — G&" — T, x T'g,
where the groups I' are the stabilizers of the corresponding connections and G€¢ is
the gauge group of asymptotically trivial gauge transformations. in particular, we
see that moG® — moG®" is a surjection. The homotopy type of the group of gauge
transformations which are asymptotically trivial is the same as the relative gauge
group over (W, 0W); the discussion of the above paragraph goes through without
difficulty to this relative setting, replacing cohomology with relative cohomology.
We conclude that

m0G¢ = H3(W,0W;Z) = H,(W;Z)

by Poincaré duality, and in particular Hy(W;Z) — ngE@U is surjective.

Now that we know what the loops in this space are, the goal is to show that
wiq (det(Q")) pairs trivially against them. Now we are in standard territory, and the
proof follows exactly as in [Don87, Lemma 3.23] (modifying the Poincaré duality
argument to account for the boundary): if one chooses a base connection A, a
concentrated charge-one instanton J on S*, and a loop [y] € Hy (W) in the interior
of W, then one performs a family connected-sum construction along the loop to
construct a loop of connections. One may identify both that the corresponding
loop in ngE@cé is the image of [vy], and that the determinant line bundle over
this loop of connections is trivial (if one so desires, this can be carried out using
the index-gluing constructions along the boundary of a 4-manifold, which will be
described later in this section).

Therefore, the pairing of ws (det(Q")) against Hy(W;Z) is identically zero, and
so det(Q') is trivializable. Being the pullback of the sum of this bundle and a trivial
line bundle, the same is true of det(Q), as desired. |

Now choose a framed w-instanton [A,p] € /WEJJ, where 7 is a regular pertur-
bation. The tangent space Tja ) ME, . » is identified with the first cohomology of
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the deformation complex

da,ev Da,x s
Qg+1,§(gE) — Qllc,é(gE) Dy 2 Qijl,a(gEL

where g means the fiber of gg above b, and evyo = o(b). We denote this complex
Ca. Here we require k to be sufficiently large that every L 41 function is continu-
ous, so that evaluation is a continuous operation. Write ga to denote the subspace
of g that extends to A-parallel gauge transformations (so that ga is the Lie algebra
of '), and write e : ga — Q%+176,ext for the operator that takes a point-value and
sends it to the corresponding parallel section.

Take a map pa : ga — Q°(gg) which has (pa(h),e(h)y > 0 for all h # 0 € ga.
We write the operator

Qar: 0;®9— Qilm @ 1,5

for @ = @ + pa (suppressing the pa from notation; as we shall see shortly, this is
not so depraved).

LEMMA 5.2. The composite map ker(Q) — ker(Da ) — H'(Ca) is an isomor-
phism if pa s sufficiently small.

PROOF. By assumption that 7 is a regular perturbation, the complex Cp has

cohomology concentrated in degree one, and coker(Qa ) = ga. By assumption
that pa (h) pairs nontrivially with e(h) for any h € ga, we see that éA,ﬂ' is surjective.
Because the index of the operator @ agrees with the index of the complex C', we see
that ker(Q) and H*(Ca) have the same dimension; so it suffices to show surjectivity.

So suppose Da rw = 0; our goal is to show there is some o € Q% so that
Aac +pa(o(h)) = —dijw.

The map Ap : Qngl,ext,ts — 927176 is a self-adjoint operator with kernel ga .

In particular, because pa : ker(Aa) — coker(Aa) is assumed to be an isomor-
phism, the map Aa + tpa is surjective for sufficiently small ¢. So (replacing pa
with tpa if necessary, t small) we see that Aa +pa : Q)| 50 = Q15 Is an iso-
morphism. Therefore we may indeed solve the desired equation, so that we see the
map ker(Q) — H*(Ca) is surjective (and hence an isomorphism), as desired. W

In particular, we have a canonical isomorphism in a neighborhood of [A, p] be-
tween det(TM) and det(Q). The sign of this isomorphism is independent of the
auxiliary choice of po. What we look to investigate is, then, the latter operator.

Recall now that the index of Fredholm operators is invariant under homotopy
through Fredholm operators; because the map Qa » + tpa, for t € [0,1], gives
a homotopy through Fredholm operators (as g is finite-dimensional), we see that

I(@A)W) = I(Qa,r) ®g, and in particular

det(Qa ) = det(Qa.r) @ det(g).

Therefore, a choice of orientation of the Lie group SO(3) and an orientation of @
canonically gives us an orientation of C~2 This is completely independent of the
choice of r, and we may as well remove r from the discussion of the index theory,
and instead study Qa r itself.
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In particular, a choice of orientation of the line bundle det(Qa ») for A in

~

some component of B, and a fixed orientation of s0(3), therefore gives a global
orientation of the framed moduli space M sitting inside that component.

If Ae l%’iﬁzvk’&(a,ﬂ), where here z € Wogﬁk’& labels a path-component, we
write AW («, 8) for the two-element set of orientations of det(Qa) ® det(g). As
above, a choice of element of A" («, ) induces an orientation on the moduli space

ME,z,ﬂ'(av B)

5.2. A gluing operation for determinant lines

Let (W;, E;) be two cobordisms (considered as manifolds with two cylindrical
ends), so that the positive end of (Wi,E;) is isometric to the negative end of
(W3, Es). Here we include the possibility that either or both of the W; are cylinders;
write (W5, Eq2) for the composite cobordism, glued by cutting off the positive end
of W1 (say, [0,00) x Y2) at {T'} x Y and similarly for the negative end of W. If it is
not necessary for clarity, we drop the T" from notation. If z; and z; are components
of gEhk,g(a, B) and gEz’k’g(ﬁ, ), respectively, then denote the apparent ‘composite
component’ as z1s.

What we would like is to take an element of each of Ag‘fl (, B8) and Ag‘f (8,7),
and output an element of Ag‘l/f (a,y) (possibly depending on some extra input
coming from (3 alone).

To do this, we will use the mechanism of gluing indices along boundary compo-
nents. We begin by setting up some notation.

Let X; and X5 be 4-manifolds equipped with SO(3)-bundles E;, possibly with
cylindrical ends, so that 0X; is nonempty and the metric is of product type near
the boundary. We decompose each 0X; into a union 0_X; u 0, X; of connected
components (either term possibly empty) which we call ‘positive’ or ‘negative’, and
orient them so that a neighborhood of 0. X; is isometric to (—¢,0] x 0+ X; and
a neigbhorhood of 0_X; is isometric to [0,t) x d_X;. Suppose furthermore that
(0+X1,Eq) is oriented isometric to (0_Xs, Ez). Write

and write Y =Y; u Y5 U Y3,

Then we may form the composite X715 = X7 Uy, Xs, equipped with SO(3)-bundle
Eqs.

Suppose each (X;, E;) is equipped with a choice of 4-manifold perturbation,
regular on the ends, which is also constant in time near the boundary. Suppose
each is equipped with a connection A; of regularity Li’ 5, decaying towards m-flat
connections on the ends, and suppose that A5 is a connection on X5 of the same
regularity which agrees with each A; when restricted to each X;. Write A for the
restriction of Ajz to Y it is of regularity L7 | Jo-

We are interested in studying the perturbed ASD operator on these compact
manifolds with boundary. We should introduce a restriction on the boundary values
to make this a Fredholm operator, as in Chapter [£.7] However, the choice there
(the Coulomb-Neumann gauge) is not appropriate for us here; that boundary value
problem is not continuously varying as we change the reducibility type of A. In-
stead, we use the standard Atiyah-Patodi-Singer spectral boundary value problem.
On the composite X2, the ASD operator takes the form d/dt + L4 » on (—t,t) xY
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for the signature operator
Lagx: Q271/2(1/) ® Qllc71/2(y) - Q273/2(5/) ® QILS/Q(Y)a

written in matrix form as
0 —d*
LA T = A 3
’ <—dA DA,W>

where Dy r = #da + DaV,.
Henceforth we write Q°(Y) @ Q'(Y) as H, only writing the Sobolev indices if
necessary. When there are multiple Y;, we write

H; .= Q°(Y;) ® Q' (V7).

Suppose A € R is not an eigenvalue of L4 . for any A arising as the restriction of
A to a boundary component. Then we may split H as H>*@® H <> as the closure of
the linear span of eigenvectors with eigenvalue greater than, or less than, A\. Then
we define the A\-weighted ASD operator on X; to be

Qax = (DA di, I TI377) - Qp 5(X) = Q2 (X)) @ Q°(Xy) @ Hi @ H3 ™,

where 7 is restriction to the appropriate boundary components and the operators
IT are the Li_l /2 orthogonal projections onto the corresponding eigenspaces. The
operator written on X5 is the same, with the boundary value projections changed
to II5* and I13*, and similarly with Xio.

With this notation in hand, the following is essentially the content of the begin-
ning of [KMOT7, Section 20.3], especially pages 383-384.

LEMMA 5.3. Let K be any compact family of connections A1o and perturbations
as above, where A is never an eigenvalue for any L4 . for any A given by restriction
of A € K to the boundary. Then the operators ngr form a family of Fredholm
operators, and there is a canonical isomorphism of line bundles over K

det(QR, ») @ det(QA, ») = det(QA,, ),

given by a homotopy between the operators lem @ Qf&wr and an operator whose
kernel and cokernel are canonically identified with that of Q;\klz,w'

What we really care about are connections A € Bg . 1 5(c, 3) on a manifold W
with two cylindrical ends and no boundary components. To make use of the above
lemma, we should break these into pieces. For T large, write N for the restriction of
A to (—o0, =T x Y7, P for the restriction to [T, 00) x Y3, and C for the restriction
to the compact piece lying between these.

We fix a small constant € > 0. What we demand of our choice of T, writing N =
p*a+a for p*a the pullback connection d/dt +d,, and a € Q}, 5 ((—o0, =T x Y1), is
the following. First, that the signature operator L 4;q(—7) never has an eigenvalue
of absolute value € for any ¢ € [0,1]. Second, that the only eigenvalue of L, » in
[—¢, €] is 0, which corresponds to ker(L, ) = gq, the space of a-parallel sections
of gg; this is the entire kernel by the assumption that « is a nondegenerate critical
orbit. We demand similarly for P. This is a smallness condition on N and P,
or rather the size of the differences between those and constant connections. In
particular, the operators Qy°, and Q5. are both Fredholm operators, and there
are canonical isomorphisms 7 7

det(Qn’,) = det(Qx, ),  det(Q@p;) = det(Q5%).

¢
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This remains true for families of such connections, so long as T is chosen to satisfy
the given properties for all connections in the family; this is always possible if the
family is compact.

Then by Lemma we have an isomorphism

det(Q5f, ) ®det(QF:,) @ det(Qrt, 1) = det(Qa ).

To reduce this to studying C alone, we should understand explicitly the operators
corresponding to each end.

LEMMA 5.4. Write Z— = (—0,0] x Y7 and Z* = [0,0) x Y>.
The operator

Qo Us(Z7) > 0H (2700 | (Z7)®HS ¢

p¥a,m
is an isomorphism, and so there is a canonical trivialization det(Q;,fam) ~ R. The
operator
Qpigr: Us(Z7) - G (ZHe (2 eH!
is injective with cokernel canonically identified with gg, the space of B-parallel sec-
tions of gg, and so we have a canonical isomorphism det(Q;,fﬁm) =~ det(gg)*,
gwing a trivialization as soon as we orient the vector space gg.

PROOF. Because the operator
(Dp*a,,r,d;*a) = (d;*a + DoV, d* )

my Qp o
takes the form d/dt + L, -, and identically with 8, we may solve the equation
(Dp#a,ms A, Jw = 0 by separation of variables, decomposing Q°(Y1) @ 2°(Y2) into
the eigenspaces of L, . A solution with boundary value ¢ € Li_l /2 exists if and
only if ¢ is in the closure of the span of eigenvectors with negative eigenvalues.
Because H; ¢ = H;° by assumption on €, we see that the operator Q;*Eam is
invertible, as desired. However, for the other cylindrical end, we have Hy ¢ = H5",
we see that we have cokernel equal to HY = ker(La ) = ga, by the assumption
that « is nondegenerate. |

We use these facts about the index to construct a comparison map between
certain determinant line bundles.

DEFINITION 5.5. Let A; and Ay be connection on cobordisms W7 and Wy as
above, going between a and [ or 8 and +y, respectively. If Ajs is a connection on
the composite W, which is uniformly close to A; on W7 and Ay on W77, the
there is a canonical isomorphism

Pan : det (Qa, ») @ det(gs) ® det (Qa,.») = det (@Am,,r) :
given by decomposing
det (Qa,.x) = det (Qg ) ®det(gs)*

and
det (QR%.+) = det (Qey.x) @ det(g,)*,

as above, and applying the canonical isomorphism det(gg)* det(gg) = R, as well as
the isomorphism

1

det (Qaj’ﬂ) ® det (Qg;ﬂ) det (Qajm)
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given by Lemma[5.3] by first applying a small homotopy taking C; to the restriction
of CQ.

We call p,, the analytic gluing map. There is a corresponding version of this
map for the operators @ which have a factor of g to account for the SO(3)-action;
this is written

Pan : det (@Ah,{) ®det(gé)* ® det (@Az,ﬂ) =~ det (QPA\l:ﬁ) ,
given by decomposing
det (Qa,x) = det (Qa, ) @ det(g)

and using the canonical isomorphism det(g) = det(gg) ®det(gJﬁ-), where here we im-
plicilty demand that g = gg El—)gg: is an oriented splitting if we choose an orientation
on any two of these.

In particular, this gives an isomorphism

Azwl/l (Oé, ﬂ) XZ/Z A(gﬁ) XZ/Q AIZ/IQ/Q (/87 ’Y) = A?{;Q (Ol, ’Y)a
where A(gg) is the set of orientations of gg.
Given any compact family of A; as above, the analytic gluing map p,, gives an
isomorphism of line bundles over the parameter space, and identically with pg,y,.

Note that this is usually relevant to us in the case where one of W is a cylinder.
If neither are cylinders, the orientations that actually appear in practice are of
the parameterized ASD operator, with parameter given by some family of broken
metrics.

5.3. The gluing diffeomorphism is orientation-preserving

In the previous section, we defined a gluing isomorphism p,, between certain
determinant lines. We also have a similar isomorphism coming from a different
source: the inverse function theorem. Recall from Chapter [£.7] that, for certain con-
nected SO(3)-invariant open subsets Uag € Mg, ., (o, B) and Ug, € Mg, .,(5,7),
Proposition gives a diffeomorphism

gl : Ua,B X3 Uﬁry g Ua’y-
In the compactification by broken trajectories, the closure of gl(Uap % 3Ugy) includes
the open face

Maﬁ Xﬁ ./\/157 C 6MM.
We remind the reader here that when considering /K/lVEJW; in the case where W is a
cylinder, this is the moduli space of parameterized trajectories: we do not reduce
by the R-action.

In particular, suppose we are given a pair of framed instantons ([A 1, p1], [A2, p2])
which project to the same framing at 5. Taking the derivative of gl, we obtain an
isomorphism

Pom : det (@Al ,W) ® det(gs)* @ det (@AM) ~ det (@Au,ﬂ) :

note that the SO(3)-action on a point gives an isomorphism 7,8 = gé‘, which
explains this factor. Because the gluing map is equivariant, this descends to an
isomorphism

Perm * det (Qa, ) ®det(gy) @det (Qa,,r) = det (Qa,u,xr) -
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We call pgm the geometric gluing map. If the open sets Uyg and Ug, are chosen
so that the restriction of A € U,g to each end is close enough to the constant
trajectory, and similarly for the restriction of A € Ug, to each end, that we may
apply Lemma Then we obtain two isomorphisms

p: det (QAl,ﬂ') ® det(gﬂ) ® det (QAQJT) = det (QA12777) .

The next part of this section is dedicated to showing that these two isomorphisms
are positive scalar multiples of one another, and hence both induce the same ori-
entation on det (Qa,,.x)-

The map pgm (or rather, pgy) is not difficult to understand at the level of kernels
and cokernels; it is less clear how to understand pay, at this level, so this is our next
immediate goal.

LEMMA 5.6. Let V,W, and W, be Hilbert spaces; suppose we have a continuous
family of Fredholm maps

Ay =(Ar) V> W@ W,,
with A :V — W surjective. Suppose that Aqg is surjective, and that the map
re — 1o : ker(4) —» W
has sufficiently small norm, uniformly in t. Let J < W, be a finite-dimensional
subspace so that A VveJ->w @ Wy, given by (é (1)), is surjective for all t.
Then the composite
ker(Ap) — V@ J — ker(A;)

s an isomorphism, where the first map is inclusion and the second map is orthogonal
projection. Similarly, the map ker(Ag) — ker(A1) is injective, and the above gives
us an isomorphism ker(Ap) @ coker(A;) = ker(Ay). This gives an isomorphism
between orientation sets A(Ag) = A(A1), the same as that induced by the homotopy
through Fredholm operators Ay.

PROOF. First, we argue in slightly more generality. Suppose we are given two
Fredholm maps T; : X — Y of Hilbert spaces, and that ||T2|ker(T1)H < e. Write
ma : X — ker(Ty) for the orthogonal projection, and Cy = ker(ms), the orthogonal
complement to ker(7%). Then the map Ty : C3 — Y is an isomorphism onto its
(closed) image, and in particular enjoys an inequality of the form |Thv|y = ¢|v|c,
for some ¢ > 0. For any v € ker(T}), we have

1 1 €
I = m2)o] < Z[T2(1 = m2)ol = —|Tov] < vl

the equality follows because Tomov = 0, by definition of m5. As soon as € < ¢, we

see that mov must be nonzero. In particular, so long as HT2|ker(T1)H is sufficiently

small, the composite ker(T}) — X — ker(T5) is injective.
Given an element (v, j) of ker(Ap), we have

gt(v,j) = (Av,rv + j) = (0, (ry — 10)v);

because v € ker(A), we see that

||Zt|ker(ﬁg)” < ”(T‘t - r0)|ker(A) H
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So if ||(r: — 7o) |ker(A) | is sufficiently small, we see that ker(Ay) — ker(A,) as defined
above is injective, for all ¢; because the operators th are all homotopic through
Fredholm operators and assumed to be surjective, these kernels all have the same
dimension, and hence this injection is an isomorphism.

By the assumptlon that Ag is surjective, we may identify ker(Ao) as ker(AO) @J.
If we write coker(Ay) @ J! 2 J, then choosing a section of the projection ker(A;) —
J!, we may similarly identify ker(A;) = ker(A;) @ J/. The isomorphism

keI‘(Ao) ®J = ker(At) ® Jg

is isotopic to the direct sum of an isomorphism ker(Ag) @coker(A;) — ker(A;) with
the identity map on J]. Here, the map coker(A;) — ker(A;) is given (up to a small
homotopy) by first choosing a section s of the surjective map

ker(A) —% W), — coker(4;),

which supplies us with a map
s': coker(A;) — ker(Ag) ® J
s'(4) = (s(7), r0s(4));

because the space of sections is contractible this map only depends on the choice
of section up to an isotopy. Then as usual we apply orthogonal projection to s(j)
to obtain a map ker(Ag) @ J — ker(A,).

This, then, is identified as an isomorphism of virtual vector spaces

(ker(Ap),0) — (ker(A), coker(A,)),

the map on kernels just being the composite ker(A4g) — V — ker(A;) as above.
Given that we have a family of such isomorphisms, starting with the identity,

identifies this map with the isomorphism A(A4g) — A(A4;) induced by the homotopy

through Fredholm operators. |

Let W7 and Ws be cobordisms, with the positive end of W; and the nega-
tive end of Wy modeled on (Y, E). Suppose we have regular framed instantons
(A1,p1), (Ag,p2) on the respective cobordisms (possibly cylinders) which limit to
the critical orbit ; the gluing map provides a framed instanton (A%, p) on the
glued-up cobordism

Wik =WwsT oy w1,

obtained by truncating the two cobordisms at some large {7} x Y and pasting
them together. The defining property of (A7, p), arising from the inverse func-

tion theorem, is as follows. First, for large enough T the restriction to WST/ 2

and W;iT/Z is uniformly close to (A1, p1) and (Ag,p2), respectively (here we use
parallel transport to move the framing between various basepoints). Second, the
restriction to the region in between these two pieces, isometric to [-T/2,T/2] x Y,
is uniformly small. We write [-7/2,T/2] x Y =: ZT/2. If = : E, — E,/T3 is the
projection and ¢ the framing at some basepoint b on Z7/2, then 7q is uniformly
close to the common limiting value ¢ of p; and ps.

In this context, we consider

V=L (WP @0 (27 @k s(Wy ),
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while
W = (2 @015 (W)@ @020 im1,5(27)@(Q> @)1 s (W5 77,

and
Wy = ( Q@0 _1p({-T/2,T/2} xY).

The operator A : V — W is given by (d*,d"), while there are two restriction
operators V' — W}, of interest to us: one is ro = (res, —res), taking the restriction
on each positive boundary component and negative the restriction on each negative
boundary component. The other is r; = (II7 ¢ II<7¢), the spectral projection
onto the > —e eigenspaces on positive ends, and the < e eigenspaces on negative
ends. The operator A; has the property that it splits as a direct sum of operators
corresponding to the pieces WfT/ 2, AYES W; -1/ 2, while the operator Ay has kernel
and cokernel naturally isomorphic to Qa,, ~ itself. Here the appropriate choice of
Li s norm on the direct sum in fact has a weight on the Z7/? component, as in

Chapter essentially weighted by a symmetric function equal to e®**+7/2) on
[-T/2,—t) for some small ¢ > 0.
We may interpolate through these projections via

ry = (1177 +¢I1°7¢, =7 = I1°7°);

as discussed in [KIMO7, Section 20.3], this gives a homotopy A; = (A,r;) through
Fredholm operators. Furthermore, if T is chosen large enough, then H(Tt—ro)|ker( A) |
is arbitrarily small, uniformly in ¢. Observe here that

ry — 1o = t(IIT7°, —1177°),

so we may focus attention on the case t = 1. For convenience, we only pay attention
to the factor II<~¢ as we approach {T'/2} x Y from the left.

Write wr/y = w|{T/4}XY and wr/y = w|{T/2}Xy. For T very large, we have that

A12|W1[T/4,T/2] is uniformly close to the constant trajectory at the 7-flat connection
B, as follows because A; decays exponentially. For some constant C, independent
of T, we have |wr4lk—1/2 < C|lw|rs for all w e L s; this is just the claim that the
trace along a hypersurface is a continuous map (and the fact that a neighborhood of
{T'/4} x Y is isometric to (—t,t) x Y, independent of T"). Writing the ASD operator
for the constant trajectory at 8 as an ODE in the eigenvalues of

Loz (@) 1Y) > (0@ Q) _30(Y),
and writing wy/; = w; /2 Dwr P for the spectral decomposition, we see that

=0T /4 e—0T/4

lwzyol € —5—lwrul < —F—lwl

for any w € ker(A), where ¢ is the absolute value of the least eigenvalue of Lg r,
and the factor of 2 is simply a fudge factor to account for the fact that A, is not
literally the constant trajectory at 8 in the relevant portion of the cobordism. Here
we use that —e < 0 to conclude that this component of r, — r( is uniformly small.

For the negative boundary components, a similar argument applies, but now
one must exploit the exponential weights in the definition of the L% s norm on the
compact cylinder and the fact that € is chosen less than ¢ to get the desired bound
(now instead there is a factor of el¢=9)7/4),
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This is almost sufficient to apply the above lemma, except for the condition that
Ay is surjective; rather, we have a canonical identification coker(A4g) = ga,,, the
tangent space to the stabilizer I'a,,. This is easy enough to dispatch; recall the
definitions of the extended operators @ A from earlier in this section, depending
on a certain choice of map p : g — QO(W) These were chosen prec1sely so that
QA x 1s surjective for a regular instanton A. In this context, take V=Veo 9@y

(thinking of each g as being a choice of framing on one of the components W <T/2

or W7~ T/ , based at say v(—T') and v(T') for the base curve «y), while W=Wag
and Wb Wb The map g®g — W is the expected maps p; on the Q°(W;) factors,
while the map g @ g — g is the identity in the first factor, and Holv(T)_W( 0y
the second factor; if the points v(+7T") are chosen to lie on the boundary of the two
pieces, then the composite of this map with the projection g — gl is very close to
the identity, because A12 is sufﬁmently close to the constant trajectory at g.

Then the map AV > Wis surjective, as is AO V- W@Wb, and the maps p;
contribute minimally to the boundary-evaluation, so these satisfy the assumptions
of the lemma.

COROLLARY 5.7. If T is sufficiently large, the index-theoretic isomorphism IN\(AH) ~
K(AfT/Q)A(g)*T\(AQZ_Tp) is given, at the level of kernels and cokernels, by an in-
jection

ker(Qa,,) — ker(Q5 ") @, ker(Q75, 1),

obtained first by restriction to Ql(WfT/2 U W{ T/Q) and second by projection to
the kernel. (Here @4 means we take the kernel of the natural projection of the direct
sum to g.)

Similarly, for sufficiently large cutoffs T, the index-thereotic isomorphism

A(A1)A(gF 5" AAy) — A(A\T/2)A(g)*K(A22_T/2)
may be described at the level of kernels and cokernels as a map
kCr(éAl) C-Bsé kcr(@A2) N kcr( ~§”;’"/2) (Q> T/Q)’

which may be described explicitly again as restriction to the corresponding manifolds
with boundary, and then projection to the latter kernel.

PROOF. The only point not outlined above is a discussion of the middle piece,
isometric to [-7/2,T/2] x Y. Given that A;5 is uniformly close to the constant
trajectory at 3 for large enough 7', and that for large enough 7" the ASD map on the
cylinder (with boundary conditions) is an isomorphism for the constant trajectory
at 3, we see that its determinant line is canonically trivial, and does not enter into
the discussion. |

Now consider the diagram

AMADA(g5)*A(Ag) —— AATT?)A(g)*A(AZ™T7?)

(o5
A12

The vertical map may be taken to be either A(pgm) or A(pPan). The horizontal
map and upper-right map are as discussed above: they maybe understood either as
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the inverses of index-theoretic gluing isomorphisms, or via projection maps between
various kernels.

If the vertical map is taken to be p,y, then this diagram commutes (in fact, pan
is defined so that this diagram commutes). If we take the vertical map to be pgm,
this diagram still commutes: we are claiming that the composite map

<T/2 =-T/2
(AlyplvTv A27p2) - (A,{%p) - ( 1<2 / plla 1>2 / 7p/2)

is uniformly close to restriction, and hence this map commutes (up to a small
homotopy) at the level of kernels. Because the diagram commutes with either
choice, A(Pgm) = A(pPan): the two gluing maps are the same.

If we have fixed an orientation of gg, then via the recipe given by the analytic
gluing map, an orientation of A" (a, 3) and an orientation of AV2(3,v) induces
an orientation of A"12(«,7); it also naturally an induces an orientation of the fiber
product

Mg, 2 k6(, B) X g ME, w,k,6(8,7),
and what we learned above is that the geometric gluing map, which gives rise to a
diffeomorphism between an open subset of this fiber product and MElz,Zw,k,é(a, )
is orientation-preserving, having oriented the latter via the recipe given by the an-
alytic gluing map.

Suppose that W7 is a cylinder. Then if ﬂ;;lﬁz(cn B) is the ‘compactification’ of
MEI,Z(Q, B) by broken trajectories quotienting by R gives the usual Mg, .(«, )
of unparameterized broken trajectories. We always orient this so that the diffeo-
morphism

R x Me, - ko(o ) = Mg, . 150, 5)
changes orientation by a factor of (—1)4™ <, This convention is chosen so that the
corresponding diffeomorphism between fibers above o are orientation preserving.
When later discussing Floer homology, this is the more natural convention; it is
the convention which reduces to the standard one for unframed moduli spaces of
irreducible instantons.

The notation in the following is slightly different than in Proposition to
allow for a more uniform discussion.

ProOPOSITION 5.8. If (Y, E) is a 3-manifold equipped with reqular perturbation,
then if Mg i s(a, B) is the compactified moduli space of unparameterized flowlines,
then Proposition [{.59 gives a decomposition of the boundary

aﬂE,Z,ﬂ'(a?ﬁ) = U ME72177|-(O£,’}/) X'y mE,ZQ,TF(’Y?B)'

VECH
Z1®zo=2

Suppose we orient A, (a, B) using the analytic gluing map and fixed orientations of
the three of A, (a,7), Az (7, 8), and gy. If d is the dimension of Mg ., »(a,7),
then the boundary orientation on

ME,ZM\' (a,7) Xy mE,Zz,ﬂ'(% B)

1To make sense of this, the broken trajectories are not parameterized on each component,
but rather the stratum corresponding to a k-broken trajectory is quotiented by the action of
RF-1 — R¥, sitting inside as the subset with zero sum.



118 5. ORIENTATIONS

differs from the fiber product orientation by a factor of (—1)*+!.
Now let (W,E) be a cobordism equipped with regular perturbation. By Proposi-
tion each compactified moduli space Mg . » has boundary given as the union

aﬂE,z,ﬂ'(avﬂ) = U ﬂEl,zl,ﬂ'l (aaf)/) X'y mE,Zz,ﬂ'(77ﬂ)

YEC
Z1%290=2

U Mez (. Q) x¢ M, 2 2, (¢, B)-

CeCn,
Z1%k22=2

This decomposes the boundary into two types of components: whether breaking oc-
curs at the negative end or at the positive end.

Then if we orient A,(«, B) using the analytic gluing map and fized orientations
of the three of A, (a,7), A., (7, B), and g+, the orientation of

mEl,Zl,ﬂl (aa 7) X'y ME,Z277T(P)/? 5)

as a boundary stratum disagrees with the orientation induced by the fiber product
by a factor of (—1)¥™ <. [f the dimension of Mg ., » is d, then the orientation of

ME,zl,ﬂ' (Oé, C) XC MEQ,ZQ,TFQ (C? ﬁ)

as a boundary stratum is (—1)?*! that of the orientation given as a fiber product.

PROOF. The argument is no different from [KMOT, Proposition 20.5.2] and
[KMOT7, Proposition 25.1.1], respectively. We write ./f\>lJOE,Z’7T(0z7 B) for the quotient
of the space of parameterized flowlines by the R action, not compactified. This is
(locally!) oriented diffeomorphic to

a xR x Mg’ﬂﬁb

)

where we suppress much of the notation for convenience; this is the fiber above a
point in « of the R-reduced moduli space.

In the first case, the sign arises from the orientation-preserving local homeomor-
phism

ME,Z1,W(O‘7'Y) Xy XME,zz,W(%ﬁ) - ME,z,w(ayﬁ)-
In terms of the decomposition above, this (locally) provides an oriented diffeomor-
phism
axRx/\f/vlg‘:ib xv'yxRxﬂgglb—»axRxﬂg’gb.
Passing to the R-reduced moduli spaces (and recalling that this incurs a sign change
of (—=1)4™< on both sides) provides an oriented local diffeomorphism
ax MO . y xR x ./Wg’)%b —ax /Wg’gb = M.

Passing to the boundary component corresponding to broken trajectories cor-
responds to translating the second instanton to +oo, which corresponds to taking
t — —oo in the R factor above by Remark [2.10] Therefore, the boundary orienta-
tion corresponds to passing to the end of this moduli space corresponding to the
negative end of R. To compute this orientation, shuffle the R factor to the front;
this introduces a sign change of (—1)?. Finally, —c0 is the negative end of R, so
introduces an extra —1 to the orientation comparison.

The argument in the case of a cobordism is essentially identical: shuffle the
relevant R-factor to the front, and pass to the corresponding end. In the first case,
we want to translate the first instanton all the way to —o0, so this involves shuffling
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R across the factor of a and restricting to the {+o} end, giving the sign. In the
second case, we want to translate the second instanton to +00, so this involves
shuffling R across the moduli space of W and passing to {—o0}, giving the stated
sign. |

5.4. Canonical orientations for determinant lines

What remains is to find a recipe so that, given some choices for each o and
B, and a choice depending only on the underlying cobordism (in the case that it
is not just a cylinder), we are given natural orientations of each A" (a, 3). These
must compose approproiately under gluing. If we change one of the choices for «
then the sign of the orientation on each A, (a, 8) should change, and similarly with
swapping the choice for 5. If one changes the choice for W, then every orientation
should change uniformly. This assignment of orientations is what we call in the
title of this section ‘canonical orientations’.

To do this, we will ultimately require that the cobordism (or possibly some
larger cobordism) admits a reducible connection. Already this places the demand
that Sws(E) = 0, but this is not enough to pin down orientations.

Supposing that A is an SO(2)-reducible, we have a splitting Qa » = Q.- ®Qo,x-
If we chose a complex structure on 7, then the term @,  is complex linear with
respect to this complex structure, which would give an isomorphism

det(Qa ) = det(Qo.x),

thus reducing discussion to the case of the trivial connection (possibly perturbed),
but a different choice of complex structure will give a different isomorphism. We
need to ensure that a choice of such a complex structure is part of our data.

For the first time in this text we need to choose (for each 3-manifold Y and each
cobordism W) not an SO(3)-bundle over the manifold, but rather a U(2)-bundle.
An SO(3)-bundle has a lift to a U(2)-bundle if and only if Bwq(E) = 0 € H?(—;Z).
If E is a rank 2 complex vector bundle with fixed connection on its determinant line,
then a reducible connection A induces a splitting E > n@®(, where n®( = det(ﬁ)
and n, ¢ are complex line bundles. Thus for the trace-0 adjoint bundle we obtain
an isomorphism gg = R@® (n @ ('), respecting the splitting induced by A; thus
we have fixed a complex structure on the second component of the above splitting.

We begin this with some preliminaries.

LEMMA 5.9. Let (W,E) be a complete Riemannian manifold equipped with a
U(2)-bundle with no boundary components and some number of cylindrical ends,
modelled on either (—o0,0] x Y; or [0,00) % Y;; in the former case we say Y; is a
negative end, in the latter a postive end. Suppose W is equipped with a perturbation
which is regular on each end, and a choice of a; € €.(Y;) for each 3-manifold
Y; the ends are modelled on. Write gfé7k76(a) for the configuration space of Li,[s
connections, asymptotic to the a; on the corresponding ends.

Then WOBE’kﬁ(a) = Z, this isomorphism affine over m By, = Z for any end
(Yi, E;).

If all of the «; are trivial, then there is a unique component z € woBﬁkﬁ(a)
which supports a reducible connection.
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PROOF. The statement about components in the space of connections is little
more than the classification of U(2)-bundles over a compact 4-manifold with bound-
ary with fixed isomorphism class on the boundary in terms of their first Chern class
c1 € H*(W;Z) and Pontryagin class p; € A ¢ H*(W,0W;R). Here A is a subset
affine over 872Z, the latter defined by a curvature integral with respect to some
connection with fixed boundary components. Gluing in the nontrivial positive (de-
termined by the same curvature integral) generator of m B, increases this by 872,
as expected. We denote this operation as z — z + 1.

The fact that one and only one component supports a reducible connection fol-
lows from the enumeration of reducible components in Proposition m (or rather,
a version allowing more ends).

LEMMA 5.10. In the situation above, there is a canonical isomorphism A (o) =
A% (@), compatible with the gluing maps.

Suppose all of the «; are trivial, and z is the corresponding component supporting
a reducible connection, and the perturbation is zero on the ends of W. Then if we
write

Q0+ Qs (W3R) = Qo7 (W, R) @ 0 5(W; R),

for (d*,d*), we have an isomorphism AV (o) = AW (0), where the latter is the set
of orientations of QY . This is true for any choice of Sobolev indices on the various

ends, so long as they never coincide with eigenvalues of Hess,, or Hessy.

PRrROOF. The first isomorphism follows by gluing charge-1 instantons on S* into
the cobordism. By the assumption that the perturbation is compactly supported
in W, we may modify QKW by a homotopy through Fredholm operators to Q% .

We discussed the second claim above for SO(2)-reducible connections on SO(3)-
bundles. When we have a lift of the SO(3)-bundle to a U(2)-bundle, if the reducible
corresponds to some splitting E = R ® ¢, then we obtain a canonical complex
orientation on the complement of the R-factor, giving the desired claim. For SO(3)-
reducible connections, instead we have QXV = QZV ® g, and so an orientation of one
canonically induces an orientation of the other (supposing an orientation of g is
given). [ |

Thus we drop z from the notation AW (o, 3).

If one of « or B is irreducible, we cannot appeal to reducible connections on the
cobordism as above. So we need to ’cap off’ the two ends, as appropriate. Being
precise about this is a little intricate, as described in the following definition.

DEFINITION 5.11. Let (W, E) be a cobordism (Y3, E1) — (Ya, E,) equipped with
U(2)-bundle, a choice of perturbation on the ends (possibly zero, allowing for it to
fail to be regular), and a choice of critical orbits a, 8 on the negative and positive
end.

The symbol AW (o, 3) always means the usual two-element set of orientations of
det(Qa ), where A is a connection asymptotic to a and 8 on the appropriate ends,
and QA » has domain Q}C,é and codomain Qi’_ﬂ,& (&) 927175. (If one of these terms
«, B is trivial, we sometimes do not write the corresponding 6.) When unadorned,
the symbol AW () denotes the same for the trivial connection on the trivial bundle.

It (W, E) is a cobordism from some (Y_, triv) to (Y7, E1), for which the pertur-
bation is zero on the incoming end, we say W is an incoming cap; if (Ya, E9) is
the incoming end and (Y7, triv) is the outgoing end, with zero perturbation on the
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outgoing end, we call (W, E) an outgoing cap, and otherwise call W an intermediate
cobordism.

If W is an incoming, intermediate, or outgoing cobordism respectively, we write
AW (60),AV (), and AV (6) for the two-element sets of orientations of the following
three operators:

Qp 1% 5 — (T @),
Qh: Ly — (T 55
Qy : Qs = (T @055

Here the subscripts indicate the Sobolev weights on the ends; if only one sub-
script appears, it is the Sobolev weight on both ends, and if two appear, they are
the Sobolev weights on the negative and positive ends, in that order.

Whenever we have two-element sets A and A’, we write AA’ to denote A x5 A,
the Z/2 action the canonical free involution on both sets.

The point of the choices of Sobolev indices is that these operators (for the un-
perturbed trivial connection) enjoy an additivity property, immediate from spectral
flow arguments.

LEMMA 5.12. Let Wy, W, W1 denote incoming, intermediate, and outgoing cobor-
disms equipped with U(2)-bundles, as above. If W denotes the composite of these,
then we have canonical isomorphisms

A0 (0)A(ga)A™ (0, A)A(ga)A™ (8) = AW (0)

and

Ao @)AY (0)A" (0) = AW (6).

Given a 3-manifold with U(2)-bundle (Y, E), given any two incoming caps (Wo, E)
and (W, E), the sets A(ga)AY ()AY (0) and A(ga)A™' () AW (0) are canonically
isomorphic. The appropriate modification is true for the outgoing caps, as well.

PROOF. These follow from the usual gluing of operators on manifolds with
cylindrical ends (for which the Sobolev weights on the ends match up appropriately,
or there is a corresponding term to account for the spectral flow). The composite
of the terms in the first displayed equation are naturally isomorphic, rather, to the
orientation set of a nontrivial connection over W, but as above we may reduce this
to the case of a reducible connection and then to the trivial connection, as above.

Once we have this, using twice the orientation-reversal Wy as a positive cap,
using these canonical isomorphisms we further get canonical isomorphisms

A(ga) Ao (@) A0 (8) = A2 (@) AT (8) = A(ga) A4 ()20 (6),

as desired. ]

The collection of isomorphisms above between the different possible 2-element
sets A(ga)A" (a)A" (0) determine an equivalence relation on the set

| Aga) A" (@) AT (0),
(WE)
W incoming cap
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whose quotient is a 2-element set we write A_(«). Similarly the 2-element set A ()
is a quotient of various copies of A (0)AW1(a)A(ga) as Wy varies over positive
caps.

We thus have from the first part of the above lemma a natural isomorphism

A—(@)AY (0)A-(8) = AY (a, B).
This was essentially our goal, though we are not quite done.
LEMMA 5.13. There is a canonical isomorphism Ay (B8) = A(gg)A—(5).

PRrROOF. Writing this out explicitly, we have chosen incoming and outgoing caps
Wy, W1, we are trying to construct a trivialization of

A (O)A™ (B)A(gp) A0 (B)AT°(9),

here exploting the isomorphism between orientations on a vector space and their
dual to reverse the order of the first few terms. By gluing the middle three terms,
we obtain an isomorphism to A} (G)AW (0)A"°(8); splitting up the middle term,
this is isomorphic to A" (@)AY°(9)A' (9)A™°(0). As this takes the form A2 for
some 2-element set A, it is canonically trivial. |

Therefore, if we simply write A(a) := A;(«), we have above found a canon-
ical isomorphism A(gq)A()AY (0)A(B) = AW («,); then we obtain the gluing
isomorphism

AV (a, B)A(gs)AY (8,7) = AV (a,7)

simply by paing off adjacent like terms.
The last thing to be clear about is precisely what the middle orientation set
AV (0) is.

DEFINITION 5.14. A homology orientation of W, a cobordism with cylindrical
ends and incoming end (—o0,0] x Y3, is an orientation of the real vector space
HW)® H>*(W)® H*(Y1).

Because W and Y are connected, note that we have a canonical isomorphism
H°(W)@® H°(Y;) = R?, and in particular carries a canonical orientation. Because
we have

ker(Qp) = H' (W)
coker(Qh) = H*T(W)®H' (V1) ® H'(W) @ H(Y?),

a homology orientation canonically induces an orientation of A}V (9).

REMARK 5.15. Homology orientations have a natural associative composition
law, given by the index-gluing described above. However, the composition law may
be described explicitly, without passing to a discussion of Fredholm operators. An
explicit formula for this law was found in [Scal5|, where an explicit understanding
was crucial to discuss the differentials in a spectral sequence to Khovanov homology.
We do not need this here, and so will not discuss Scaduto’s results in any more
detail.

We assemble the content of this section into a proposition.
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PROPOSITION 5.16. For any S-manifold Y equipped with U(2)-bundle E and
regular perturbation w, there are canonical 2-element sets A(a) for each critical
orbit a € €, and we have the canonical isomorphism A(a, B) = A(ga)A(a)A(B).
Therefore, the moduli space /\72 (a0, B) may be given an orientation if we choose an
element of A(a) and A(B), and an orientation of the orbit a. Choosing the other
element of either set will negate the orientation of M(a,ﬂ).

If one fizes a choice of element of each of A(a), A(B), A(7), and an orientation
of a, then the orientation these induce on Mg (o, ) xy Mg (7, 8) via the fiber
product differs from the orientation induced as a component of IMp .(a,8) by a
sign of (—1)¥+1, where d is the dimension of ./WEﬂr(a,’y).

Let (W, E) be a cobordism from (Y1, E1) to (Ya, Es), equipped with a regular
perturbation m that restricts to w; on the ends. Then a choice of element of each
Ala) and A(B), as well as a homology orientation of W and an orientation of «,
give rise to an orientation of Mg («a, B); swapping any one of these elements will
negate this orientation.

The boundary components of Mg «(«, 8) arise in two pieces: those of the form

mELZum (o, ) Xy mE,zz,7r (v, B),
where v € €., and those of the form

ME,Zlﬂf(av C) xX¢ MELZz,TFz (Cv B)a

where ¢ € Cr,.

Given a choice of element of each A(a), A(B), A(7), and A(() as above, as well
as a choice of homology orientation on W and orientation of «, the orientations
on OM and on the fiber products differ by a factor of (—1)4™< in the first case;
they differ by a sign of (—1)4" 1 in the second case, where dyy is the dimension of
ME,zl,ﬂ'(a> C)

Similarly, if S is a 1-parameter family of metrics on W abutting to a broken met-
ric, the decomposition of the boundary of Mg . s(«, B) of Pmpositiongives the
boundary components orientations which differ by the orientation induced by ana-
lytic gluing by a factor of (—1)4ime (=1)a+1 (—1)h2 and (—1)3m =1 respectively
(the last term coming from the boundary orientation of {0} < [0,1]), where dy is

the dimension ofﬂE_,z1 (a,y), while di2 is the dimension of Mg ., s(a,n).
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CHAPTER 6

Floer homology

6.1. Geometric homology

It will be useful in what follows to have a chain complex computing the singular
homology of a smooth manifold X, whose generators are smooth maps from oriented
manifolds with corners (as opposed to continuous maps from simplices). Fix a
principal ideal domain R.

The definitions below are modeled on |[Linl8, Chapter 4.1], which in turn follow
the simpler [Lip14]. For technical reasons, we must introduce the notion of strong
d-chain. The reader will not be led astray in what follows by pretending every
occurrence of “strong J-chain” means “compact smooth manifold with corners”;
if we could achieve that level of smoothness on the instanton moduli spaces, this
sequence of definitions would not be necessary to set up our homology theory.

DEFINITION 6.1. A d-dimensional strong §-chain is a compact topological space
P with a stratification

Ploptls...oplsg

by closed subsets, so that P\P°~! is decomposed as a finite disjoint union of
smooth manifolds of dimension e, written Ll M¢; the top stratum P\P¢ ! has
only one open face M{ = P\P?! in its decomposition. (Note that M¢ need not be
connected!) We denote the closure of any one of these manifolds an e-dimensional
face, and write it as A. We write A° for the interior of a face (one of the manifolds
M¢ in the disjoint union P¢\P°~!) and call it an open face.

We demand that whenever a codimension e face A is contained in a codimension
(e —2) face Ag, there are exactly two codimension (e — 1) faces A’ with Ag € A’ <
As.

Whenever Ay © Ag, we assign a set n(Aq, Ay) (which we will write as n, or
n12 when the faces are not implicit) with cardinality dim A; — dim A, an open
neighborhood Ay ¢ W(A1,As) € Ay, and a map r : W — [0,&)™ so that A =
r=1(0).

We also assign a space W — EW (A1, Ag), where EW is a topological manifold
with corners and a smooth structure on each stratum of dimension d + m(A1, As),
for which the map from W is smooth on each stratum, and equipped with a map
7: EW(A1,Ag) — [0,e)™ extending r : W — [0,2)". We demand the following.

o There is a vector bundle V(A1,Ag) —» EW of rank m(Aq,Az), and a
section o of V', smooth and transverse to the zero section on each stratum,
so that c=1(0) = W.

o Write EWP for the inverse image of Rj < [0,€)", the set of points for
which exactly k coordinates are zero; we demand that the map EW* — Ry,
is a smooth submersion.



128 6. FLOER HOMOLOGY

e 7 is a fiber bundle projection. The restriction of o to 7~ 1(0) is transverse
to the zero section, whose fiber above zero is A§. In particular, EW
is diffeomorphic to [0,£)™2 x 73,5 (0), and 715 (0) is diffeomorphic to a
neighborhood of the zero section in the restriction of V' to Aj.

These are compatible in the following sense. Associated to a sequence of inclu-
sions Ay € Ay < Az we have an inclusion of sets n(Aq, Ag) — n(A1, Asz), an em-
bedding EW (A, Ag) — EW (A1, As), as well as an embedding of vector bundles
V (A1, Ay) — V(Aq, A3) covering this; the section 014 is the restriction of o13. The
map ni2 — ny3 of sets induces a stratum-preserving embedding [0, €)™2 — [0, )3
so that, with respect to this inclusion, 715 is the restriction of 713. Finally, we de-
mand that with respect to these embeddings,

EW(Ay, Ag) =75 ([0,6)™2) .

This complicated definition is in fact more or less forced on us by a few simple
requirements. First, our chains should include compact topological manifolds with
corners with a smooth structure on each stratum (satisfying the combinatorial con-
dition). Second, they should be closed under transverse intersections (in particular,
the inverse image of a regular value should be a chain). This is the property we
need to ensure that excision holds in our coming homology theory based on maps
from strong d-chains.

Already we run into trouble: because the smooth structure on the strata do not
interact, all we see is that the transverse intersection of two topological manifolds
with smooth structures on each stratum is a space stratified by smooth manifolds.
For instance, it is not hard to construct a #-shaped graph as the zero set of a
continuous function f on [0, 1] x R which is smooth on each stratum and for which
0 is a regular value on each stratum.

PO

PO

FIGURE 1. The d-chain P < [0,1] x R in this figure is the zero set
of a continuous function f : [0,1] x R — R which is smooth and
transverse to zero on each stratum. P° = f~1(0) n {0,1} x R is
two points, while P\ P is three open arcs.

This is what forces us to think of spaces equipped with “local thickenings” which
actually are manifolds. In the case of the #-shaped graph, the three open arcs of
the graph form the unique top-dimensional open face, whose local thickening is
a small open neighborhood of these in the strip; the vector bundle is the trivial
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line bundle, and ¢ is the function f. The stratum P° consists of two points, for
which the neighborhood W(Ag, A1) is a small neighborhood of one of these points
(which looks like a chicken foot). The local thickenings are small 2-dimensional
neighborhoods [0,¢) x (—t,t) and the map 7 is projection to [0,¢). Again, the
vector bundle is the trivial line bundle and o = f.

PO

W01 (e EW01

FIGURE 2. The stratum P < P! has a neighborhood P° <
W (P% P') < P! (the ‘chicken feet’), along with a further neigh-
borhood W(P° P') < EW(P° P') so that EW(P° P!) is a
smooth surface with corners and Efy; : EW — R is a smooth
map with Wo; = Efy'. Here, we may take EW (P°, P') to a
neighborhood of Wy; inside of [0,1] x R, and Efy; to simply be
flew. In this figure we depict the top half of EWjy; (which should
include a neighborhood of both the top and bottom point).

The third requirement is that faces of a chain should also be chains, and thus
we are forced to define local thickenings not just for the whole space, but also for
inclusions Ay < As. Finally, it is crucial that the combinatorial boundary operator
satisfies 02 = 0; this is why we demand the combinatorial condition on faces. At
the level of manifolds with corners, it says that a bigon is a manifold with corners,
but a teardrop (unigon) is not.

Essentially, the definition of strong §-chain is one possible approach to formalize
a space with local charts modelling a neighborhood of each point as the zero set
of a smooth function (smooth section of a vector bundle) on a compact topologi-
cal manifold with smooth structures on each stratum, and compatibility relations
between the charts.

The notion of strong d-chain here is a slight modification of the notion of §-chain
given in [KMOTY, Definition 24.7.1] and |[Lin18) Definition 4.1.1].

There are two differences. First, for a strong d-chain the set W < EW is cut
out as the zero set of a transverse (on each stratum) section of a vector bundle
over EW; for a é-chain, instead the map is simply to some vector space R¥. The
definition of d-chain is attempting to formalize the kind of spaces that appear as
the monopole moduli spaces, while the definition of strong J-chain is meant to
capture all transverse intersections of compact topological manifolds with corners
and smooth structures on each stratum. These transverse intersections may be
written as the inverse image of a diagonal A — Y xY’; the vector bundle in question
is NA, and if Y has interesting topology this bundle may be nontrivial, so we need
to include zero sets of sections of vector bundles. Locally near any point, these
are the same notion, but they may not be the same in a neighborhood of an entire
stratum.
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Second, the map EW — RF in the definition of é-chain is required to satisfy
certain positivity properties, depending on the values of #(EW) c [0,¢)™; we do
not make any such demand for strong d-chains. This requirement originates from
the boundary-obstructedness phenomenon in monopole moduli spaces, which we
do not encounter.

DEFINITION 6.2. Suppose we are given the following data.

e For each pair of faces Ay € Ay, open subsets Uiy € Wig and Ui, € W15,
as well as open subsets EUo, EU{, of the extensions,

e homeomorphisms 19 : Ujg — Ulg, @12 : EU1a = EUj,, which are diffeo-
morphisms over each stratum,

e an isomorphism of vector bundles Vi35 = VY, over these open subsets EU
and EU’, covering the diffeomorphism @15,

all of which respect all the associated structure and are compatible for triples Ag
A c As. Then we say the two strong d-chains are germ equivalent.

This definition fits with the above intuition for strong §-chains as spaces equipped
with a special kind of chart modeling them as a zero set: if we pass to smaller open
subsets containing the zero set, this should still present a perfectly good, equivalent
chart at a point.

Next, we will show the important property that strong J-chains are, in a sense,
closed under fiber products. Germ equivalence was partly introduced as a means
to this end. To start, we should define what a map from a strong J-chain is.

DEFINITION 6.3. Suppose X is a smooth manifold, and P is a strong é-chain.
We say a map f : P —» X is a continuous map f : P — X on the underlying
topological space which is smooth on each stratum, and for each inclusion of faces
A1 c Ay, an extension Efis : EWi9 — X which is smooth on each stratum. Given
a sequence of faces Ag € A; < Ay, recall that EWyo — EW1s; we demand that
FE fo2 is the restriction of F fis.

If fi: P > X and f5 : P, > X are two maps from strong J-chains to X, we say
that they are transverse if they are transverse on each stratum, and for any pair of
faces in P; and any pair of faces in P, the extensions F f; and E fy are transverse
on each stratum in a neighborhood of W7 x Wy in EW; x EW,.

PROPOSITION 6.4. Suppose f; : P, — X are transverse maps from germ equiv-
alence classes of strong d-chains Py, Py to a smooth manifold X. Then Py xx P
has the natural structure of a germ equivalence class of strong d-chain.

PROOF. The compact space P; x x Ps is still stratified by smooth manifolds
(the fiber products of the original open faces). For a pair of inclusions Al < A% of
faces of P;, the open set W corresponding to

Al xx AT c Ab xx A2

is the fiber product of the corresponding open sets.

Take EW to be a small open neighborhood of EW; xx EWy ¢ EWy x EW,
(well-defined after passing to germs); this is an open subset of a manifold with
corners, hence also a manifold with corners. Take this neighborhood to be so small
so that (Ef; x Efy)(EW) lies in a neighborhood of the diagonal Ax ¢ X x X.
In particular, EW comes equipped with a map Fg : EW — NAx to the normal
bundle of the diagonal, so that (Eg)~1(0) = EW; x x EWa.
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The vector bundle V' should be taken to be Vi@Va@®(E f1 x E f2)*(NAx), where
N Ax is the normal bundle to the diagonal. The section is given by o = (11, %2, Eg),
whose zero set is canonically identified with Py x x Ps.

The restriction maps are r = r1 X ro and 7 = 71 X 5. Verifying the axioms is
tedious but straightforward, as is verifying that this construction is well-behaved
after passing to germ equivalence classes. |

REMARK 6.5. It is straightforward but tedious to verify that the above con-
struction is associative when the triple fiber product is defined.

To use coefficients other than Z/2, we must introduce a notion of orientation.

DEFINITION 6.6. Let P be a strong §-chain.

Suppose we have an orientation on the top stratum of P, and for a codimension
1 face Ay c P, suppose we have oriented the open manifold AY. We may find an
isomorphism det (T EW13) = det V15 above W7, using the fiber bundle isomorphism
EW = [0,¢) x 771_21(0), using that 7;1—21 (0) is isomorphic to a neighborhood of the
zero section of the restriction of Vi to Af, and that we have oriented Aj. Then

Wiy i= 175 (0,6)" =715 (0,6)" n o' (0)
may be oriented as the zero set of the section EW{, — Vi2 using the above iso-
morphism of determinant bundles. This gives an orientation on an open subset of
Pd\Pd_l. If the same as the orientation already given, we say that A; has the
boundary orientation; we express that this is possible for some orientation on A;
by saying that Ay is consistently orientable with respect to P.

For any sequence of codimension 1 faces Ay < --- < A; < P, we may thus
inductively define the notion of any sequence being consistently orientable with
respect to P.

We say that P is an oriented §-chain if P is equipped with an orientation on its
top stratum Pd\Pd_l, satisfying the follwing conditions:

e Any sequence of codimension 1 faces of P is consistently orientable with
respect to P,

e Given a codimension 2 inclusion Ag C As, there are two intermediate
faces Ay and Af; we demand that if we fix an orientation on A, (induced
from P by some sequence of codimension 1 faces as above), then the
boundary orientation that arises on Ay from the sequence Ay € A; < Ay
is negative that from the sequence Ay c A} < As.

The definition of boundary orientation above is relevant for the following calcu-
lation for strong d-chains. This is proved for §-chains as [KIMOT, Theorem 21.3.2];
instead of subdividing our strong §-chains into pieces that may be given the struc-
ture of d-chains in the sense of Kronheimer-Mrowka, instead we spell out their
proof in simpler language as an exercise in understanding the definition of strong
d-chains. The proof follows similar lines as a discussion in [SS10, Section 2.3].

LEMMA 6.7. If P is a 1-dimensional oriented strong §-chain, then P° consists of
a finite number of oriented points whose count, signed by the boundary orientation,
is equal to zero.

PROOF. If z € P°, there is an open subset W, ¢ P with a map to [0,¢), as
well as a larger space EW, = [0,e) x V, so that W, — EW,, with £ mapping
to (0,0), and W2 mapping into (0,e) x V,; the neighborhood W, < P is the zero
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set of a map o : [0,¢) x V; —» V, which is smooth and transverse to zero on each
stratum. Write oy(x) = o(t,z). That o is transverse to zero on the boundary
implies that o~ 1(0) n ({0} x V,) is discrete (and in particular discrete inside W).
In particular, P° is a discrete set in the compact space P, so it is finite. For
convenience, after passing to a possibly smaller neighborhood and reparameterizing,
we assume oo = Id in our coordinates.

We also see that o does not vanish on a sufficiently small sphere {0} x S5(V)
in the boundary of the local thickening near x; the inclusion map from this sphere
to Vz\{0} is degree 1 (regardless of how we orient V,, as long as we orient these
compatibly). Extending this to a disc D, in [0, €) x V,, which only intersects {0} x V,
in S5(V,) and is transverse to o~1(0), we see that D, n o~1(0) is a finite set of
points whose oriented sum is 1, orienting them as det d(o:)(y) at an intersection
point (¢,y).

D, bounds a ball one dimension larger; deleting the part of W, contained in the
interior of this ball for each z, what is left of P! is a compact oriented 1-manifold
L with boundary | |,.po (D2 n 07%(0)). The boundary orientation convention is
that a point (¢,y) in this intersection is oriented positively as the boundary of L if
the sign of det(doy)(y) agrees with the sign of z. In particular, the signed sum of
points in 0L is

2. sen(@)# (Do no™'(0) = )] sen(w),

zePO ze PO
where the signed count is as in the previous paragraph. The signed count of points
in the boundary of an oriented compact 1-manifold is zero, and thus the desired
count is zero. |

Now that these objects have been introduced, we can introduce the geometric
chain complex computing singular homology. First we will write down the gener-
ating set.

DEFINITION 6.8. Let X be a smooth manifold. Fix once and for all a Hilbert
space H equipped with a Hilbert bundle V.

A basic chain of degree d in X is a germ equivalence class of maps 0 : P — X,
where P c H is a compact connected subspace equipped with the structure of an
oriented strong d-chain of dimension d, whose thickenings EWj, are compatibly
embedded subspaces of H, and whose vector bundles V}5 are subbundles of V.

Two basic chains o; : P; — X are isomorphic if there is an orientation-preserving
homeomorphism f : P; — P, which is a diffeomorphism on each stratum, with
oaf = 01, and an extension for each A; € Ay to Efia : EW{, — EWZE, which
are diffeomorphisms on each stratum compatible with restriction. A basic chain
o : P — X is achiral if it is isomorphic to itself with the opposite orientation, and
chiral if it is not achiral. A basic chain o : P — X has small image if there is map
g:Q — X from a d-chain @ of strictly smaller dimension.

Write CN'*(X ; R) for the graded vector space freely generated in degree d by the
basic chains of degree d. One step closer to the desired chain complex, there is a
quotient C'4(X; R) obtained from the relations

~[o:P—>X]=[o:P— X],

and if 2 # 0 € R we further set any achiral basic chains o equal to zero.
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This is still a free graded R-module, freely generated by isomorphism classes of
chiral basic chains, with exactly one choice of orientation for each nontrivial basic
chain appearing as a generator. (The achiral chains are precisely the basis elements
of C'y(X; R) which are sent to zero in Cy(X; R); if 2 = 0 € R then no basis elements
are set to zero.)

There is a geometric boundary operator 0 CN’*(X; R) — CN'*,l(X; R), sending
each (isomorphism class of) basic chain o : P — X to the sum of the faces of
P41 equipped with their boundary orientation. Because this is compatible with
orientation-reversal, it descends to an operator 0 : C'y(X; R) — Cy_1(X; R).

LEMMA 6.9. We have 52 =0.

PRrROOF. This immediately follows from the combinatorial conditions on the
definition of J-chain and orientation thereof.

Given any face Ay c P of codimension 2, there are two intermediate faces of
codimension 1. The boundary of 0P then contains two copies of the face Ag: once
from each of the intermediate faces. The assumption on orientations were that these
two copies were oriented negatively to one another, so they sum to zero. Therefore,

52U=OE€*(X;R). [ |

As is familar already from cubical definitions of singular homology, the homol-
ogy of Cy(pt; R) is not obviously concentrated in degree zero unless we impose
some further degeneracy requirements. (These degeneracy requirements will later
turn out to be essential in our definition of the instanton Floer complex.) This
is furnished by Lipyanskiy’s notion of small image. However, the basic chains of
small image do not span a subcomplex of Cy(X; R): for instance, a basic chain
of dimension larger than X is automatically of small image, but if the chain is of
dimension dim X + 1, there is no such guarantee that its boundary has small image.
This inspires us to make the following definition.

DEFINITION 6.10. A basic chain o : P — X is degenerate if both ¢ has small
image and do is a disjoint union of basic chains of small image and an achiral chain.
The span of the degenerate basic chains forms a subcomplex Dy (X; R) < C4(X; R);
this is precisely the submodule spanned by basic chains with small image and whose
boundary in C(X; R) is a sum of elements of small image. We define the geometric
chain complex of X (with coefficients in R) as

Ce"(X;R) := Cy(X;R)/Dy(X; R).

Again, C8"(X; R) is degreewise R-free. It is functorial under smooth maps, and
is supported in degrees [0, dim X +1]; the map 0 : C§, (X3 R) — Cii (X R)
is an isomorphism onto its image. It is also well-behaved with respect to transverse
intersections.

DEFINITION 6.11. Suppose f; : P, — X is a countable family F of maps from
d-chains to X. The subcomplex of C§™(X; R) spanned by nondegenerate chains
transverse to all of the f; is written C£™7 (X; R).

The following lemma can be proved as an inductive application of transversality
theorems to each stratum, using that P¢\P°~! is a manifold and P¢ is compact.
A proof in the only slightly different setting of d-chains (not strong) is given in
[Lin18| Lemma 4.1.14].
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LEMMA 6.12. The inclusion of CE™7 (X) — C&™(X) is a quasi-isomorphism.

Most importantly for us, these chain complexes have chain-level fiber product
maps, as long as we’re potentially willing to pass to a quasi-isomorphic subcomplex.
First we need an additional definition.

DEFINITION 6.13. Let f : Z — X be a map from a strong d-chain to a smooth
manifold X which is a submersion on each stratum. We say that a fiber orientation
of f is an orientation of the d-chain f~!(z) for any z € X.

LEMMA 6.14. Suppose X is a connected smooth manifold. Let Z be a strong
d-chain, and suppose we have maps e_ : Z — X,eq : Z — Y, for which e_ is
a submersion on each stratum of Z. Further, suppose e_ is equipped with a fiber
orientation. Then there is an induced map CE"(X;R) — CE"(Y;R) of degree
(dim Z — dim X) given by sending a basic chaino: P —> X toey : Px. Z >Y,
where

Pxe Z={(p2) e Px Z | o(p) = e_(2)}
and e, (p,z) = e;(z). We denote this chain o X._ Z. Here we orient the fiber
product so that
T,POT®Z =T, (P xx Z)
is an oriented splitting.

IfdmZ > dim X +dimY + 1, this chain map is identically zero. These maps

satisfy the formula

o Xe Z) =00 xo_ Z + (—1)ImPrdimX, o 07

The second statement follows because C§™ (Y'; R) vanishes in degrees larger than
dimY + 1, and the final statement because taking the boundary in the final case
involves commuting the desired outward-pointing normal across the first two factors
(of P and the base X).

REMARK 6.15. The construction of Lemma [6.14]is associative, because the fiber
product construction is associative.

Now we should justify the claim that this is just a fancy way to write down singu-
lar homology with desirable chain-level properties. To make sense of the Eilenberg-
Steenrod axioms for smooth manifolds, we work with the notion of admissible pairs
(X, A), where X is a smooth manifold without boundary, and A is a closed (in
the sense of point-set topology) submanifold of X of codimension zero. These were
introduced in [Sch93| to prove the equivalence between Morse homology and sin-
gular homology, and used in [Lin18, Theorem 4.1.13] to prove that a very similar
homology theory to ours (using J-chains, instead of strong Jd-chains) agrees with
singular homology; our proof follows similar lines as his.

THEOREM 6.16. The functor Hy™(X;R) from smooth manifolds and maps to
graded R-modules satisfies the Eilenberg-Steenrod axioms for a homology theory:
(1) The induced map HE™(X; R) — HE™(Y; R) is a homotopy invariant,
(2) There is a natural relative long exact sequence relating
HEM(X,Y) = H (CZ"(X)/CE™(Y))

to H3™(X) and HE™(Y),
(3) If pt denotes the one-point space, then Hg" (pt; R) is a copy of R concen-
trated in degree zero, and
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(4) If A is codimension zero, and Y = 0A is a codimension 1 submanifold of
X, bounding A on one side and B on the other, then the inclusion induces
an isomorphism H" (B,Y) =~ HE" (X, A).
As a result, there is an isomorphism H3"(X;R) = HE™(X;R) for all X, natural
under smooth maps.

PROOF. We prove each property separately, and then explain why this re-
stricted class of Eilenberg-Steenrod axioms is enough.

Homotopy invariance follows the expected strategy: write down a chain homo-
topy of the induced map, given by sending a basic chain P to P x I, with map
given by composing the map o : P — X with the homotopy f;.

The relative long exact sequence is a matter of homological algebra (it is induced
by a short exact sequence of chain complexes).

To check the first nontrivial axiom, observe that C§" (pt; R) is concentrated in
degrees 0 and 1. We saw in Lemma that the boundary map

C¥"(pt; R) — C§™(pt; R) = R

is identically zero; but a chain of small image with zero boundary has boundary of
small image, and is in particular degenerate, so C;™ (pt; R) = 0. Therefore

HE™ (pt) = C£™(pt) = R.

Excision is the hardest property to verify. If we write C§™ (4 u B) for the image of
CE"(A) ® CL™(B) in C§™(X), then there is a diagram of exact sequences

0 —— C§"(4) —— C§"(AuB) —— C{"(B,Y) —— 0

l l l

0 —— CF"(A4) —— CF(X) —— C¥"(X,A) —— 0.
By the five lemma and the induced map on homology long exact sequences, if we
can show the middle vertical arrow is a quasi-isomorphism, so too will be the last
arrow, as desired. Now, if we write Cfm’y (X) for the quasi-isomorphic subcomplex
of strong d-chains transverse to the submanifold Y, there is a map

p: CE¥Y(X) - C¥* (AU B)

given by sending each basic chain o : P — X to the sum of Pn A and P n B; these
are again d-chains because of the transversality hypothesis, and their boundary is
a subdivision of the original boundary into (0P) n A and (0P) n B, respectively,
and so this is a chain map. If P is a cycle, then p(P) is homologous to P itself,
the bounding chain given by P x I, with the usual §-structure on one end, and the
‘broken’ d-structure P = (P n A) u (P n B) on the other. In particular, we see
that the inclusion C§™(A U B) — C£™(X) is surjective on homology. Injectivity
is similar: given a chain whose boundary is transverse to P, we can represent it
instead by a chain transvere to P with homologous boundary still transverse to
P; cutting it into two pieces, we get a chain in C§"(A u B) whose boundary is
homologous to the original.

Now we should explain why the homotopy category of admissible pairs of smooth
manifolds (with the homotopy type of a finite CW complex) is equivalent to the
homotopy category of pairs of finite CW complexes. Putting a relative CW struc-
ture on each admissible pair via Morse theory, we have a natural inclusion from the
category of admissible pairs to the category of finite CW complexes; by smooth and
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(relative) smooth approximation, this is a fully faithful functor, and it suffices to
show that it’s surjective on objects. Given a pair (X, A), find an embedding of this
in some large Euclidean space; then a small open neighborhood Uy of the image of
X (called a regular neighborhood) is homotopy equivalent to X itself and so that
0Ux is a manifold, and we may choose an open neighborhood Uy of A satisfying the
same property, with U4 < Ux. Then the pair (Ux,U ) is the desired admissible
pair. |

If R has characteristic 2, we can simplify definitions by removing all reference
to orientations; this is even desirable, as it allows us to refer to the identity map of
a non-oriented compact manifold as a chain.

6.2. Equivariant instanton homology

We are now ready to define the framed instanton chain complex C1 (Y, E,m; R),
using the instanton moduli spaces. The material of sections 1-4 amounts to the
following package of theorems about these instanton moduli spaces. Recall from
Definition [3.6]that for a U(2)-bundle E over a 3-manifold Y to be weakly admissible,
either b;(Y) = 0 or ¢;(E) is not twice some element of H?(Y;Z).

In the following, the regular perturbation 7 is chosen from an open subset Pg s
of the Banach space Pg of perturbations, defined in Definition [4.7]

THEOREM 6.17. Let Y be a 3-manifold equipped with a weakly admissible U(2)-
bundle E, a basepoint b, and a choice of metric and regular perturbation m (which
always exists). Then:

(1) The collection of critical orbits of the perturbed Chern-Simons function
cs + m on the configuration space Bg is a finite set of SO(3)-orbits. We
write this set of orbits as €.

(2) Write ci(E) = A€ H*(Y;Z). Define Pair(H?) to be the set of unordered
pairs of integral cohomology classes on Y; that is, the set H*(Y;Z) x
H2(Y;Z) modulo the relation (z,w) ~ (w, z). The set of reducible critical
orbits may be identified with the set

Ra(Y, E) c Pair(H?)

given by those (z,w) with z4+w = X\. The fully reducible critical orbits are
those for which z = w, and there are hence H(Y;Z/2) of them if Y is a
rational homology sphere with c1(E) divisible by 2, and none otherwise.

(3) There is a number gr (o, B) € Z, assigned to each pair of critical orbits
«, B and homotopy class of path z between them in Bg. If w is a path
from B to v and z + w is the concatenation of paths, we have

8w (@) = gr.(a, B) + g, (8,7)-

For different paths z,w, we have gr (a,f) — gr,(a,B) € 8Z, so that
gr(a, B) € Z/8 is well-defined.

(4) If « and B are reducible, then gr(a, B) is even. If a and B are fully re-
ducible, then gr(a, B) is divisible by 4.
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(5) Associated to each pair («, ) of critical orbits and homotopy class z
is a smooth SO(3)-manifold (possibly empty) MY, . (a,B) of dimension
gr.(a, B) + dima — 1. It comes equipped with equivariant smooth maps

a <= MY, (o, 8) <5

(6) For each critical orbit o, there is an associated 2-element set A(a). A
choice of element of each of A(«) and A(B) induces an orientation on the

fiber of
€t M%’,z,ﬂ(avﬁ)
for all z; in the language of Definition[6.13, this is a fiber orientation of

e_. Negating either one of these choices negates the resulting fiber orien-
tation.

(7) If gr (o, B) < 10 — dim «, there is a natural compactification

MOE,z,‘n' (O{, 6) < ﬂE,z,?‘r(O[a ﬁ)
into a compact topological SO(3)-manifold with corners and a smooth
structure on each stratum. The endpoint maps extend to equivariant maps

from ﬂo which are smooth on each stratum; we will use the same nota-
tion ey for these extended maps. In the trivial case o = B with homotopy
class z = 0, we consider Mg o (o, ) to be empty.

(8) The action of SO(3) on Mg . (a,B) is free.

(9) Given any choice of element of each of A(a),A(B), and A(v), so that
all of the relevant moduli spaces are fiber oriented, there is an oriented
decomposition

(_l)dimaamE,zm(aaﬁ) = |_| (_l)grwl(aﬁ)ﬂE,wl,ﬂ(aa’Y) Xy ME,HQJT('YWB)'

Y,W1, W2
w1 kWwa =2

2

Observe that the relation gr,(«, 8) = dim Mg, (o, 8) —dim a+1 is compatible
with the dimensions of the manifolds involved in the gluing formula.

PrOOF. For a fixed metric g, the existence of an admissible perturbation =
is the combination of Theorem [3.8 and Theorem [£.49} these guarantee that the
critical orbits are isolated, and that the moduli spaces of trajectories between them
are smooth manifolds of the appropriate dimension, respectively. That there are
only finitely many critical orbits follows from Lemma (that the derivative of
our perturbed Chern-Simons functional is a proper map). The enumeration of
reducible critical orbits is a combination of Corollary [2.4] and Proposition [3.7} as
mentioned after Definition @ one of the reasons we demand 7 € Pg s is so that
this enumeration remains true. The integer gr, (o, 8) = g7, («, 5) — dim « is defined
in Definition where we also explain why gr, counts the dimension of the fiber
of M =~ R x MO above a point in . That the grading is well-defined modulo 8
is Corollary The calculation of relative gradings between full reducibles is
Proposition [£.47] and arbitrary reducibles is Proposition [£.48] The existence of a
compactification only in terms of fiber products of lower-dimensional moduli spaces
is Corollary that the resulting object is a topological manifold with corners
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with a smooth structure on each stratum is Proposition [£.59] That the SO(3)-
action is free means that there are no reducible solutions; this is guaranteed by
Proposition [.23] The moduli spaces carry compatible orientations by Proposition
writing the sign in terms of the grading function gr,. |

We will also need a similar package in the case of cobordisms W. We include
this here as well. Recall the definition of weakly admissible bundle over a cobor-
dism from Definition [£:43] as well as Definition of homology orientations of a
cobordism W.

In the following, we choose the 4-manifold perturbation 7 from a contractible
open set U c Pc(4) of perturbations which restrict to fixed elements of Pg, s on
the ends; this open set was defined in the process of proving Theorem (when
comparing, take the constant C large enough that all instantons A in a trajectory
z with gr (o, 8) < 10 have energy less than C). It contains the perturbation
(m1,0,7m2) supported on the ends, with no interior part.

If 7 € U, we say that w is W-small.

THEOREM 6.18. Suppose (W, E) is an oriented 4-manifold with two cylindrical
ends, with incoming end modeled on (Y1, E1) and outgoing end modeled on (Ys, E);
suppose the E; are weakly admissible, and that we have chosen regular perturbations
7; € Pg,s. Furthermore suppose that E is a weakly admissible U(2)-bundle over
W. Then we have the following.

(1) For every pair of critical orbits a < €, (Y1) and B < €., (Y2), there is
a set of configurations of framed connections on W from « to 3, denoted
Be(a, B). The set of components is written moBg(c, 8), and carries a free
and transitive action of both nggl (a) and similarly with Es; in particu-
lar, it carries an affine identification

moBE(a, B) = Z.

For each z in this set, there is an integer gr’¥ (o, B), satisfying the same
additivity formula as in the previous theorem, which is independent of z
after reducing modulo 8.

(2) Let m be a W-small regular perturbation on W, restricting to regular per-
turbations m; on the cylindrical ends corresponding to Y;. For each pair
of critical orbits «, 8, with z as above, we associate a smooth SO(3)-
manifold ./\f/leJm(a,ﬁ), which is of dimension gr'’¥ (a, B) + dima so long
as Mz(a,ﬁ) contains an irreducible connection. The term gr'V (o, B) is
independent of z modulo 8. When W is equipped with a smoothly em-
bedded path v : R — W which agrees with (—t,b1) € (—00,0] x Y1 and
(t,b2) € [0,0) x Ya for large enough |t|, then M is imbued with smooth
equivariant endpoint maps to a and . A residual set of m € U are reqular.

(3) IfgrV (o, B) < 10 —dim v, then there is a natural compactification of this
SO(3)-manifold to a compact topological SO(3)-manifold with corners and

—W )
a smooth structure on each stratum, Mg , (c, B). The endpoint maps ex-
—W
tend to M.
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(4) If W is given a homology orientation as in Deﬁm’tion and we choose
generators of the 2-element sets A(a) and A(B) from the previous proposi-
tion, these induce a fiber orientation on e— : Mg . »(a, B) — . Negating
any one of these choices negates the corresponding orientation.

(5) Suppose by(W) = bt (W) = 0. So long as all three of the perturba-
tions my,w, o are taken sufficiently small, the set of reducible orbits in
Mg (a1, a2) may be identified as the following set, written Red(W, E).
Write ¢, (E) = A € H>(W;,Z), and write \; = )‘|Y7" There is an induced
map Pair(H?W) — Pair(H?2Y;) given by restriction; the orbit o; corre-
sponds to some

r; € R, (Y3, B;) © Pair(H?Y;).

Then Red(W, E) is the subset of Pair(H?W) consisting of pairs {z,w} re-
stricting to r; on the corresponding ends, and with z +w = A. The set
of full reducibles is taken to the subset with z = w. If b¥ (W) # 0 and
7 is a reqular perturbation, then no reducibles arise in the moduli space M.

(6) Assuming we have chosen a homology orientation of W and an element
of all relevant orientation sets, there is a fiber oriented decomposition

(~DImeMy, (0.f) = | (DER DT Mg (0,7) Xy M (7. 5)

YCCry w1, w2
wy Fwa=2

U ME2;U]1;7TI(O[”Y) X"/Mg/,w%w(’}ﬂﬁ)'
yc@wl,wl,wg
w1 kW =2

PRrROOF. That such a regular perturbation exists, and that they are generic in
U, is Theorem [£.52] The grading function was defined in Definition [£.10] and seen
to be well-defined mod 8 in Corollary [£:37] the compactification with no bubbling is
given in Corollary and the manifold-with corners structure (and decomposition
of the boundary) given by Proposition m The orientations are provided by
Proposition [5.16] The identification of reducible orbits was given by Proposition
and Proposition [£.24

The path + is necessary to choose a basepoint in W (as v(1/2), say) and then to
parallel transport the chosen framing to the basepoints v(0),v(1) on the boundary

components.
The fiber orientations and oriented decomposition were provided by Proposition
0,10l [ |

Lastly, to prove invariance of these induced maps, we will want a version of this
package for families of perturbations w. Recall both the definition of broken metric
and regular family of metrics and perturbations from Chapter [1.8] We only use this
notation for the case of families indexed by the interval [0, 1].

Also recall that Definition [£.43] of weakly admissible cobordisms partitions these
into three classes: first, the admissible cobordisms for which one end is an admis-
sible bundle (so supports no reducible flat connections). Second, there are the
weakly admissible cobordisms with rational homology sphere ends, b1 (W) = 0, and
b (W) > 0 and E non-trivial. Third, there are those with by (W) = bt (W) = 0
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and which satisfy the ‘p-monotonicity inequality’

Py (1) < Py (72)

and support no bad reducibles, meaning that H;Y; @ H1Y; — H; W is surjective.
(The second condition Definition is never satisfied for U(2)-bundles.)

THEOREM 6.19. Suppose (W, E) : (Y1, E1,7_) — (Ya, Ea, m4) is a weakly admis-
sible cobordism between 3-manifolds equipped with regular perturbations 7+ € Pg, s.

Suppose I = [0,1] parameterizes a family of metrics on W (with fized cylin-
drical ends); the metrics go and g1 may be cut along a separating 3-dimensional
submanifold of W, as in Chapter [[.8, itself equipped with a regular perturbation.
Then there is a contractible open set U, with

(r_,0,74) c U, cU c PP
such that the following are true. Suppose (W,E) is equipped with a pair of regular

perturbations 7(0), (1) € Uy PO which equal the T4 on the ends.

(1) If b (W) # 1 or E supports no reducibles, there is a path m : [0,1] — U,
so that w(t) and g, form a regular family of metrics and perturbations.

(2) If b* (W) =1, then for mo,m as above and any path « : [0,1] — Uy that
suppots no reducible instantons, we may perturb w(t) on the interior to
form a reqular family of metrics and perturbations.

(3) If w(t) is a regular family of perturbations on [0,1] = I, there are smooth
SO(3)-manifolds M}/E‘/’M(t) (a, B) of dimension gr,(«, 8) + dima + 1.

(4) A homology orientation of W and a choice of element of each of A(«) and
A(B) induces a fiber orientation on

e : Mgzm(t)(a, B) - «,

as before. These orientations negate under orientation-reversal of any one
of these choices.

(5) As long as gr'’¥(a, B) < 9;dim a, the moduli space /CIJE’ZJ(,:) (a, B) has a
natural compactification ME’Z),,(t)(oz,ﬂ) satisfying the same properties as
before.

(6) If an element is chosen from each relevant orientation set as above, then
there is a fiber oriented decomposition

el T YY) AA =V
Mg .xpy(@B)= | (D Mp, 2 r (0,9) x4 Mg 2y o0 (1 8)

YEC A _s21%k22=2

U 000y, (0.0 x¢ May(G7)

C€¢r+ jz1%20=2

— W —W
v ME,Z,‘n’(l) (a? ﬁ) Y _ME,Z,TF(O) (Oé, B)

PROOF. This is precisely the content of Chapter [I.8} in particular, the transver-
sality and gluing results in the absence of broken metrics are given by Proposition
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[4.61] and Proposition [f.64] respectively; the extension to the case of broken metrics,
including the third item above, is given by Proposition [4.65) |

We will use the fiber product maps of Lemma associated to the SO(3)-
equivariant endpoint maps

e_ . mE,z,ﬂ'(azﬁ) —Q, ey mE,Z,7T(a75) - B

to define the framed instanton differential, as opposed to the usual counting of
points in 0-dimensional moduli spaces. (Note that the degree of the fiber product
map is precisely gr,(a, ) — 1 for moduli spaces on the cylinder, and precisely
gr’¥ (a, B) on a cobordism.) Lemma guarantees that when

dim M(a, ) = dima + dim 3 + 2

the map o — o x,_ M(a, B) is identically zero on the chain level. Because all orbits
have dimension at most 3, and

dim M(a, B) = gr.(a, 8) + dima + 1,

we see that these fiber product maps vanish when gr,(«,8) > 6. As a result, we
need not panic about the Uhlenbeck bubbling arising in large-dimensional mod-
uli spaces. This same observation arose in the original definition of equivariant
instanton homology given in [AB96]. In their case, the differential was defined
via pullback and integration-over-the-fiber of differential forms, and whenever the
differential form is in degree lower than the dimension of the fiber, the integral is
Zero.

DEFINITION 6.20. A relative Z/8 grading on a set S is defined by a function
r:SxS—>1Z/8,

with r(x,y)+r(y, z) = r(x, z). Such an additive function is equivalent to a function
i:S — Z/8 considered up to translation; that is, ¢ ~ i’ if i(z) = #'(z) + ¢, for some
fixed c¢. Given a function i, one obtains an additive function from its differences:

ri(z,y) = i(y) — i(z).
This gives the same function for any equivalent i,4'. Conversely, evaluation defines
functions is(z) = r(x, s), with is(x) = it(z) +i(¢, s), so that is ~ i;.
A relatively graded chain complex splits as a direct sum C' = @;ez/3C;, where
the differential is the direct sum over d; : C; — C;_1.

The relevant relative grading to us is gr : €, x €, — Z/8. Picking a critical
orbit p arbitrarily, we write i(a) = gr(p,«). If E is trivial, we set i(a) = i(0, a),
where 6 is the trivial connection. This gives us an absolute grading when E is
trivial (though changing the trivialization may change 7 by a multiple of 4).

Just as there is a relative grading on critical orbits, the framed instanton chain
complex CT has a relative grading. As a relatively graded R-module, CT is defined
by

CI.(Y,E,mR) = @ C&(a; R)[i(a)] ®rpz/2) RIA()].

acC,

Here A(a) is the 2-element orientation set discussed in Theorem (6). The group
7,/2 acts on A(a) by swapping the two elements, and on C§" (o; R) by negation.
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If 01 : P > « and 03 : Q — 3 are basic chains, the relative grading |o1| — |o2| €
Z/8 is given as

loi| — |o2| = (dim P + i(«a)) — (dim Q — i(8)) mod 8.

Because i(a) —i(8) = gr(p, a) —gr(p, §), this simplifes using the additivity formula

of Theorem (2) to
|o1] — |oa| = dim P — dim @ + gr(«, 8).

This further implies (|o1]| — |o2|) + (Jo2| — |os]) = |o1] — |o3|, as expected.
The differential is given (termwise on basic chains ¢ : P — «) by

Ocro = 0o + 2 (_1)dim00' Xe_ mE,ZﬂT(aaﬁ)'
Bcsr
z,gr, (a,8)<5

Here do denotes the differential inside C§™ (o) and the chain o x._ M is defined as
in Lemma we orient the moduli spaces using choices of elements of A(«) and
A(B). Because swapping elements of these orientation sets negates the orientation
on the fiber product, the map C§" ® R[A(a)] — C§™" ® R[A(B)] descends to the
quotient under the two Z/2 actions. We drop the orientation sets from notation as
much as is reasonably possible.

The index demand on the sum ensures that all of the moduli spaces M appearing
in the sum are compact oriented topological manifolds with corners and a smooth
structure on each stratum (as a consequence of Theorem (7). The reason we
can do this without concern is that the fiber product with any larger-dimensional
moduli spaces is identically zero — we can consider our sum as being a formal
truncation of what “should be” the instanton differential doy, where we throw out
moduli spaces of dimension too large to contribute. This happens precisely when
the degree of the fiber product map is larger than dim 8 + 1; because SO(3)-orbits
have dimension at most 3, this is true when gr,(«, 5) — 1 > 4.

First observe that the differential decreases the relative grading by one: if o :
P — «is a basic chain, taking the fiber product gives a basic chain ¢’ : Px._ M, —
5. The relative grading between these is

lo| — |o'| = dim P — dim (P x._ M.) + gr.(a, B).

Lemma, tells us that the dimension of the fiber product is dim P + dim M, —
dim . Combining these with dim M, = gr,(a, ) + dima — 1, we see that the
relative grading

lo| — |o'| = dim P — (dim P + gr, (o, ) — 1) + gr.(a, ) = 1.

LEMMA 6.21. &*(Y,E,w; R) is a chain complex. That is, 02; = 0. Further-
more, the right action of C§"(SO(3); R) on C1, acting on each @CE" (a; R) on
the right (induced by the right action of SO(3) on «) gives CT the structure of a
dg-module.
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PROOF. It is clear that, for a basic chain ¢ : P — a,

o=+ Y (=)o) xeL M2 q(a, B)
BeCr
z.gr(a,B)<5
+ > (=)0 (0 xeL Mp za(e,B))
BeCr
ngrz(a7ﬁ)<5
+ Z (_1)2dimo+gr(a,’7)—1o- Xe (ME,Z,TF(Q7’Y) X’YME,Z,TF(/Y7ﬂ)) .

¥,B€Cr
z,gr.(a,7)<5
w,gr,, (7,8) <5

First, 0?0 = 0 because C§" (a; R) is a chain complex. Using the decomposition
6(0’ X ﬂ) = o Xeo_ M + (_l)dima+dimaa, X ﬂ
of Lemma , and cancelling the (do) x._ M terms, this reduces to

a%lg = Z (_1)dimao' Xe_ (aME’Z’ﬂ—(Oé,B))
BeCr
z,gr.{a,8)<5
+ 2 (=g =1 (Mp,zn(0,y) xy ME (7, 5)) .
7BCEx
z,8r, (a,7)<5
w,gr,, (7,8)<5
The terms in the second sum can only be nonzero when gr, (o, v)+gr,, (v, 5) < 5,
which is to say that gr,,.,(a,5) < 5. After eliminating terms in the sum which
vanish for dimension reasons, we’re left with

(_1)dima6%10 = Z 0 Xe_ (amE,z,ﬂ'(avﬁ))
BeCr
zvgrz(aa5)<5
+ Z (_1)dim()¢+gr(o¢,’y)—1o_ Xe_ (ME,Z,TF(OZ77) Xy mE,z,w(W»ﬁ)) :
v,BECr
Z,W,8T g (@, 8)<5
This is zero by the decomposition of the boundary given in Theorem (9).
That the action of C§™(SO(3); R) makes CI into a C§"(SO(3); R)-module is
clear from the fact that each summand C&"(a; R) is, and that the fiber product
map of Lemma is a C£™(S0O(3); R)-module homomorphism. [ ]

Suppose we have a weakly admissible bundle E over a cobordism W from
(Y1, E1) to (Ys, Es). To fix the orientations of these moduli spaces, we need to
choose a homology orientation on W; we will suppress this from notation and just
refer to “a cobordism W7”.

LEMMA 6.22. Suppose
(W,E, ) : (Y1, E1,m) — (Y2, Ea,73)

is a cobordism where E is a weakly admissible bundle and m is a choice of metric
and reqular perturbation restricting to the m; on the ends. Furthermore suppose W
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is equipped with an embedded path v between the basepoints by and by. Then there
is an induced C5"(SO(3); R)-equivariant chain map

ﬁ’W,E,w,y : &(Y1,E177T1; R) — &(E,E%W%R)

PrOOF. The map is defined analogously to the differential itself; we only need
to define its value on a basic chain ¢ : P — «, where a c €, is a critical orbit on
Y:. Here the value is

Fypry(0)= >,  (=D"%0 x.. Mg n,
BcCxr,
z, grgv(oz,ﬂ)éél

where the map to 3 is defined using the positive endpoint map ey : ME,ZJ — f.
Defining this endpoint map is the essential place the path v : R — W is used.
Here the sum is up to gr,(«, 3) = 4 instead of 5, because for cobordisms dim M =
gr + dim «, whereas there is an extra factor of +1 on the cylinder, account for the
translation action.

That this is an equivariant chain map follows as in the previous lemma from the

decomposition of the moduli space Mg, » of Theorem (6). |

These maps are essentially independent of the perturbation chosen on the cobor-
dism, except in the case that W is weakly admissible and T (W) = 1. (In the
statement of the following, recall the definition of weakly admissible from Defini-

tion [4.43])

LEMMA 6.23. Given two W-small reqular perturbations my, w1 on a weakly ad-
missible cobordism (W, E), there is a reqular family of W-small perturbations 7 (t)
parameterized by [0, 1] interpolating between them, restricting to the same fixed per-
turbations on the ends for all t, or possibly some chain of them, so long as either
bT (W) # 1 or E supports no reducible connections. This induces a C§"(SO(3); R)-
equivariant chain homotopy between

FwEry ~ FwEem v

If (W, E) is weakly admissible and b™ (W) = 1, then consider the set of metrics and
regular perturbations on W, equipped with the equivalence relation (go, 7o) ~ (g1,71)
if there is a path (gym¢) between them so that no (gi, ) suppots a reducible w-ASD
connection. If my ~ 71, then we have a chain homotopy as above.

PrROOF. When W supports no reducible connections, or has b (W) # 1, then
the existence of such a regular family of perturbations is Theorem (1), and
when bT(W) = 1 it is point (2). Some care should be taken when varying the
metric; first we should modify the perturbations m; to be small relative to the path
of metrics g, and then we should construct a regular path between them.

That the moduli spaces of relevant dimension have compactifications to mani-
folds with corners and a smooth structure on each stratum follows from Theorem
6.19| (5). The chain map is given on a basic chain o : P — a by sending

g — Z O Xe_ ME,Z,TK‘(t)'
BeCy,
z, gl (o, B)+1<4

That this is a chain homotopy from ﬁW,Enro,’v to }~7W,E7,,1 ~ follows from the decom-
position of the moduli space given by Theorem (6).
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The main interesting point to make here is that these moduli spaces may be
nonempty even though gr,(«, ) is negative. This corresponds to the existence of
7(t)-instantons for ¢ € (0,1) that are regularly cut out in the family — but because
of the index they cannot possibly be cut out regularly (considered as an instanton
for the single perturbation 7(¢)). |

We need to relate maps arising from the geometric composition of cobordisms
and the composition of chain maps.

LEMMA 6.24. Suppose we have two weakly admissible cobordisms (W;, E;, ;)

from Y; to Y11 with regular perturbations m; € 731(,33@’5. Further suppose each W;
is equipped with a path v;, so that the positive end of W1 agrees with the negative
end of Wy, and the paths concatenate to form a smooth path v in the composite
cobordism. Denote the composite (W, E). Then there is a reqular family of metrics
and perturbations w(t) so that mw(0) is a regular perturbation and metric on W,
while w(1) is the broken metric (and perturbation) corresponding to the obvious
way to glue the two cobordisms. This induces a C5" (SO(3); R)-equivariant chain
homotopy

ﬁW2,E27W2»W2 © ﬁ‘Wl,Elﬂﬁrn = ﬁW,E,w(O),'y-
PrROOF. Recall that the moduli spaces for the broken metric are by definition
given by
ME72,W(1)(Q77) = U mElvzlﬂTl XﬁﬂEmzmm'

BeCy,
Z1%20=2

Thus the chain map given by a broken metric is precisely the composite of its
component cobordisms.

Lemma [4.44] guarantees that the composite of weakly admissible cobordisms
remains weakly admissible. The conditions in Theorem (2)-(3) were that m(t)
admits SO(2)-reducible instantons if and only if b™ (W) = 0, and all fully reducible
instantons are cut out transversely. These are assumed to be true for the two
pieces of the broken metric. If 7(t) is the path from a broken metric to a non-
broken metric, the same will hold for sufficiently small t. Some care should be
taken to ensure that the perturbation 7(0) is W-small and has no part on the neck
corresponding to the perturbation that used to lie ‘at infinity’, as in the discussion
preceding Proposition m Then by a small perturbation, we may ensure that 7 (t)
is a regular family of perturbations.

Given that, we may define the induced map as

g — Z(—l)dimgg Xe_ ME,Z,TI’(t)(QVﬂ)'
B

There are no additional difficulties in verifying this is a chain homotopy between
the map induced by the perturbation 7(0) and the map induced by the broken
metric/perturbation m(1). [ |

The chain maps F are invariant under diffeomorphisms of the cobordisms.

LEMMA 6.25. Suppose W1 and Wy are cobordisms equipped with weakly admis-
sible bundles E;, reqular perturbations m;, and paths 7y; between the basepoints of
the ends. Furthermore suppose that the ends of the two cobordisms (Wi, By, mi,7;)
agree (so that we think of them as cobordisms between the same manifolds). Sup-
pose p : Wi — Ws is a diffeomorphism, equal to the identity on the ends and with
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o(71) = 72, and ¥ : 9*Eq =~ Ey an isomorphism of U(2)-bundles so that ¥ takes
p*7o to m1. Furthermore suppose @ preserves the homology orientations on the W;.
Then the chain maps Fw, g, x,~; are identical.

Proor. This data induces a diffeomorphism
v MELM (av B) - MEzJQ (a7 ﬂ)

That this diffeomorphism preserves the endpoint maps follows because p(y1) =
~9; it preserves orientation because ¢ preserves the homology orientation of the
cobordisms. Given any basic chain ¢ : P — «, the map

P Xe_ M]‘31 g P XE_ MEQ

induced on the fiber product is a diffeomorphism preserving e, : P x._ Mg, — (3.
By definition, this means these two basic chains are isomorphic, hence equal in
CE(8; R). n

REMARK 6.26. In dimension 4, any two embedded paths which agree near the
ends and are homotopic relative to their boundary are in fact isotopic relative to
their boundary. The isotopy extension theorem then provides a diffeomorphism of
W fixing the boundary and taking ¢(7y2) = 1. Hence from the previous lemma
}N*ﬂwa’,Tm = ﬁW,E,w*w,'m’ So homotopic paths induce the same map in homology.

Combining all of these, we see that we have a functor from a sort of cobordism
category to a homotopy category of chain complexes. We make this precise in the
following definition. Recall Definition [3.16of the finite set o(Y, E) of signature data
on (Y, E).

There are two categories of cobordisms relevant to us. The first includes the
data of the perturbations; the second removes it as much as possible.

DEFINITION 6.27. Let Cobg’l(jz)’w’7T denote the following category The objects
are closed oriented Riemannian 3-manifolds Y, equipped with a choice of basepoint
b €Y, a weakly admissible U(2)-bundle E — Y, and a regular perturbation 7 €
PE,s for some 6 > 0.

The morphisms in Cobgf)’w’7T will be formal concatenations of morphisms of
the following type (called ‘unbroken cobordisms’).

An unbroken cobordism (Y7, Ey,7,b1) — (Ya, Ea,m2,bs) is given by the data

of (W, E,W,7,¢,¢). Here W is an oriented, homology oriented, Riemannian 4-
manifold with two cylindrical ends, with chosen oriented isometries of these ends
to (—00,0] x Y7 and [0, 0) x Ya, respectively, while E is a weakly admissible U(2)-
bundle with specified isomorphisms to the pullback of F; on the cylindrical ends.
The data 7 is a W-small regular perturbation restricting to the perturbations 7;
on the ends, and v : R — W is an embedded path which agrees with (¢,b;) on the
ends, following the specified isometries above.
A morphism in Cobgyl(f)’w’7r is simply a finite sequence of morphisms W; (for
1 € i < n) so that the target of W; is the source of W;1; when 1 < i < n.
These morphisms are thought of as Riemannian manifolds with ‘broken metric and
perturbation’.

1The notation b is meant to stand for based, and w for weakly admissible; the 7 signifies that
the perturbation data are included in an essential way.
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Let Cobg,l(f) " denote the following category. Its objects are closed oriented 3-
manifolds Y equipped with a basepoint b € Y, a weakly admissible U(2)-bundle
E — Y, and a signature datum o € o(Y,E). A morphism (Y1, E,01,b1) —
(Ya, Ea,09,by) is given by the data of (W, E, [g,7],7, ¢, ). Here W is a compact
oriented, homology oriented, 4-manifold; E is a weakly admissible U(2)-bundle;
[g, 7] is an equivalence class as in Lemma of metric g and (W, g)-small regular
perturbation ﬂﬂ restricting to perturbations 7; on the ends with associated signa-
ture data o, = oy; and v : [0,1] - W is an embedded path which is cylindrical
in a collar of the boundary; ¢ : OW — Y; Y5 is a diffeomorphism sending ~(i) to
biy1; ¥ is an isomorphism F; 1 By — ¢*E.

Two such cobordisms (W, Ei, [7:],7vi, p:) are to be considered the same mor-

U(2),w
b

phism in Cobg if there is a diffeomorphism ¢ : W7 — Wy with @2 = @1, a

bundle isomorphism ¥ : E; — ¢*E, taking U*[r3] = [m1] and a homotopy relative
to the endpoints between v; and ¢! (v2).

The target category is the following.
r,Z/8
Cx50(3)
over C§™(SO(3); R) equipped with a relative Z/8 grading, and whose morphisms
are relatively graded C§™(SO(3); R)-equivariant chain maps. There is an equiv-
alence relation on the morphisms in this category — Cg&"(SO(3); R)-equivariant
chain homotopy — and there is a category

Ho (Komgf/;o(?))ﬂ) ,

DEFINITION 6.28. Let Kom . denote the category with objects dg-modules

the homotopy category of right C§™(SO(3); R)-modules, whose morphisms are
equivalence classes of equivariant chain maps. If we denote the category of relatively

Z/8-graded R-modules with a graded action of H,(SO(3); R) as MOd;ﬁ/go(g)Rv

then taking homology gives a functor

rZ[8 r,Z/8
Ho (KomC*SO(3);R) — Mod “so(3):r-

The following is essentially immediate from definitions, and we record it as a
lemma.

LEMMA 6.29. Sending (Y, E, b, ) to the framed instanton complex &(Y, E,7;R)

defines a functor
r,Z/8

U(2),w,n
Cob CxSO(3);R"

obg p — Kom

PROOF. Because morphisms Cobz,[f,(f)’w’7T are given by formal concatenations
of a given generating set of morphisms, this merely asserts that we have defined

induced maps for that generating set. This was done in Lemma [6.22] [ |

Finally, we see that framed instanton homology is functorial on the category of
cobordisms without perturbation data.

THEOREM 6.30. There is a functor

~ U(2), Z/8
T Coby§™™ — Mod 85

2By definition, unless b+ (W) = 1, all perturbations are equivalent, and so this additional
data is vacuous!
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so that for any regular perturbation © on (Y, E), the group f(Y,E, o; R) is canon-
ically isomorphic to the homology groups T(Y,E,TI';R) of the chain complezes de-
fined above. Following this canonical isomorphism, the induced map of a cobordism
(W, E, [7]) is given by the induced map on homology of the map of chain complezxes
defined above.

PROOF. The previous lemmas showed that Clisa complex of the appropriate
type, and showed that cobordisms W in this category — when equipped with
a perturbation m — induce chain maps, as long as w is sufficiently small. An
isomorphism between (W, E, v, ¢, 1) (here, taking the path v, diffeomorphically to
v2) takes the moduli spaces (and their endpoint maps) of the first to those of the
second, and hence the chain maps are the same on the nose. In particular, given
regular perturbations my,mo on (Y, E') with signature data o, any path m; between
them gives a sufficiently small perturbation on R x Y (possibly with time-varying
metric), and hence gives an induced map ﬁRXY,Tr*E,TFt,b; by Lemma any two
such chain maps are homotopic.

We will use this to pin down the group I(Y, E, o) as something independent of
the choice of metric and perturbation.

Write pi9 : f(Y, E m) —> f(Y,E,ﬂg) for the unique isomorphism between the
groups associated to the perturbations m; (abbreviated for the moment I(r;)) de-
fined by choosing a perturbation along R x Y as above. Set

I(Y,E,o;R) := ( &) T(KE,TF;R)) / ((z € I(my) ~ proz € f(ﬂ'g)) .
T, On=0
The map T (Y,E,m;R) — ~(Y, E; R) induced by inclusion into the direct sum is an
isomorphism for any regular perturbation 7.

A cobordism with cylindrical ends (W, E, 7) restring to m; on the appropriate
ends induces a map on each summand NW,F:p, : f(Yl, Ei,m) > N(Y27E2, m2). The
invariance result of Lemma [6.23| implies that this map is the same, independent of
the choice of m extending the 7; on the ends; furthermore, Lemma [6.24) implies that
these compose as expected with the canonical isomorphisms pio above. Therefore,
this defines an induced map ﬁW,E’A, : T(YhEth) — N(YQ,EQ,JQ) by attaching
cylindrical ends on each boundary component and choosing some sufficiently small
regular perturbation.

We saw that the chain maps were independent of the perturbation 7 and ho-
motopy class v up to chain homotopy in Lemma (unless b (W) = 1, in which
case there is an equivalence relation on perturbations), and that they compose as
a functor should up to chain homotopy in Lemma |

The choice of U(2) bundle is necessary to pin down signs, both in the differential
on the chain complex and in the cobordism maps. But at least at the level of
Floer homology groups, the U(2)-bundle is mostly inessential, as we will see in the
following.

LEMMA 6.31. Let J be a nonempty finite set and A be an abelian group. Write
ad;j for the function J? — A which equals a if i = j and is zero otherwise; then

denote ad; : J*> — A by (ad;)(z,y) = (adz;) — (ady;).
Suppose s : J? — A be a set map satisfying

S(l’,y) + S(y,Z) = 5(1'7'2)
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Then there is a choice a; € A for each j € J so that
s = Z ajéj;
J

the choice of a; is unique up to a uniform change a} = a;+b, where b is independent
of j.

PRrROOF. Choose a basepoint p € J, and set a; = s(p, j); then s’ = s — Zj a;6;
still satisfies s'(x,y) + s'(y,2) = s'(z, 2), and now further satisfies s'(p,j) = 0 for

all j. Therefore for any i, j € J, we have
s'(p,i) + 8'(, 7) = s'(p, 5),
and so s’ is identically zero, as desired.

The essential uniqueness of a; follows from knowing the kernel of the map (a;) —

Zj a;o;. If Zj a;0;(i, k) = 0 for all i, k, then we obtain from the definition of 4,

that a; — ap = 0 for all i, k, as desired. |

COROLLARY 6.32. Let (Y, E, ) be a 3-manifold equipped with a weakly admissi-
ble SO(3)-bundle and regular perturbation 7. Suppose we are given any two U(2)-
bundles E; with an isomorphism E; xy(2) SOB) = E; we may define the four
flavors of instanton Floer homology groups I*(Y, El-, ).

Then there is an isomorphism f : I*(Y, Ey,w) — I*(Y, Ey, 70) of relatively graded
R-modules with an action of either Hy(SO(3); R) or H~*(BSO(3); R), as appro-
propriate to the flavor o. While this isomorphism is not canonically defined, it is
defined up to a sign; that is, {f, —f} is a canonically defined pair of isomorphisms
between these two a priori different Floer homology groups.

ProoF. Note that the underlying graded R-module (or graded Cy(SO(3); R)-
module, as appropriate) is independent of the choice of U(2)-bundle; the only con-
tribution the choice of U(2)-bundle makes is an orientation of the moduli spaces
M(a, B), or rather the fiber above a point in «, assuming we choose an element
of two orientation sets A, and Ag. If we change the U(2)-bundle, the orientation
sets change. Choosing an isomorphism A, — Al for each « gives an identifica-
tion Myp = M;ﬁ, which is either oriented or unoriented, depending on a sign
s(a, B) € £1 (note that this sign is the same for any connected component of the
moduli space); because the orientations are compatible with gluing, we find that
s(a, B)s(B8,7) = s(a, 7).

We may abstract somewhat. The situation we have (for any of the instanton
homology complexes) is that there is a decomposition

CI*(Y,Ey,m) =P Cj x41 A
jeJ
as graded R-modules; here J = €, the set of n-flat orbits, and A;- is a 2-element
orientation set for each j, which depends on the choice of bundle E;. The differential
may be written in matrix form as (d; ); pinning down an actual map C; — Cj
requires choosing an element of A’ and Aj.
Choose an arbitrary isomorphism r; : A} ~ AJQ- for each j; this gives a map

fr: CI*(Y,Ey,7) = CI*(Y, Eq, 7).
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This map satisfies
f’f’d§k‘ = s(J, k)f’f'd?k:y
with as above s(j, k)s(k,£) = s(j,£). Following Lemma [6.31] there are exactly two
functions t : J — {£1} with t(j)t(k) = s(j, k). If we change the chosen identifica-
tions 7; : A} — A3 to
(tr); =t(j)r; : A} — A?,

correspondingly we find that the new map f,. is in fact a chain map, and hence an
isomorphism of chain complexes (with action of whatever dg-algebra is appropriate).
Because there are only two choices of r so that f, is a chain map (and the two choices
are negatives of one another), we have a canonical pair of isomorphisms {f, —f}
between I* (Y, F1,w) and I*(Y, Ey, w), where E; are two U (2)-lifts of a given SO(3)-
bundle. m

REMARK 6.33. There is a natural partial ordering on o(Y, E): an element o
defines a function f, : Red(Y, E) — Zs¢, and we say that o < o’ if f,(a) < for (@)
for all @. The problem with attempting to show that the instanton homology
groups are invariant of the signature datum is that the cylinder is only a weakly
admissible cobordism (Y, E,0) — (Y, E, ') if 0 < ¢’. Any attempt to resolve this
needs somehow to cope with reducible connections on the cylinder which cannot
be made to be cut out transversely; perhaps the obstruction bundle technique, as
described briefly at the end of [Don02] and used to great effect in [Tau84], is one
such tool.

REMARK 6.34. Suppose we work instead in the category Cobgg(g)’a of admissible

cobordisms. Then in fact, a much stronger invariance property of the maps }?W’E
is true: the homotopies between induced maps are homotopic, and so on.

A precise formulation of this statement uses the language of quasicategories
(sometimes called (00, 1)-categories); a good introduction to the language is [HLS16].
There is a quasicategory wCobgf)’a of 3-manifolds equipped with perturbations,
whose morphism spaces are simplicial sets whose n-simplices are A™-indexed ad-
missible families of (possibly broken) perturbations on cobordisms. The framed in-
stanton chain complex lifts to a functor from this quasicategory to the quasicategory
of chain complexes, and furthermore the forgetful functor wCobgl(f)’a — Cobg l(f)’a
to the homotopy category is an equivalence of quasicategories. This is essent}ally
the statement that the space of admissible perturbations on a given cobordism is
contractible, and a version of this would be provided by a natural extension of The-
orem for simplices; the only obstructions to such an extension lies at reducible
connections, which the admissibility assumption is used to avoid. Using this, it’s
possible to find a chain-level version of CT that is functorial under cobordisms on
the nose, as opposed to up to homotopy, and well-defined up to essentially unique
natural equivalence. In fact, this is done using the quasicategorical Kan extension;
the definition of I(Y, E, o) above is a very special case of a Kan extension. We don’t
see any need for this structure, and so leave the details to the interested reader.

Any extension of such a result to all weakly admissible (W, E) would require
a substantially different notion of “regular family”, as there are obstructions to
achieving transversality in the standard sense at reducible connections for families.

In this framework, the space of perturbations on a fixed 3-manifold form a
quasi-category (actually, a Kan complex): 0O-simplices are pairs (Y, E) of a weakly
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admissible 3-manifold and regular perturbation 7, and an n-simplex starting at
(Y, E,m) and ending at (Y, E, my) is a regular family of perturbations on R x Y
parameterized by the (n — 1)-dimensional simplex, so that for all perturbations in
this family, the restriction of 7 to the the corresponding end is the fixed perturbation
m;. Then (1) guarantees that the space of perturbations with fized signature
perturbation is contractible, and that this quasi-category is equivalent to the poset
whose elements are signature data on Y, and there is a morphism o — ¢’ iff & < ¢”.

6.3. The index filtration
Recall that the relatively Z/8-graded complex
CI(Y,E,m R)

is defined as a graded C§™(SO(3); R)-module to be

D " (e B)[i()],

acl
where i(a) = gr(p, a) € Z/8; this grading is well-defined up to a translation (arising
from choosing a different base orbit p), and thus defines a relative grading on C1.
Here we drop the orientation sets A(a) from notation; if so desired, there is no

harm in making a choice of orientation for each critical orbit.
Now if z is a homotopy class of path from p to «, write

i(a,z) = gr(p,a) € Z/8.
There is a Z-graded complex 1 une (Y5 E, w5 R) given as
@ i (a; R)[i(e, 2)].

OLCNQ:-,.-
zem1 Bg,p,a
If (o, 2;) are two such labelled critical orbits, there is a unique homotopy class
of path w from oy to ag so that zo ~ w * z;. Then using the additivity of gr, we
see that the degree difference between o; : P; — «; is given as

|O'1| — |O’2| = (dlmP1 — i(al,zl)) — (dlmPQ — i(ag,ZQ))
= dim P, — dim P, + (gr,, (p, a2) — gr.,, (p, a1))
=dim P, — dim P> + gr,, (a1, as2).

We thus see that the grading induced by choosing p as a basepoint induces the
expected relative grading.

We write a basic chain o : P — « corresponding to a critical orbit « labelled by
z as (o, z). The differential of o : P — (q, z) is given by

oci(o,z) = (0o, 2) + Z (0 Xe. Mpuwa(o,B),zxw).
pee,
wem (Bg,o,B)
gry, (@, f)<5

Each critical orbit a has a unique homotopy class of path 1 € m; (l§E, a) with
gry(a, ) = 8; the element 1 is a cyclic generator of the fundamental group, which
is isomorphic to Z. The complex C1 unr (Y, E,m; R) has a periodicity isomorphism,
sending the component C§™(c; R) labelled by z identically to the component la-
belled by z+1. That this commutes with the differential above is only the statement
w+ 1 =14 w for any path w.
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The 8Z-periodic, Z-graded complex C1 (Y, E, 7; R) is called the unrolled com-
plex of &(K E.7; R) in Chapter the quotient by the above periodicity iso-
morphism just forgets about the labelling by z.

C1 unr (Y, E,m; R) carries an honest filtration by index. We write

Flluw(Y,E,mR) = @ C¥(o; R)i(e, 2)]-
aeC
zewl(BNE,p,a)
i(a,z)<s

Because a nonempty moduli space Mg ., »(c, 8) can only exist if

grz(p7 O[) > grz*w(pa ﬁ)7

the differential decreases index and hence preserves the filtration. Furthermore,
because the filtration is defined by taking a direct sum of C§"(a; R) for (o, 2)
satisfying the index bound, this is a filtration by C&™(SO(3); R)-modules.

Because gr,(p, @) = gr,(p, o) + 8, this is a periodic filtration in the sense of
Definition The associated graded module is

grpajunr(ya E,mR) = @ C" (a; R)[p]-
aelC,
i(a)=p mod 8

In particular, because C§™ (X; R) is supported in degrees at most dim X +1, and
all of our components « are SO(3)-orbits, each associated graded piece is bounded,
supported in degrees [0, 4].

Now note that the instanton differential dcy : Clyny — Clun: decomposes as
Ocr = 0o+ 01 + -+ + 05, where 0y(0, z) = (0o, 2z) and for k > 0,

Ok(o,2) = Z (O’ Xe. Mpwar(a,B),z* w) .
pee,
wen (Bg,a,p)
gry (a,8)=k
This is the component of the differential that decreases filtration by k, and is given
by those fiber product maps with moduli spaces which increase dimension by k — 1.
The decomposition of dcy into the Ji ends at ds because fiber products with moduli
spaces with gr,, (a, 8) > 5 are identically zero.

Furthermore, observe that dim M, (a,3) = dima + gr,(a,8) — 1, while for
any nonempty moduli space we have dim M., (a, 8) > 3 because by Theorem
(8), the SO(3)-action is free. Therefore, if M, (a,3) is nonempty and « is an
SO(2)-reducible, necessarily gr,(«, 5) > 1; if « is fully reducible, then necessarily
gr,(a, 8) > 3. In particular, ¢, is identically zero on reducible orbits; in addition
both do and 03 vanish on fully reducible orbits.

Therefore, we have the following, which a special case of Theorem item

(3)-

THEOREM 6.35. Let (Y, E) be a weakly admissible bundle and m a reqular per-
turbation. There is a (Z/8,Z)-bigraded spectral sequence of H,(SO(3); R)-modules
so that the Z/8-grading is relative, whose E* page is

E,,= @ HyxR)

acC,
gr{a)=p
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this spectral sequence converges to B = grpfp+q(Y, E,7; R), the pth component of
the associated graded vector space of T(Y7 E, 7 R)piq-
On the unrolled (Z,7)-graded spectral sequence, we have

AL A~ Tunr
Ep,q = grp[pﬂ('

For a class [x] € E” which has a representative x € CT with d;z = 0 fori <,
the spectral sequence differential d.[x] may be identified with [0,x]. In particular,
the differential d; on E' is only nonzero on the irreducible components, where it is
given by counting points in 0-dimensional moduli spaces Mg . (v, B)/SO(3) (note
that B need not be irreducible).

The index spectral sequence for T degenerates on the E® page for dimension
Teasons.

PRrROOF. The only conditions we need to check to apply Theorem 3) is
that each associated graded module grp& unr (for each fixed p) is bounded in de-
gree. These follow by definition: C§™(X; R) is supported in degrees [0, dim X + 1],
and grp@:funr is a finite direct sum of SO(3)-orbits with i(a) = p, so is supported
in degrees [p, p 4+ 4]. This gives us the existence of the spectral sequence, as well as
the fact that it computes the associated graded of T.

Degeneration takes only slightly more work. That the differentials on elements
[z] with lifts that have d;z = 0 for ¢ < r are induced by 0, is an elementary
diagram chase. In fact, that this is true holds more generally: Wall’s notion of a
multicomplex (see Definition is a complex so that the differential splits nicely
into components d,. that decrease the filtration by r, and C is equipped with the
induced differential

d=do+dy +do+-

Here, d, = 0, are the terms which decrease index by precisely r. Because 0,
increases the dimension of a geometric chain by » — 1 and the homology groups are
supported in degrees at most three, these summands d,. vanish for r > 5. |

As an immediate corollary, we may define and calculate the Euler characteristic

x(I(Y,E,c)), where o is a signature datum.
COROLLARY 6.36. Let (Y, E,0) be a 3-manifold equipped with a weakly admis-

~

sible bundle and signature datum o. Then I(Y, E, o) is finitely generated, and
X(I(Y, E,0)) = |H*(Y;Z)| = |H\(Y; Z)].
If b1 (Y) > 0, we interpret the right-hand-side to be zero.

This follows because

X(I(K E, J)) = X(gr I(Y7 E, U))?
because x(SO(3)) = 0, the only contribution to this Euler characteristic is from
the reducibles. Then the result follows from the enumeration of reducibles given
by Proposition [2.7] which have even index by the calculation of Proposition [1.4§]
(and so all contribute positively to the Euler characteristic sum). The isomorphism
H?(Y;Z) = H,(Y;Z) is Poincaré duality.



154 6. FLOER HOMOLOGY

REMARK 6.37. In general it’s rare for a multicomplex that a class [z] € E”
has a representative with all d;x = 0 for ¢ < r, but is relatively common in the T
spectral sequence. The discussion simplifies substantially if % € R, so we make this
assumption; then we know that H,(SO(3); R) = R® R[3] and

H,(SO(3)/SO(2); R) = H,(5* R) = R® R[2].
Choosing an arbitrary class p € €., we write the absolute grading
i(a) = gr(p,a).
We define

Q
Il
S
=

With this notation, the E'! page is given as

C;)rr ) 050(2) @ Og q= 0
SO
Bl = c; (2)

p,q

q=2
Cir qg=3

The E! differential on C’Zi,” counts SO(3)-orbits in 3-dimensional moduli spaces.
For a € Ezl,’o the first page differential is given by counting points in unframed
moduli spaces with gr(a, 8) = 1;

da= S (#M(a,B)/SO(3)) B,
B.gr(a,B)=1
and dj« is zero if « is reducible.
Because the E! differential vanishes on the SO(2)-irreducibles, we see that the
differential d2 on [o] € thz, for a e C;? 0 < EII),Q, is given by a similar formula as
above: counting, for each 8 with gr(«, 8) = 2, the (signed) number of SO(3)-orbits

of trajectories between them: n(a, 3) = #M(a, 3)/SO(3) for 3 irreducible; so
dla] = Y n(a,f)[Blp-23

B,gr(a,8)=2

dy vanishes everywhere else for dimension reasons. Finally, dy on [0] € Ej o (when Y
is a rational homology sphere and so has trivial connections, and 0 € V' makes sense)
counts SO(3)-orbits M(6, 3)/SO(3) between an irreducible and an irreducible with
gr(6,8) = 4. (This is the map Donaldson calls Dy in [Don02] Section 7.1].)

Once we develop the equivalence to the Donaldson model DCT in Chapter [7.2]
the terms in this spectral sequence become much easier to calculate, and visible at
the chain level.
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6.4. Four flavors of instanton homology

We will soon apply Theorem[A.42]to define three additional flavors of equivariant
instanton homology, I1t(Y), I (Y), and I*(Y). To explain what these different
flavors represent, it is useful to analogize to the situation of finite G-CW complexes.
To correctly state certain stabilization pheneomena, we must ensure everything in
sight has a basepoint. Let X, denote the disjoint union of a G-space X with a
disjoint fixed basepoint. The smash product of pointed spaces is

XAY =X xY)/(X x #y,xx x Y).
A pointed G-CW complex is a G-space assembled from cells of the form
D' A(G/H)y = (D' x G/H)/(x x G/H),

where the basepoint is in the boundary sphere and attaching maps preserve the
basepoint. Given a pointed G-CW complex X, its most well-known homological
invariants are its nonequivariant homology H,(X) and its Borel equivariant homol-
ogy
HE(X) = Hy (X A EG4)/G),

both taken relative to a basepoint (equivalently, taking reduced homology). These
are both invariants of X up to equivariant homotopy equivalence. In fact, write
> X denotes the reduced suspension

SYA X = ([0,1] x X)/([0,1] x *, {0} x X, {1} x X)

of a pointed G-space. Because Hy11(EX) = Hy(X) and X Ag EGL = 2(X Aq
EG,), the equivariant homology groups HS are invariants of X up to stable equi-
variant homotopy equivalence.

In the stable homotopy category of finite G-CW complexes, where the suspension
operator ¥ has an inverse and there is a sphere S™ for every n € Z, there is a
contravariantly functorial Spanier-Whitehead duality operator D¢ sending

Da(S™ A (G/H),) = S A (G/H) .

Explicitly, if V =~ RY is a G-representation, and X < SV *! is an equivariant em-
bedding into the one-point compactification of V@R, then D X is the desuspension
27V(SV+1\X)_

In the nonequivariant case, the remarkable Alexander duality theorem identifies
H*(DX) = Hy(X), by

H *(DX)=H * (S "(S""N"\X)) = H" *(S""T"\X) = H,(X).

Though the double dual involved in writing H~*(DX) outputs a homology theory
(a composition of two contravariant functors is a covariant functor), Alexander
duality identifies it as the homology theory we started with, so this operation
doesn’t produce anything new. Note that we used negatively graded cohomology,
H~*, so that the gradings in this formula would work out.

However, in the equivariant case, something altogether new happens: applying
the above formula to orbits,

Hg* (Da((G/H).)) = Hg*((G/H),) = H™*(BH),

which is not HY ((G/H)4+) = H.(BH), nor some degree shift of it: H *(BH) is
concentrated in nonpositive degrees, and Hy(BH) is concentrated in nonnegative
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degrees. Thus H;*(DgX) is an altogether different homology theory, which de-
serves to be called coBorel homology. [GM95] and [Man16] write this cHS (X).
Following [Jon87], and because cHS (X) is usually supported in the negative di-
rection, we prefer to denote it Hg (X). Correspondingly, we write H} (X) = HS X,
as this is usually supported in the positive direction.

Using the cap product of cohomology and homology, and pulling back coho-
mology classes from BG, we find that Hf (X) is a module over H *(BG) (note
the negative grading, as cohomology classes contract against homology, decreasing
degree). Using the cup product instead, H, (X) is also a module over H~*(BG).

If G is finite or connected, is a homomorphism relating these two homology
theories, the norm map:

Ng : H(X)[dim G] - Hg (X).

Note the degree shift by dim G; we think of the norm map as a sort of averaging
operator. For a general compact Lie group there is a twist involving the character
moG — =£1 given by the determinant of the adjoint representation. This norm map
is defined by topological means, using spectra; we will have to use a purely algebraic
approach to constructing it.

There is a final equivariant homology theory, Tate homology, written H(X)
and fitting into a long exact sequence

o HY i (X) % HY (X) = HE(X) = H gy (X) = -+

*

Remarkably, the norm map is an H~*(BG)-module homomorphism, and Tate ho-
mology also has the structure of an H~*(BG)-module for which all maps in the
above exact sequence are module homomorphisms. The relevant claim in the purely
algebraic setting is somewhat more subtle.

The other essential property of Tate homology is that H% (G) = 0, so that Tate
homology of a finite G-CW complex can be calculated (essentially) from its sub-
complex of points with nontrivial stabilizer. This is extremely useful for calculation,
as we will see later in the context of I*.

The following table summarizes the analogies between equivariant homology of
G-spaces and the various Floer homologies of 3-manifolds. The monopole Floer
homology is defined to be a sort of S'-equivariant Floer homology, but the S*
symmetry is less visible in Heegaard Floer theory. In any case, the monopole Floer
and Heegaard Floer homology groups are modules over H~*(BSY;Z) = Z[U],
where |U| = -2.

’ Heegaard Floer ‘ Monopole Floer ‘ Instanton Floer ‘ Equivariant homology ‘
HF{ () HM(Y) LY) | H{(X) = H(EG. rcX)
HF, (Y) HM..(Y) L (Y) Hy (X) = H5*(DeX)
HE(Y) HM,(Y) L) Hy (X)

HF,(Y) HNM (V) T.(Y) H,(X)

In our setting, we have a functorial dg-module with dg-algebra action

CI(Y, E,m; R) ~ CE™(SO(3); R),
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acting from the right because B carries a right SO(3)-action; these are right orbits.
This is a reasonable notion of ‘chain complex with action of SO(3)’, and we would
like to obtain invariants that behave like equivariant homology of a G-space X.
The majority of the appendix develops chain complexes C*(A; M) whose homology
gives us equivariant homology theories for Z-graded dg-modules over a dg-algebra.

The definitions for Z/8-graded complexes are more delicate, and carried out in
Chapter [A:8 Here we take the point of view that the periodic filtration on the
module M should give rise to a periodic filtration on 050(3)(M), and to do so we

require that grpM is bounded. Our complexes CI are equipped with a periodic
filtration, and each grpC’rI wnr (Y, E, m; R) is bounded. In particular, Theorem
is readymade for us to apply to C1.

THEOREM 6.38. Suppose R is a PID. There is a dg-algebra C— <C§jm(SO(3); R))

whose homology algebra is graded isomorphic to H=*(BSO(3); R). We denote this
dg-algebra by C~.
There are functors

CI* : Cobl "™ — Ho (c—-Mong/g) ,
where o € {4+, —, 00}, given by applying the constructions
C* (CE™(SO(3); R), Cluns (V. B, m; R))

of Theorem[A]2 for periodically filtered modules with finite support on each asso-
ciated graded piece. After taking homology, we then have functors

.. U(2),w r,Z/8
I* : Coby ;™" — Mod ;" (Bsos):r)-

These fit into an exact triangle

ST ER S (v ER) - (VB R B v (v B R) - -

where all arrows are R-module maps, the arrow from I~ — I* is an H~*(BSO(3); R)-
module map, and the other two connecting maps are H=*(BSO(3); R)-module maps
if 2 is either invertible or zero in R.

Given any other bounded, graded dg-algebra A and right A-module M, equipped
with a periodic filtration each of whose associated graded groups grpM is bounded,
there are A-homology groups H%(M). If there is an algebra map which is a quasi-
isomorphism

[ CEM(SOB); R) — A,
and an f-equivariant filtered module map g : 61'(Y, E,W;R) — M whose induced
map on associated graded complexes is a quasi-isomorphism, then there is an in-
duced canonical isomorphism I* = H% (M), equivariant under the actions of H (R)
under the induced isomorphism H *(BSO(3); R) =~ H,(R).

PrROOF. One thing has been simplified in the statement above: we have re-
moved the reference to a ‘twisted homology group’ I'™"(Y, F; R) which appears
in the appendix, applying Theoerm (8) to replace it with IT(Y, E; R)[3]. As
stated in Theorem this requires that A = C§™(SO(3); R) satisfies ‘weak
Poincaré duality of degree 3’ to do this replacement at the level of R-modules,
and ‘strong Poincaré duality of degree 3’ to do this replacement at the level of
H~#(BSO(3); R)-modules. The weak duality result — for any compact Lie group
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G — is provided in Proposition (one has to pass between C&™ and the singular
chain algebra using Proposition [A.40]). We only establish the strong duality result
for SO(3) when 2 = 0 or 2 is invertible in R, stated as Corollary |

We also have spectral sequence for the equivariant homology groups. As with
the non-equivariant homology, we state this in slightly more detail than in Theorem

A2} point (4).

THEOREM 6.39. For each of e € {+,—,00}, if (Y,E) is a weakly admissible
bundle equipped with regular perturbation w, there is a (Z/8,7)-bigraded spectral
sequence of H—*(BSO(3); R)-modules from

1 . .
By = @ HSO(3)(aaR)
aeC
gr(a)=p
whose target is the associated equivariant instanton homology I*(Y, E,m; R).

For I, we have an isomorphism of the unrolled (Z,Z)-bigraded spectral sequence
Ef, = gr,I,))"". For any of the theories, a filtered chain map CI*(Y,E,m) —
CI*(Y',E',7") which induces an isomorphism on any finite page E" induces an
isomorphism on I°.

PRrROOF. The existence of this spectral sequence, and the fact that we may de-
tect quasi-isomorphisms by isomorphisms on a finite page E", is precisely Theorem
point (4), together with the fact that each complex grpﬁ unr 18 bounded above
(in fact, bounded). As for the specific calculation of the E! page, our associated
graded complex

gr,Clum(Y,E,m;R) = @ C¥(a;R)

acl
gr(a)=p

is a bounded C&™(SO(3); R)-module. By Proposition there is a chain of
quasi-isomorphisms connecting C&™(SO(3); R) to the algebra C,(SO(3); R), and
similarly a chain of equivariant quasi-isomorphisms between C§™ (o; R) to Cy(a; R).
In particular, we may identify

H* (CM(S0(3)), O (o5 R)) = Ho)(; R)
using Theorem |

As before, these spectral sequences will become significantly more computable
+
after the introduction of the Donaldson models DCT~ for CI~ and CI* in Chapter

REMARK 6.40. It is important to note that while the homology theory for Z-
graded complexes H:{ (M) described at first in the appendix sends A-equivariant
quasi-isomorphisms M — M’ to isomorphisms on HX, this is mot true for ar-
bitrary filtered A-equivariant quasi-isomorphisms between Z/8-graded complexes.
An acyclic Z/8-graded complex M whose associated graded complex is not acyclic
need not have H} (M) = 0.

What remains true, and will be used extensively, is that if M, M’ are Z/8-graded
A-modules equipped with a periodic filtration, and f : M — M’ is a filtered dg-
module map inducing an isomorphism on the associated graded homology groups
(the E! page of the spectral sequence), then f induces an isomorphism on Hf (M).
The assumption that M is acyclic does not imply that any finite page of the spectral
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sequence is zero, even if M is a finitely generated Z/8-graded module, so there is
no contradiction to the previous paragraph!

The reason this happens is that these objects are defined via a completion with
respect to the given filtration, which ensures that the associated spectral sequences
converge. However, quasi-isomorphisms between the uncompleted complexes which
are not quasi-isomorphisms on the associated graded (or some later page of the
spectral sequence) do not necessarily induce quasi-isomorphisms between the com-
pletions.






CHAPTER 7

Examples, calculations, and comparisons

For the entirety of this chapter, we choose elements in each orientation set A(a)
arbitrarily, and suppress these orientation sets from notation.

7.1. Equivariant instanton homology for admissible bundles

When E is a nontrivial admissible U(2)-bundle over an oriented 3-manifold
Y, all critical orbits are free. The complex C1 (Y, E; R) resembles the equivariant
Morse complex of a finite-dimensional free SO(3)-manifold M, so our heuristic is
that the equivariant homology groups I*(Y, E; R) should behave like the equivariant
homology HZ(M):

Hg(M; R)[dim M] =~ H};,(M; R) =~ H(M/G; R)
HE (M;R) = 0.

THEOREM 7.1. Suppose E is a nontrivial admissible bundle over a 3-manifoldY .
Then I(Y,E) =0, and if CI(Y, E) is Floer’s instanton chain complex for admis-
sible bundles, there is a natural quasi-isomorphism CIT(Y,E;R) — CI(Y,E;R).
In particular, the equivariant Floer homology I (Y, E) of a nontrivial admissible
bundle is Floer’s original instanton homology group I(Y, E). Furthermore, there is

also a functorial quasi-isomorphism CI(Y, E; R)[3] - CI~ (Y, E; R).
PROOF. We first prove the statement for CI”. The E' page of the index

spectral sequence is
@  Hl(R)i(a)]:

ael, nezZ
n=i(a) mod 8

Now all orbits are free orbits oo = SO(3), and so we can calculate this as

D H, (SOB); R)[i(e)]-
That Hp ) (SO(3)) vanishes is one of the defining features of Tate homology: see

Proposition [A.18| (4). So the E! page is identically zero, and by the I* part of
Theorem [6.39| we see that the map 0 — CI*(Y, E; R) is a quasi-isomorphism, as
desired.

Floer’s instanton complex CI(Y, E) is defined as the free R-module generated by
critical orbits a © €, the relative grading defined still as gr,(«, 3); the differential
counts points in zero-dimensional moduli spaces of unframed instantons between
and . As a graded C~-module,

CI" = D CH (s R)i(a)],
aeld

CT = @ Rli(o)].

aeld

161
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The differential is a sum of the induced differential on each factor C*(a; R) and the
maps C*(a; R) — C*(B; R) induced by the C§™(SO(3))-equivariant (anti)chain
maps
o (=D)lle x. M(a, B).
Recall from Lemma that H{, 4 (SO(3); R) = R, concentrated in degree

zero. There is a chain map ¢ : CIT (Y, E; R) - CI(Y, E; R) given on the summand
for each critical orbit by the augmentation map 0;0(3)(04 R) — R induced by the
point-counting map Cy(«; R) — R; this map kills everything in degree larger than
i(a) and sends Cf (o; R) = Cy(a; R) — HJQ) = R by the augmentation.
To see that ¢ is a chain map, note that if o € CI," (Y, E; R) is not sent to zero,
it can be written as a sum of points in
@ Co(x;R).
aeC
i(a)=k
So it suffices to check that p(do) = dp(o) for o = p, where p is a point in . The
only components of do € CI" not automatically sent to zero are those in some
Co(B; R) ¢ C*(B; R), which arise from taking fiber products with moduli spaces
M(a, B) of dimension 3. Because the SO(3) action on M is free, the count of points
of p xo M(a, B) is the same as that of M(a,3)/SO(3), Floer’s unframed moduli
space of instantons. In particular, we find that ¢ is a chain map, as desired.
Now, on the unrolled complexes, this map is a filtered chain map for the tau-
tological periodic filtration of CI(Y, E; R) by degree, and Theorem says that
the above map induces an isomorphism

E'(CI*(Y,E;R)) - E' (CI(Y,E;R)) = CI(Y,E; R).
Therefore, by the comparison theorem, the induced map
I*(Y,E;R) - I(Y, E; R)

is an isomorphism. That these isomorphisms fit into a commutative square with
the corresponding cobordism maps is proved the same way.

The statement about I~ follows because of the exact triangle relating I, I,
and I~ and the fact that I™ vanishes; one may alternately define a chain map
CI[3] — CI~ explicitly, almost precisely as above: instead of projecting to R
using point-counts, we include R via the inclusion of the fundamental class. |

Suppose 3 € R; then H*(BSO(3); R) = R[U], where [U| = —4. Floer’s
I(Y,E; R) also carries an action by this ring (when 3 € R), and we should check
that the above map preserves the U-action. Because the U-action carries things
down vertically in the spectral sequence, but E2(CI*) is here concentrated on a
single horizontal line, this is not a theorem well-suited to a spectral sequence proof.
Instead, we must get our hands dirty at the chain level. This will be delayed until
the following section, where we construct a simpler chain-level model of C1.

7.2. Comparison with Donaldson’s theory

In this section, we describe a finite-dimensional complex computing framed in-
stanton homology I , and then explain how to use it to calculate the equivariant
instanton groups. While it seems likely that this is possible over any PID R, the
situation is drastically simpler when % € R. So for the rest of this section, R is a
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PID in which 2 is invertible; the ring R will be dropped from the notation whenever
possible.

If 2 is invertible in R, then H,(SO(3); R) is isomorphic to a single copy of R in
degrees 0 and 3 and zero otherwise. We denote this R-algebra A(u), the exterior
algebra on a generator u in degree 3. There is a dg-algebra homomorphism

i Alu) — CE™(SO(3); R)

given by picking out the identity in degree 0 and the fundamental class in degree
3; this map induces the identity on homology. By Proposition because i is a
quasi-isomorphism, we have

H*(C§™(SO(3); R), CT) = H* (A(u), CT).
For the purposes of computing the equivariant instanton homology groups I, 1,

and I, it therefore suffices to consider CT as a module over A(u).
Our goal is to write down a differential on the Z/8-graded R-module

DCI(Y,E,; R) = @oHy(c; R)[i(a)],

which has a periodic filtration by index of the orbit a. This differential should
decrease the filtration, and there should be a map &(Y,E,ﬂ) — DC1I which is
the identity on the E'! page, or something like it. To produce this, we use what is
called the homological perturbation lemma. Recall its statement:

LEMMA 7.2 (Homological perturbation lemma). Suppose (C,d) and (C',d') are
chain complezes, equipped with an inclusion i : C — C' and a projectionp : C' - C
so that pi = 1, both quasi-isomorphisms, as well as a degree 1 map h : C' — C'
serving as a homotopy witnessing this. That is,

ip=1+dh+hd.

This data is called deformation retract data, and is depicted
(C,d)2(C",d')Oh.
P

Suppose that C' is equipped with a deformation: an additional map § : C - C
so that (d' + 6)? = 0. Suppose that h™ = 0 for sufficiently large n. Write A =
S (6h)"6.

Then (C,d + pAi) is a chain complex, equipped with deformation retract data

i+hAi
(C,d + pAi)——(C",d' + §)Oh + hAh.

p+pAh

If C and C' are dg-modules over a dga, and all of i,p,h, and § are dg-module
homomorphisms, then the same is true of the perturbed deformation retract data.
In particular (C,d + pAi) is homotopy equivalent to (C',d' + 6) as a dg-module.

If C and C' are filtered, and i,p, h, and & all preserve the filtration (in the sense
that f(Fy) < Fj for all k), then the same is true for the perturbed deformation
retract data. In particular, (C,d + pAi) is a filtered complex, which is filtered
homotopy equivalent to (C',d' + 6).

A very explicit reference is [Cra04].

To apply the homological perturbation lemma, first recall that we may write
the differential on CT as d + dpr. The first term is the usual boundary operator
on geometric chains, and the second term is the contribution from fiber products
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with moduli spaces. We want to apply the lemma to (DCI,0) and (&,d), with
6 =dypy.

Choose a basepoint b, € « for each critical orbit «; if @ is an SO(2)-reducible,
we demand that the stabilizer of b, is the standard SO(2) c SO(3).

Our inclusion map

i:DCI — CI
is given on Hy(a; R) — C§"(a; R) by sending the generator to the basepoint by,
and on Hgimo(o; R) — C§"(a; R) by sending a generator to the corresponding
fundamental class of «. (Note that the choice of fundamental class depends on
an orientation of «; we are making this choice by choosing a generator of top
homology.)

To define the map p, choose basepoints g, € a. Recall from Definition and
Lemma [6.12] that, given a countable family F of maps from d-chains to a space
X, the geometric chain complex has a quasi-isomorphic subcomplex C£™7 (X; R),
spanned by those chains which are transverse on every stratum to the countable
family of maps. If X is an SO(3)-orbit, this is a A(u)-invariant subcomplex, because
the evaluation map SO(3) — X is a submersion. This means that the product of
any chain with the fundamental class is transverse to any element of F.

To define the map

p: 5™ (@; R) > Hy(a; R),

take F to include the basepoint ¢,. In degree zero, any 0-dimensional J-chain has
an underlying oriented point, and the projection is given by counting these with
sign. In top degree, we send a é-chain o : P — « to the signed count #o~*(qq).
Note that to define the sign of this signed count, we need to choose an underlying
orientation of «, which determines the generator of Hgim o(@; R) we should send o
to. Changing the orientation of o changes this sign twice, so the resulting map is
independent of any choice of orientation of a.

Unfortunately, the fiber products with moduli spaces do not send chains trans-
verse to ¢, to chains transverse to gg. So this submodule of C1is not a subcomplex.
To fix this, we enlarge the collection F that our chains must be transverse to.

Denote ﬂiﬁ for the fiber above gz of the endpoint map

HQB — f.
More generally, given a sequence of orbits v1,- -+, y,, denote Mﬁ’,ﬁﬁ denote the fiber
above gg of the map

Man, Xqy 0 Xy, My, g = B
For the orbit «, we let the collection F consist of g, and all of the endpoint
maps of moduli spaces
Mass
Because this collection is closed under fiber products with moduli spaces on the left,
the condition of being transverse to F is preserved by dp;. So for this collection F,
we have a A(u)-subcomplex

— Q.

~ F ~

CI (Y,E,m;R)c CI(Y,E,m;R)
for which the projection map p above is defined and a A(u)-module map. Running
the index spectral sequence, and using that the inclusion C&™7 (a; R) — C&™(o; R)

~F o~
is a quasi-isomorphism for each orbit, we see that the inclusion map i: CI — C1I
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is an equivariant quasi-isomorphism. Furthermore, it is a free R-submodule; its
generators are precisely those generators of C'I for which all strata are transverse
to the given family of §-chains.

To ensure that the image of i : DCI — CT lies in ﬁf, we need to demand
that b, is a regular value of MZW — «; one may symmetrically demand that gg
is the regular value of the endpoint map from the fiber above b,,. It is not difficult
to ensure that the ¢, satisfy this, by an application of Sard’s theorem.

An R-linear chain homotopy h, is guaranteed to exist because Hy(c; R) is a
free R-module and ip = 1 on homology. Any such map h is A(u)-equivariant for «
reducible for degree reasons. We will show that any such A is also A(u)-equivariant
for « irreducible. The equivariance condition is automatic except for elements
x € Cy(a). If x is a singleton in «, then h(z) is a l-manifold with boundary
x—{ba}; then I x SO(3) — « has boundary given by the difference [a] — [a], hence
represents zero in C§" (a; R). Then equivariance is equivalent to the statement that
h([a]) = 0, which is automatic: because (dh — hd)([a]) = (ip — 1)([«]) = 0, we
have dh([a]) = 0, but d : C§"(a; R) — C§™(a; R) is injective.

This is enough to apply the homological perturbation lemma and get some re-
sult, a differential on DCI(Y, E, 7; R) which is A(u)-equivariantly homotopy equiv-
alent to &f(K E, 7 R).

Take the complex C1 1(Y, E, 7; R) equipped with the differential d + dj; induced
by the above fiber products with moduli spaces; we described the construction of
deformation retract data

(DCL,0)2(CTh,d + dar) O h

P

above. Applying the homological perturbation lemma, we arrive at a chain com-

plex (DCI,dpcr = pdymi + pdarhdpgi + - -+ ) with A(u)-action, and an equivariant

homotopy equivalence to (@7 1,d + dpr). We now describe the differential dpcy.
Denote by Ci* the free R-module on the irreducible orbits o €, (graded the

same), C’g(l) the free R-module on U(1)-reducible orbits, and C¢ the free R-module
on the full reducibles. Set

DCI(Y,E,x) =Ccr@c3lec!Y @c!V2)ect.

As graded R-modules, DCI(Y,E,7) = @ Hy_j(a)(a).
The differential dpcy that DCT inherits is given by a matrix

& 0 0 0 0
Upp =01 Vi Vo Dy
der:=Vi 0 0 0 O
Vs 0 0 0 0
D, 0 0 0 0

(We will momentarily define the terms in this matrix.) Here we write “dimo” to
mean 0 for the component C}/" and 3 for the component C}*[3].
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The action of u on C7T is defined by the matrix whose only nonzero term is
id : O™ — CUr[3]. It is easy to see that udcr = doru = 01, considered as a map
ci = o, .

Unfortunately, the differential is still more complicated than we would like: it
takes the form

ve
p Z (darh)"dari,
n=0

where dj; is the part of the differential coming from fiber products with moduli
spaces. It is not impossible that many components of this may be nonzero: one takes
a fiber product of the basepoint b, with some moduli space, pushes it forward to S,
applies the homotopy h, takes another fiber product, and then counts intersections
with by. One could easily imagine that, starting and ending at irreducibles «;,,
one takes the fiber product with a moduli space that increases the dimension by
2, cones towards bg, and then takes a fiber product with a 0-dimensional moduli
space and gets a result that has nonzero degree above b,.

Nevertheless, these higher components of (0pcra, B) can only be nonzero if M,z
has nonempty boundary, and we can describe the component pdjysi completely.

As before, we denote

Map = Mas/SO(3);

these are the spaces of unframed flowlines between the underlying connections
[a], [5], having forgotten the framings. Define X,5 = (o x 3)/SO(3). The op-
erators in this matrix all arise of the form T'(a) = 3 5n(a, 8)B, where the sum
is taken over § in the right degree, and n(a, 3) arises either by counting points
(with orientation) in My, or degree of the map Mq3 — X5, as measured by
the number of points lying above [b, gs]. We've chosen by, gg to ensure that this
is a regular value (and in the case that both « and g are U(1)-reducibles, to have
different stabilizer).

¢ (01 counts points in Mg, when «, 8 are both irreducible and gr(a, 5) = 1.
e D; counts points in M, when « is irreducible, g is fully reducible, and

gr(a, B) = 1.
e D5 counts points in M,g when « is fully reducible, j is irreducible, and
gr(a, ) = 4.]

e The pdysi component of Up; counts the number of points in the fiber above
[ba, qp] of the map Mqyg — X, when a and g are both irreducible and

gr(a, ) = 3.

e V4 counts points in M,z when « is irreducible, 3 is U(1)-reducible, and
gr(a, B) = 1.

o V5 counts points in M,z when « is U(1)-reducible, S is irreducible, and
gr(a, ) = 2.

e The pdpi component of V3 counts points above [by, gz] when « is irre-
ducible, 8 is U(1)-reducible, and gr(«, 8) = 3.

e The pdpsi component of V; counts points above [by, ¢s] when « is U(1)-
reducible, § is irreducible, and gr(a, 8) = 4.

1Recall that this means that M is of dimension dim o + gr{a, B) — 1; because « is fully
reducible, this means that M is 3-dimensional. Because the endpoint map to S is equivariant,
and 3 is irreducible, M is a finite set of orbits with no stabilizer, and M is 0-dimensional.
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The derivation of these terms is relatively self-explanatory; the sign arises from
the factor (—1)4™7 in dp;. The one small subtlety is why there is no matrix element
corresponding to counting points above [by, ¢g] when both «, 5 are U(1)-reducible
and gr(a, 8) = 3. By Proposition (4), this is impossible: the relative grading
of reducible connections is always even!

In some cases, it is possible to eliminate the higher terms in the differential
0pcr by a homotopy, an approach suggested by [Don02] Section 7.3.2]. This can
be done by modifying the endpoint maps, as in the following lemma; we include
this for comparison to [Don02], as we will not need to carry out any homotopy to
prove our main results.

LEMMA 7.3. Suppose enp : Mag — a x B are the equivariant endpoint maps
associated to moduli spaces of instantons on a weakly admissible bundle (Y, E) with
respect a fized perturbation w.

Suppose we choose a collection of egﬁ : Mos — «a x 3, homotopies through
equivariant maps that are smooth on each stratum, one homotopy for each pair
(o, B), so that egﬁ = eqg above. Furthermore demand that these are compatible in
the sense that

efm Xﬁetﬁwtﬂaﬁg Xgﬂgyaaxv

agrees with the restriction of efm to that stratum of HM,

We may define a chain complex C1;(Y, E, ), identical as a C§"(SO(3))-module
to 6:7, but whose diﬁerentialﬂses the fiber product with the same moduli spaces but
endpoint maps egﬁ. Then CI(Y,E,m) is A(u)-equivariantly quasi-isomorphic to
CL.(Y, E, 7).

PROOF. We identify the simplex A™ with the subset A™ < [0,1]™ of nonde-
creasing sequences, with the induced orientation. We write A} for the subset of
(t1,--- ,t,) with t; = t;41, equipped with the corresponding boundary orientation;
here one interprets the cases i = 0,n+1 as tp = 0 and ¢,,41 = 1, respectively. There
is a transparent order-preserving identification A"~ =~ A” and this identification
is oriented up to a sign of (—1)i*1.

Let a,v1,- - ,7n, B be a sequence of critical orbits. Write

An+1

Meozg CA" X Moy, -+ My, 3

At v )
Mezs ={(t1, -+ tna), Aryo-  Angr [ i A = " ALY

whose fiber is oriented as

A" X Fib(Mgs, ) % + -+ x Fib(M,,, 5),
where Fib(M,s) indicates a generic fiber above a point in . Given any oriented
submanifold S ¢ A"*!, restriction to S gives another fiber-oriented manifold.
A straightforward but tedious computation shows that, as fiber-oriented mani-
folds, we have
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n+l n+l
dima 4772 ~ WAy

(-1) oMoz = M35
=0
n n+2
U U(_l)gr(a,n)JrnJrlﬂAjjq .

<M V>558"

Jj=0n

Write CT + for the chain complex given by using the moduli spaces with endpoint
maps e ; the underlying R-modules are all the same, it is only the differential that

changes. Consider the maps H,, CIO — C’Il, given for each n > 0 by

" ; A N+1
Hn(O') = Z (—1)Zi:1(gr(o¢7’¥i)+z—1)a XaMaAyﬁ .

Y1500t 5 Yn B
For convenience, we write the sign hereﬂ as s(n, a, 7, B); it satisfies the recurrence

( 1 « 7<]77>]75) ( )gr( ”Yj)Jrnil = S(nvaa’?aﬂ)'

Our desired chain map will be Id+ 3], _ Hy,,. The map H, is identically zero for
degree reasons when n > 3, so this sum is finite. Because H,, increases the filtration
depth, we see that the induced map on associated graded complexes is the identity;
so as long as this is a chain map, the usual spectral sequence arguments will imply
it is a quasi-isomorphism.

First we explicitly calculate 01 H,, — H,,0p. This is given by

(_1)dim0(a1Hn — H,0p)(o) = Z(_l)dimQS(n,a,’v, B)o xa 6MA71+1

5,8
3.8
. An+2
— > s(n,n, 7, B)(=1)ElmIDIED g
7,98
(et A2
+ Z TLOL,’}/, ( 1) ’ Moz'yn,@"
¥.m.8

The claim, then, is that the sum ¢ —dy +Zn>0

Expanding out the decomposition of 0./\/! ; above, we see that this telescoping
amounts to the claims that

01H, — H, 0y is a telescoping sum.

S(’I’L,O@’?, ﬂ) = S(n - 17a77<iaf7>ia 6) : (_1)g1'(01,’y,3)+n—1 O0<i<n
s(n,a,9,8) = s(n— 1,9,5>1, 8) - (~1)r&(@min=t
(n @ ’Y ﬁ) (TL - 170‘7’?<n7’7n) ) (_1)gr(a’7n)+n*1'

The first is just the recurrence stated above, and the last is essentially the same.
The middle term in addition uses that gr(c,v1) + gr(y1,n) = gr(a,n).
Thus Id + ),

H,:CI o — CI; is an SO(3)-equivariant quasi-isomorphism.
[ ]

n>0

. Lo oAt . . .
2We could remove this sign by orienting M by spreading the orientation of An+!

throughout the iterated fiber product, placing the orientation corresponding to the ¢; direction
before the i’th fiber product. While this may be conceptually clearer, the author hopes the current
format is easier to read.
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We summarize the result of the homological perturbation lemma discussion as
follows.

COROLLARY 7.4. The R-module with differential (DCI,0pcr) described above
is a dg-module over A(u), and is A(u)-equivariantly homotopy equivalent to C1I.

REMARK 7.5. In [Don02], Section 7.3.3], Donaldson sketches the definition of
a complex CT associated with an integer homology sphere. Donaldson’s complex
includes the data of the ﬁltratiorﬁ by degree of an element in H,«, as well as the
action of u € A(u).

When the holonomy maps Mg — SO(3) lift to SU(2) in a multiplicative
vashion for dim Mug < 3, Donaldson introduces in Section 7.3.2 a method for
reducing the contribution of small-dimensional moduli spaces, so that the higher
terms p(darh)™dpri are zero. It is not typically possible to construct such a lift; it
is impossible, for instance, for the Poincaré homology sphere Y = (2, 3,5). In this
general case, it is not entirely clear how to define the complex CF.

When CF can be defined, it follows that C1 is equivariantly homotopy equiva-
lent to Donaldson’s C'F.

In what follows we use the complex DCT to produce small models which we
write as DCT * for CI* and CI~. In the case of integer homology spheres, these

are essentially the same as what Donaldson writes CF and CF.
As described in the appendix, the reduced bar construction of an augmented
dg-algebra A and a right dg-module M is given, as a graded R-module, as

BOMAR) = @ M@ AN]",

n=0

where A = kere and ¢ is the augmentation. For us, A = A(u), and A is just a copy
of R concentrated in degree 3. Therefore, we may write

B(M,A,R) (-BM4n

We write this as M ®g R[U*], where |U*| = 4E| The differential d* is seen to be
d*(m® U*)") =um® (U*)""" + (=1)"dm ® (U*)",
where (U*)~! should be interpreted as zero. Write U,;g for the operator with
U (m® (U™)") = (=1)"um @ (U*)"

again, this means that U;g( ) =0.

Now, when we apply this to a Z/8-graded module M (with finite basis of finite-
dimensional A(u)-modules degreewise isomorphic to R) as in Chapter we need
to full-complete. This is a two-step process.

First, we unroll CI to CI“"", a Z-graded and 8Z-periodic complex. We then
apply

B(CI""", A, R) = CI*"" ® R[U],

3Thinking of DCI as a Z/8 x Z-graded multicomplex with dgp = 0, this is the filtration
corresponding to the Z factor, while ours is the periodic filtration corresponding to the Z/8 factor.

4We choose the notation U* here because U is reserved for the degree —4 operation coming
from H=4(BSO(3); R).
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the isomorphism one of R-modules. This is filtered by B(CIZ}", A, R) = CIZ}"
R[U], where CI%}" is the part of the complex given by summands with i(a) < p.
The full-completed complex is obtained in two steps. First, we pass to a colimit to

ensure that everything lies in the union of this filtration; we set

colim, B(CIZ)", A, R) = colim, CIZ)" ® R[U] = CI""" ® R[U].

<p >
The last equality follows because for any module M with an exhaustive filtration,
we have U, B(F,M, A, R) = B(M, A, R).

Next, we take a quotient and a limit to ensure the filtration is Hausdorff and
complete. It is Hausdorff to start with, but not complete — this is where something
changes. Here we take

lim B(CI'""/CIZ)", A, R) = CI/CIZ)" ® R[U].

q—o—%

In degree d, an element of this tensor product is a sequence

(' .. ,l'd_g,xd)

of elements of CIy so that z; = 0 if ¢ < ¢ (because of the quotient) and so that
x; = 0 for ¢ large enough (because we are taking finite sums). Taking the limit
as ¢ — —o0 we obtain sequences (--: ,Z4_s, Td, Td+s, ) with z; = 0 for i large
enough, but no similar condition for ¢ small. (Another way to think about this is
as the completion of a multicomplex, as in Definition ) Quotienting by Z, we
may identify
ort =[] CI4n] = CT®g R[U*].
nz0

The action of R[U] = C\(w) 18 such that U - (U*)F = (U*)k=1; we must restrict to
this subalgebra as the action of the entire algebra does not extend to the completion.
We denote DCIT = C’[J{(u) (DCI), equipped with its action of R[U*].

By convention, if A is an operator from one summand of DCT to another, then
we use A to also refer to the corresponding map between summands of DCI' with

Az @ (U*)™) = (-1)"Az @ (U™)".
Then the differential of
pert = (crecrplecy” oMzl ecl) &rRU*)

is given by the following matrix.

01 0 0 0 0

Uje *Urt =01 Vi Vo Dy

Oher=| W 0 0 0 0
Vs 0 0 0 0

Dq 0 0 0 O

Now we apply the following analogue to [SS10, Lemma 5] to our very similar
situation. First, observe that the map Upj + U,js defines an isomorphism

U U] — G BT

here we have used the completeness in U*. The inverse is explicitly given by
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ety Y (Z<—1>f+lvsrjcj> oy

nz0 nz0 \j=0
We write PT for this inverse.

Consider the projection map €; : DCIT — CI[U*][3]; we let

€ =(e1,607) : DCIT — CT[U*][3] @ C[U*][2]-

0
The codomain is given the differential , and € is a chain map; in fact, it is
0 0

surjective, as (z,y) is in the image of (P*(y — d1z),z) € DCIT. As the codomain
is acyclic, the inclusion ker(¢) — DCI' is a quasi-isomorphism.
Write

DT =cro (Ve c/Vplecy) o RIUY]

as a graded R-module. There is also a projection w : DCIt — Tm+, and the
composite 7t : kere — DCT " is an isomorphism of R-modules. We wish to describe
the differential (and U-action) on TC'I+, pulling back via this isomorphism. The
differential is written (7i)0% (7i)~!, and similarly the U-map (whose degree is —4)
is (mi)U (mi) L.

Explicitly, (7i) 12 is the unique element y € DCI™T so that neither y nor 0%y
have components in CI'[U*][3] with 7(y) = z. If

xr = (.’E(),.’Ehifz,l'g) € C;ikrr @ (Cg(l) @Ci}(l)[Q] @Cg) ®R R[[U*H7
then
(i7) " z) = (xo + PT(Upizo + Va1 + Vazay 4+ Dox3), 0,21, 29, x3) €

(crecrplocy ecy Vi@ cy) RIU").

Applying 0%, projecting onto DCIJr, and using that 0; Pz is in ker(e), we find
that the desired matrix is

01 0 0 0
Vi + ViPtUs  ViPYV, ViP*Va ViPYD,
Vs + VaPtUp  VsPTV, VPtV V3Pt D,
Dy + D P*Ur DP*Vy, DP*Vy D,P™D,

=+
dper =

A remarkable number of these terms are zero for degree reasons. Recall from
Proposition that the relative grading of any pair of reducible orbits is even.
Now, D; and V; have degree of the same parity as ¢, and all terms in the infinite
sum Pz have the same grading as  modulo 4; therefore the entries not in the left
column are all of odd degree, and hence identically zero! Therefore, we have
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o, 00 0

3t .= Vi+ViP*Us 0 0 0
Vs +VaPtUs 0 0 0
Di+DiP*Us 0 0 0

Similarly, the action of U € H=*(BSO(3); R) was previously contraction against
U*; using U ~ to denote contraction by U, the action U on DCT ' is given by

-Un Vi Vo =Dy
0 U~ 0 0
0 0 U~ 0
0 0 0 U~

In the case that Y is an integer homology sphere and Q < R, up to a change of
basis (just a scaling of each coordinate) the chain complex DCT® (Y; R) is identical
as a U-module to Donaldson’s CF(Y; R).

The full completion involved in defining C'I~ does not require passing to power
series (now the interesting part is the colimit instead of the limit, but CIZ)" sta-
bilizes in each degree, so the colimit is degreewise the same). As a result, we may
write

per- = (crecrplec e/ Vplecy) v]
with differential

& 0 0 0 0

U, +Un =01 Vi Va Ds

Oper = 14 0 0 0 0
Vs 0 0 0 0

Dy 0 0 0 0

Unlike in the case of DCIT, the operators d1,V;, D; do not pick up an extra
sign when acting on C[U]. For x € C}", we define the operator

Uny(x@U") = (=1 e @ Uit e O [3][U];

this is the only sign in the above differential hidden in the notation.
Now

Up + Uy, : CY U1 — (G [3]) [UT/(1 - C[3])
is an isomorphism; it is crucial here that we are working with a polynomial ring
and not a power series ring. The inverse, P~, is given on a basis element by

(_1)(H—l)(|x|+")+i(i+l)/2Ug‘1$ ® Un—z'.

-

P (z@U"?) =

=0

Now we follow [SS10] more closely, and instead of taking the kernel of a map
to an acyclic complex, we quotient by an acyclic subcomplex. The subcomplex Z
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is spanned by CI'[U] and its image under d5,~;, which is an injective map. The
quotient DCI~/Z remains a U-module. If we set

DCT =i [3]@ (cf,{ W eclMpe cf,{) ®r R[U]
we have a natural inclusion map i : DCI < DCI~ so that the composite
mi: DCI — DCI |Z

is an isomorphism. As above, we may compute the induced differential as

01 Va—Upm (P Va)y_y Vo—Um (P Va)y_y D2—Ur (P~ D3),_,

—— 0 V1P~V WPV —ViP~ D,
aDCI =
0 —VsP~V, V3P~ V, —V3P~ D,
0 —DP7V, —D{P7V, —D{P~ D,

Here the term Vj in the topmost row, and similarly with V5 and D, in that same
row, denotes the composite

C/ U] == /Y 2 O sl
in the bottom right 3 x 3 block matrix, there is no projection component to the terms

Vi, Va, or Da. When we write for instance (P~ Vy)y=o, we mean the composite

o Vo 24 o3 o) Y55 o) -

*

that is, apply PV} then project to the constant term.
Again, most of these terms are zero for degree reasons, and we may in fact write

_al ‘/4 - UFI (P_‘/AL)UZO ‘/2 - UFI (P_‘/Q)U:O D2 - UFl (P_DQ)U:(J

~ _|o 0 0 0
bet 0 0 0 0
0 0 0 0

Finally, the action of U is given on DCI by

(=)l 1Ug 0 0 0
(=Dle+tyy U~ 0 0
(-nl+tvs 0 U— 0
(=1)l+1D; 0 0 U~
Again, when Y is an integer homology sphere, Q c R, and the holonomy maps
lift to SU(2), the chain complex DCI+(Y; R) is identical as a U-module to Don-

aldson’s CF(Y'; R) up to scaling of basis.

When?, FE) is equipped with an admissible bundle, there are no reducible
connections; in this case, the equivalence of CIT(Y, E; R) with TC'IJr(K E;R)
as an R[U]-module (and the same for the minus flavor) immediately gives is the

following.
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COROLLARY 7.6. When % € R, the equivalence I*(Y,E) = I(Y,E) for an ad-
missible bundle (Y, E) takes the U-map to the U-map up to sign.

7.3. Instanton Tate homology

We have the following theorems for Tate homology. Fix a ground ring R with
1 € R; then we have a canonical isomorphism H §o(3)(R) ~ R[U] and a quasi-
isomorphism C,(SO(3); R) ~ A(u) := A, where A(u) denotes the exterior algebra

on a degree 3 generator u.

PROPOSITION 7.7. The action of U* is an isomorphism on I (Y, E; R). In fact,
the map I~ (Y, E; R) — I*(Y, E; R) may be identified with the localization

I~ (Y,E;R) > I (Y,E;R) Qg RIU,U'[;

even more explicitly, we may identify the map CI—(Y,E; R) —» CI*(Y,E;R) on
the chain level using the reduced Donaldson model as

DCI (Y,E;R) — DCI (Y,E;R) ®gp RIU,U .

PROOF. We follow much the same lines as in Proposition[A:23]in the Z-graded
case, and work with the Donaldson model DCI . First, to see that the action of
U on I* is invertible, we look at the spectral sequence corresponding to the index
filtration of CI*. The E' page is identified with a direct sum of copies of

H{ (M), HE(R@ R[2]), and Hgps)(R);

the first corresponds to irreducible orbits, the second corresponds to SO(2)-reducibles
and is just a sum of two copies of H{" (R), and the last corresponds to full reducibles.
In all cases, the action of U is an isomorphism on each factor: that the first group is
zero is one of the axioms of Tate homology, and that the second two have invertible
U action is precisely the calculation of Lemma Because the index filtration
is complete, a map which is an isomorphism on the E! page is an isomorphism on
homology, and so the action of U is invertible in I*(Y, E; R).

Given a map f : M — M of degree k of a dg-module, there is a definition
given before Proposition of a chain complex M[f~']; it is the mapping cone

of M[¢] 14, MTt], where |t| = —k. This is defined so that
H(M[f™']) = H(M)[F],

the latter notation meaning the usual module-theoretic sense of inverting an element
or map.

If one applies this to define CI*(Y, E; R)[U '], one finds that the index filtra-
tion is no longer complete, even though the index filtration is complete on CI*.
One may then pass to the completion of CI*(Y, E; R)[U~']; this is the filtered
complex that the spectral sequence actually computes the homology of (and the
E' pages of the spectral sequence for a filtered complex and its completion are the
same). Precisely, if FsM is a filtered complex, the completion is

M =lim,_,, M/F_,M.
We write this completion as CT*(Y, E; R)[U/—T] There is a natural map

CI*(Y,E;R) — CI*(Y, E; R)[U ]
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which we know to be an isomorphism on the E! page, because the action of U* is
an isomorphism on the E! page of CI* (Y, E; R).
Because completion is natural, we have maps

CI-(Y, E; R)[U=T] - CI*(Y, E; R)[U=];
again, the computations of Lemma [A:22] imply that this is an isomorphism on the
E' page, and because these filtrations are complete, the same is true at the level
of homology.
To conclude we need to find a quasi-isomorphism

CI™(Y,E;R)[U-'] ~ DCT (Y, E;R) ®gp RIU, U]
This follows again via naturality of completion: there is a canonical map
DCT (Y,E;R)[U™'] - DCI (Y,E;R) ®g[u] R[U, U]

of filtered complexes for which the filtration is not complete (remember that the
first term is defined to be the mapping cone of a certain map on DCI~[¢]). The
same argument as before shows this map is an isomorphism on the E' page, so the
corresponding map on completions

DCT (Y, E; R)[U=] — DCT (Y, E; R)®p RIU. U]

is a quasi-isomorphism. We conclude by observing that we may explicitly identify
the completion as

DCT (Y, E; R)®gu) R[U,U™"] = DCT (Y, E; R) ®guy R[U,U],
using the fact that DCT is a finite direct sum of copies of R and R[U]. u

COROLLARY 7.8. Let (Y, E) be a rational homology 3-sphere with U(2)-bundle
and signature data, and write ¢ = c1(E) € H?(Y;Z). Then there is a natural
Z/2-graded isomorphism

I(Y,E) = R[U"?,U"?] ®@gjz/2) RIH?Y].

Here the first term is Laurent series in U~Y2 and the action of /2 is (—1)-U*/? =
(=1)*U*72, while the action on R[H?Y] is given by (—1) - el®] = ele—al,

PRrROOF. This is immediate from the computation of the differential on DCT
in the previous section: there is no component of the differential going from the
reducible part of DCT back to itself. At the same time, the reducible part is the
only thing that survives to DCI  ®p[y) R[U, U']. Therefore the differential on
this is identically zero, and the graded group

DCI Q®gpu) R[U,U']

itself calculates the Tate homology.

What we see, then, is that I (Y, E; R) is a direct sum of copies of R[U,U '],
one for each full reducible and two for each SO(2)-reducible (one of the copies
shifted up by 2). Now, the content of Proposition [6.17] (2) is that pairs {21, 22}
with z; + 29 = ¢ and 2z; # 29 are in bijection with the SO(2)-reducible critical
orbits, and that the pairs with z; = 25 are in bijection with the full reducibles.

We choose the perturbation to be small enough so that this enumeration of
reducible flat connections holds.
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Contributing two copies of R[U,U 1], one shifted up by degree 2, is equivalent
to contributing a single copy of

R[UI/Q, U71/2]] = R[U, Uﬁl]] @ Ufl/gR[U, Uﬁl]],

recalling here that |U~1/2| = 2.

The description in the corollary arises from the observation that we may give
this a more succinct description, only in terms of the cohomology group H?(Y) and
the class ¢y . The point is that

R[UY2,U™Y?] ®pz/2) RIH?Y]

may be described explicitly: for a pair {z1, 2o} with 21 + 20 = ¢ and 21 # 29, the
involution swaps the two corresponding copies of R[U 12 -1/ 2], and therefore in
the quotient we have identified these two towers; so we have a copy of R[U 12 =1 7]
for each such pair. If, on the other hand, z; = 29, the action identifies

Uk/2 ®e[zl] ~ (_1)kUk/2 ® 6[(;721] — (_l)kUk/Q ®€[zl].

Because 2 is invertible in R, we see that this kills precisely the terms of the form
U"?; so such a pair contributes a copy of R[U,U'].
This is precisely the description given above as

DCT (Y, E,m; R) Qg RIU,U']. W

7.4. Examples of the I* and the index spectral sequence

EXAMPLE 7.9. Let Y = S2 equipped with the trivial bundle. Then ﬁ(Y; R) =
R concentrated in degree 0. Therefore, CI*(S%; R) is given as the completion
C«(BSO(3); R). Recall that this means that for i € Z/8, we have

Ci(BSO@);R)= [] C;(BSO@);R).

Z3j=0
j=imod 8

Therefore, we have

I7(S% R) =~ H,(BSO(3); R).
Similarly,

I (S R) = HiF (BSO(3); R),

meaning that we take cohomology classes which correspond to functionals of finite
support; that is, we do not complete in the direction of negative degrees:

Hi{(BSOB3);R)= @ H/(BSO®B);R).
73520
j=imod 8
Finally, as graded R-modules we have
17(S% R) = Hy(BSO(3); R)[3] @ Hg, ¥ (BSO(3); R).

The calculations of these groups, and their module structures, is given in Example

[A39|for § € R and R = Z/2.

We are presented with a dichotomy. When % € R, we see that
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It(S* R) = R[UT'],
I (S3; R) = R[U]
I"(S% R) = R[U, U],

all as R[U]-modules; this periodicity calculation in Tate homology is the content
of Lemma [A722] and the other two are straightforward calculations using the defi-
nitions of bar and cobar constructions.

However, when 2 is not invertible, we do not have such a periodicity. The most
dramatic case is when R = Z/2; in that case,

I7(S% R) = (2/2)[w3, wi],
and

I_(SS; R) = (Z/Q)[U)Q, ’LU3].
Then I(S%; R) looks like a ‘bi-infinite cone’: the Tate homology H;fo(3)(Z/2) has
rank growing roughly linearly in the degree |k|. In fact, the action of H; *(BSO(3);Z/2)
on

H,(BSO(3);Z/2) Hgos)(Z/2)
is nilpotent on each element, as opposed to having an element that induces a peri-
odicity isomorphism I*(S3) — I*(S3)!
This suggests that in the case of R = Z/2, it would be more appropriate to study

ﬁ(Y;Z/2) as a dg-module over some specific exterior algebra A(u;) or A(usz) in
C(SO(3);F2). Mostly we will content ourselves with the case § € R.

ExXAMPLE 7.10. If p > ¢ are coprime integers (not necessarily prime), let L(p, q)
be the lens space, which by our convention is the quotient of S by the Z/p action
generated by [1]- (z,w) = (e2™Pz, e24™/Pyw).

First, we work with the trivial U(2)-bundle; the set of critical orbits now corre-
spond to

Hom(m, SU(2))/~ = Hom(Z/p, SU(2))/ ~,

where the equivalence elation is conjugacy in SU(2). Because Z/p is abelian,
and simultaneously commuting matrices are simultaneously diagonalizable, this
is the same as Hom(Z/p, S')/conj; here conj is complex conjugation. Identify
Hom(Z/p, S') with the pth roots of unity, and hence with Z/p again after fix-
ing the generator ¢>™/?; thus reducibles correspond to (Z/p)/ +1 = [0,p/2], and
full reducibles — those fixed by the conjugation action, which is +1 on Z/p — cor-
respond to [0] for any p and [p/2] when p is even. The SO(2)-reducibles correspond
to 0 < i < p/2. Finally, 0 corresponds to the trivial connection.

Austin calculates in [Aus90] the expected dimension of the different components
of the moduli space of unframed instantons (before quotienting by the translation
action) between two flat connections on L(p,q), and in particular the expected
dimension of M(L(p, q),0,4); the expected dimension of our M(L(p,q),0, ;) is
dim SO(3) — dim R = 2 dimensions larger; the index gr(a;) = gr(6, ;) differs from
this dimension by subtracting dim a; and adding 1. Thus we should add either 3 or
1 to Austin’s result; we add 3 in the case that 4 is either [0] or [p/2], and we add 1
otherwise. Set £(i) = 1if 0 <4 < p/2 and €(0) = e(p/2) = 0, and write 0 < ¢’ <p
for the unique integer with ¢¢' = ap + 1.
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Then the grading function d(p, q,%) = gr(L(p,q),¢) € Z/8 is given by

8i?¢’ PR jm jqm 2ijm
o(p,q,1) = —e(i)+ - cot () cot () sin? () mod 8).
(p. ;1) ) (1) p D ) ) ) ( )

j=1

Sasahira [Sas13| Corollary 5.3] has given formulas for the §(p,q,7) in terms of
counting solutions to congruences.
A few observations about this complicated-looking function are in order:

e We have d(p, q,0) = 0, as we should.
o As Austin observes, d(p, ¢,4) is even for all 1.

o If pis even, 0(p,q,p/2) = 4q - &; because ¢’ must be odd, §(4k,q,2k) =0
and 0(4k +2,q,2k + 1) = 4.

e Because the sum only depends on ¢’s value modulo p, and cot is odd,
when 0 < i < p/2 we have §(p,q,i) = —d(p,p — ¢,i) — 2. The factor of
—2 comes from —2¢(i). It is trivially true by the above calculations that

d(p,q,i) = —6(p,p — ¢q,%) when i = 0 or p/2.

o If q¢' = ap + 1, then d(p, q,qi) = d(p, ¢ ,4). Here we are considering d as
a function from the integers, but notice that §(p,q,7) = —d(p,q,i) and
d(p,q,i +p) = 5(p,q,7). Then the claimed equality follows because the
summation in §(p, ¢’,¢) is just the summation in d(p, ¢, ¢é), but with index
jq' instead of j; as xq' : ((Z/p)\0) — ((Z/p)\0) is a bijection, and j’s
value modulo p is all that’s relevant, the sum is therefore the same.

It seems plausible that §(p,q, ki) = §(p,q¢’,¢) for all ¢ iff £k = 1 and ¢’ = ¢ or
k=gqand ¢ = ¢! (mod p); calculation shows that this is true at least for p < 15.
This would be consistent with the classification of lens spaces up to oriented home-
omorphism.

We now investigate the differential. Because M(a, 8) is SO(3)-free, if o or 3 is
fully reducible, the component dps : Cy(a; R) — Cy(8; R) is zero for degree reasons.
Similar considerations apply unless a, 3 are U(1)-reducible and dim M(a, 8) = 3,
as this is necessarily an odd number at least 3. In the three-dimensional case, we
may homotope e, : M(a, 3) — B = S? so that the joint endpoint map

M(a,B) - ax f=8%x5?
has image in the diagonal; for this modified endpoint map, the fiber-product map is
zero on the chain level. Extending this homotopy coherently to higher-dimensional
moduli spaces and applying Lemma|[7.3] we obtain an equivariant homotopy equiv-
alent complex for which dj; is identically zero.

Thus, as a dg CE™(SO(3))-module, and with L(p,q) equipped with the trivial
SO(3)-bundle, we see that we have a quasi-isomorphism

R Cu(S% R)[3(p, q,1)] p odd
R@2™ Co(S% R)[6(p, q,1)] @ R[5(p, ¢, p/2)] else

Thus to write down I* (where e = 4+, — ) we use Theorem [A.38] which says
that the equivariant homology groups of an orbit are given by the homology groups

CI(L(p,q); R) ~
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of the stabilizer (with a degree shift) as long as the stablizer is connected. So to
take I*, we replace every appearance of Cy(S?; R) with H§O(2)(R)v with a degree

shift of 2 if e € {—, 0}, and every appearance of R[d] with Hg,, (R)[d]. When
1 € R, we have isomorphisms as R[U] = Hgo(g)(R)-modules

Hj o) (R) = RIUY?, U2 [UV2RIUY?)
Hgp ) (R) = R[UY?]
Hgo()(R) = R[UY? U~Y?]

If p is even, L(p,q) carries a unique nontrivial SO(3)-bundle; choose a lift of
this to a U(2)-bundle. We can identify the classes now with {a + £}/ + 1, where
€ € Z/p is a choice of odd number (the choice of U(2) lift). This, then, may be
identified with the odd numbers in Z/2p modulo +1; no points are fixed, so all are
SO(2)-reducibles. So we label the reducibles by ¢ = 1,3,--- ,p — 1; there are p/2 of
them. Their relative grading is also given in [Aus90|, now as

2(% — ()*)q’
p

9 p—1 . . .- ..
+- ) cot (W) cot (J(]W) (sin2 <Z ﬁr) — sin? <W>) (mod 8).
p & p P p p

Again, this is always even.

The result is here independent of the choice of U (2)-lift of the underlying SO(3)-
bundle because there are no differentials, and thus we may ignore the orientation
of the moduli spaces; in fact, we expect this in general (up to noncanonical isomor-
phism, the noncanonicity coming from sign choices).

é(p,q,i,1') = -2

EXAMPLE 7.11. Suppose Y is an integer homology sphere and F is the trivial
bundle. We may use the results of Chapter [7.2] to determine the index spectral
sequences explicitly.

We write CI(Y) for the chain complex (C*, 9;), Floer’s original chain complex
for integer homology spheres. Donaldson introduced in [Don02| Section 7.1] the
complex CI(Y), given as CI'" @ R with differential

0 0
D; 0

0=

Corollary [7.4] shows that there is an equivariant filtered homotopy equivalence
CI (Y) ~ DCI(Y), and so to investigate the index spectral sequence computing
I, we may do the same for the index spectral sequence on the finite-dimensional
complex DCI(Y).

We consider DCI(Y'); this is, as an R-module, CI(Y) @ CI(Y)[3] @ R, with
differential
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The differential splits as dy + d4 into pieces which decrease the filtration the
corresponding amount;

01 0 O 0O 0 O
dy = 0 —0p 0 and dy = U 0 Do
D; 0 0 0 0 O

Then the E? page of the index spectral sequence for DCI(Y) is
(DCI(Y),d1) =CI(Y)®CI(Y)[3]®R,
and so the E3 page is I(Y) @ I(Y)[3]. The matrix dy defines a chain map
(U, D2) : TT(Y) - CI(YV)[3);
writing the induced map f : I(Y) — I(Y), we see that the E® page is
AV)®I(V)[3], f).

Therefore, the E® page (and all successive pages, for degree reasons) is ker(f) @

coker(f).
If R is a field, there is nothing left to say; there are no extension problems to

~

resolve, and I(Y) = ker(f) @ coker(f).

Now consider the CI™ spectral sequence by passing through DCT". The com-
plex DCT™ is, as a graded R-module, given by CI(Y) @ R[U*], where |U*| = 4,
and the differential is given by

o1 0
D4 +D1P+UF1 0

)

where recall that by definition when z € CI(Y'), we have
(Dy + D1 P Um)x = Y (=1)' DU M a(U*)'+

20
01 0

We decompose this differential as dy + ds + dg + - - -, where d; = and
Dy 0

0 0

dyit1 = , ‘ .
(=)™ DUz @ (U*)" 0
Now this is a multicomplex in the sense of Wall, and we may identify the E? page
as I ®U*R[U*].
The map ds defines a homomorphism I — U* R; write I, for its kernel. Induc-
tively, there is a homomorphism

dags1 : I, = (U*)"R,

and we write its kernel as Ij4,. We may identify the ¢ = 0 line in E4*~2 page with
I}, (identifying the successive differentials with zig-zags of the differentials dyx, 1,
and using that any compositions of the differentials are zero). In particular, we
identify the ¢ = 0 line in the E* page with

T, =[\ker(DiUK) < 1.
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A similar discussion presents itself for the C'I~ spectral sequence, passing through
DCT . As a graded R-module,
DCIT (Y)=CI(Y)[3]® R[U];

thinking of an element of R[U] as a polynomial f, we write fj for the coefficient of
U*: this has differential

[ Mo~ D,
0 0
The top-right term means that
0 (U*) = (=1)MEDRUE Dy (1),
As before, we may split this into pieces d; +ds +dg +---. The E! page is given
as CI[3] @ R with differential
—01 Do
0 0

which (shifted by 3 and with a sign change) Donaldson calls CI(Y"). The homology,
written I, is the ¢ = 0 page of this spectral sequence. The differential ds (which
is, up to sign, Up; D2) determines a homomorphism R — I; its cokernel might be
written [ (2), and may be identified with the E® page. Inductively, the differential
dary1 defines a homomorphism R — I (k), and its cokernel is written [ (1)
may be identified with the E**+2 page.

If A is the exterior algebra on a generator of degree 3, the norm map is an
isomorphism

, and

HY(A)[3] - Hy (A)
(as a corollary of item (4) of Theorem , and is zero for Hy (R)[3] —» H, (R)
for degree reasons: the former is supported in degrees no less than 3, and the latter
is supported in nonpositive degrees.

Therefore, the induced map of the norm map on the E! page of the It and I~
spectral sequences is the identity on Ci'", and zero on R[U*]. We thus identify the
image I () — I™) as the quotient group Ty /<Uf D2, 1), the second term in the
quotient generating the reducible piece of 7(@). Thi is Froyshov’s reduced Floer

group T ; the first hints of this were introduced in the d* homomorphisms of [Frg95|
and used to introduce the h-invariant in [Frg02].

ExXaMPLE 7.12. For the sake of compactness of notation, we write R,, in this
example to mean R[n] (a copy of R in degree n), and similarly for bigradings R, 4.
Let us see the above in practice in the explicit case of 3(2,3,5). In this case, we
have a reducible generator of CI in degree 0, as well as an irreducible generator in
each pair of degrees (1,4) and (5,0), with the action of u sending the lower degree
generator to the generator 3 degrees larger. So as a u-module our complex is given
as

Ry@(R1®R)D(Rs ®Ro) =Ro @ (R1 ®R5) @ A(u).

For degree reasons, d; = 0, as is Ds : &0 — &7. Through the beautiful
and explicit calculations of moduli spaces in [Aus95], we may identify that the

5Despite the choice of notation, these groups are not related to the Tate homology groups.
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map D : ﬁl — &0 is the identity map R — R, while Up : CN'Il — CN’IO and
Ur; : CT 5 — CI 4 are multiplication by one of 4 and 3, respectively. Note that in
this case, the three-dimensional moduli spaces used in the definition of Ug; have no
boundary, so that dpcr has no ‘higher terms’.

The E' page of the above spectral sequence is Roog®@R1,0®R13® Rs5,0® Rs5 3,
with multiplication-by-u map taking us up 3 vertical degrees. The differential dy
comprises only the map D, and therefore is the identity R; o — Ro,o.

The E? page is therefore given by R13® R5,0® R5,3. There are no differentials
until the E® page, where the next differential is Ug : Rs50 — R 3, which we know
to be multiplication-by-8. Since we are working over a ground ring with % € R, we
see that

E*(C1(2(2.3,5)) = Rs 3
because there can be no extension problems,
1(%(2,3,5)) = Ro,
with trivial multiplication-by-u map.
For the CI* spectral sequence, instead we start with E' page equal to
Roo[U*]® R10® Rs 0,

where |[U*| = (0,4). Then our first differential d; is given as the identity map
Ri10 — Rop; the E° page is then identified with Ro4[U*] ® Rs. We may iden-
tify the differential ds with the multiplication-by-8 map Rso — Roa4. The ES
page, then, is simply Ros[U*], and there are no further differentials. As this is
concentrated in a single vertical line, there are no extension problems, and we see

IM(2(2,3,5); R) = (U*)?R[U*],

with U-action given by contraction against U*. It is clear from this that the above
‘reduced group’ is
1(X(2,3,5)) =0.
In the CI~ spectral sequence, on the other hand, all differentials past the E?
page are identically zero, as they factor through the map D5. In fact,

I7(2(2,3,5); R) = DCI (2(2,3,5)) = Ro[U] ® (R4 ® Ry)
as a chain complex; by the formula for the U-map from Chapter which includes
a term corresponding to D;, we see that the U-action is given by
U-(U" z,y) = (U""+ D;z,0,0).

Therefore we may write I~ (X(2,3,5); R) = R4[U] ® Ry as a U-module, where
|U| = —4, identifying 1 € Ro[U] with Dz, where x € R4 is a generator.

7.5. Orientation reversal and equivariant cohomology

For a dg-A-module M equipped with a periodic filtration whose associated
graded complex is bounded, we defined equivariant e-homology chain complexes
C¢.(M), with an action of the ring C; (R) = Homg, (C (R), R), the negative chains
of finite support.

We define the corresponding e-cohomology, written C& (M), to be

Hom(Cg (M), R),
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the literal dual of CZ. We then define the instanton e-cohomology, I}, to be
© 3>(6'7), where precisely by SO(3) we mean the dg-algebra C§™(SO(3); R).
We have the following duality theorem.
THEOREM 7.13. Let % € R. There is a canonical isomorphism of A(u)-modules
I(Y,E) =~ I*(Y, E), and furthermore canonical isomorphisms of
“*(BSO(3);R) = R[U]—modules
IJ(VE
I, (V,E
If(Y,E

PrOOF. We will show that DCI(Y)" is isomorphic, as a A(u)-module, to
DCI(Y). This implies the rest of the results, as one may check that at the level
of C-modules, we have (C;{(D))V = C,(D") as well as (CIZ(D))V = C;(DY).
These equalities preserve the norm map, so we get the same result for Tate homol-
ogy.

Before doing this calculation, recall that if D is a chain complex, its dual DY
has the differential §f = (—1)I/1*1 fd. This is isomorphic as an A-module to the
chain complex with §f = fd, with isomorphism given by f — (—1)FI(f+D/2 ¢
(Observe that this makes sense for any chain complex graded over Z/4N for any
integer N > 0.) In what follows, we will use the second differential on the dual.

Recall the definition of the chain complex

DCI(Y) = CF (V)@ (MBlec/ () @ ¢/ (V)R] @ Cl(Y)
stated before Corollary Passing to the dual (and slightly rewriting), we obtain
DCI(Y)" = O,y (V) @0, (VB @ L, (1) @ CL, (V)21 @ 02, (v),
with differential

12

Y, E)
Y, E)
(Y, E),

I*(Y
Iy
I

12

+% | %

I

Q%

)
)
)
Y

Un -0 Vi3 Vi Dy
ocr = | V, 0 0 0 0
Vy 0 0 0 0
Do 0 0 0 0

Now if 7 is a regular perturbation on Y, then the same perturbation is regular
on Y. Using the time-reversal symmetry R x Y = R x Y, if A is a connection on
the latter going from critical orbits « to 3, then it is sent to a connection A going
from B to @ on R x Y; in particular, the indices of the corresponding deformation
operators are equal: ind(Q} ) = ind(Q% ). Recalling the definition of grading
from Definition we see that ’

gry (a, 8) + (dim o — dim 8) = gry-(8, ).

In particular, if 8 is the trivial connection, we see that iy-(a) = —iy () — dima.
Thus the graded basis for DCI(Y)" described above is precisely a graded basis for
DCI(Y).

Furthermore, this time-reversal symmetry gives isomorphisms

ﬂY,Z(Oéa /6) = m?772(670é)~
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Following this isomorphism, we may use the same basepoints b,, ¢, and chain ho-
motopies hq to define DCI(Y') as for DCI(Y). Once we do this, we have equalities
of the operators

Di(Y)" = Da(Y),
Vi(Y)Y =Va(Y),
Va(Y)Y = Vi(Y),
Un(Y)Y = Up(Y)

Therefore the isomorphism of graded vector spaces DCI(Y)Y =~ DCI(Y) de-
scribed above, which also preserves the A(w)-action, is in fact an isomorphism of
chain complexes. |

REMARK 7.14. While this theorem is surely true for arbitrary principal ideal
domains R, there are technical obstructions in proving it. One natural idea is to try
to construct an equivariant pairing C1 «(Y) QCI, (Y) — R, or at least a pairing on
a quasi-isomorphism C§"(SO(3); R)-submodule of that tensor product (one defined
by the demand that the chains intersect transversely, as in [McCO06]). To do this,
one needs to be able to put a module structure on the tensor product. If A is a
dg-algebra and we wish to endow the category of A-modules with a tensor product
structure, we require a comultiplication A : A - A® A. While this is easy in the
model of Cx(SO(3); R) with simplicial chains (given by the Alexander-Whitney
map), it seems unlikely this is possible for C&"(SO(3)); we have no way to cut
a d-chain into canonical pieces. Perhaps a modification of this model exists that
admits the structure of a bialgebra (or even a Hopf algebra), but this is not clear
to the author.

A more straightforward approach is to extend the Donaldson model to work
with arbitrary principal ideal domains R, where instead of Cy(SO(3); R) ~ A(u),
one would instead use Cyx(SO(3); R) ~ A, where A is a dg-algebra with a generator
a; in each degree 0 < ¢ < 3, with the relations

d(ag) = 2aq, a% =0, and ajas = a3 = —agay.

The above proof then generalizes easily. The construction of such a Donaldson
model, together with the complete determination of the differential dpcy, will be
carried out in forthcoming work with Daemi and Scaduto.



APPENDIX A

Equivariant homology of dg-modules

Let G be a finite group acting on a topological space X. The first algebraic
object studied in equivariant algebraic topology is its equivariant (co)homology: if
EG is a contractible G-space with a free and proper action of GG, we may define the
equivariant homology HS(X) as the homology of the Borel space (X x EG)/G.

As discussed in Chapter an investigation of equivariant Poincaré duality —
or rather, its failure — reveals the existence of a second algebraic invariant of the
G-space X: its ‘coBorel homology’. When X is a manifold, this corresponds to
HImE=*(X), and no Poincaré duality result relates this to the usual equivariant
homology. There is, however, a natural comparison map between these — and
that map sits in an exact triangle with a third group which measures the failure of
Poincaré duality, the ‘Tate homology’ HZ (X).

The definitions explored in [GM95] are defined for spectra. Our main interest
is applying these constructions to define equivariant instanton homology groups;
unfortunately, the necessary ‘Floer homotopy theory’ needed to define an ‘SOs-
equivariant instanton Floer spectrum’ seems quite far out of reach — all that is
available to us is a chain complex with an action of SOs3. Instead, we will want to
give purely algebraic definitions of equivariant cohomology of chain complexes.

An algebraic approach to the Borel construction, which works more generally
for any Z[G]-module, replaces Cy(X) with a resolution in the category of chain
complexes over Z[G], takes the quotient by Z[G], and then computes the homology
(or cohomology) of its totalization. We will want a generalization of this process
that will work for compact Lie groups G in some sense “acting on a chain complex”
C, which gives equivariant (co)homology in the case of G acting on Cy(X).

We model this by considering dg-modules over the dg algebra C,(G). After
that, we will describe the dual homology theory, called coBorel homology, and a
homology theory called Tate homology that compares the two. Our approach to
the Borel/bar and coBorel/cobar constructions are strongly inspired by [GMT4]
and [BMR14], while the approach to Tate homology is essentially that of [Kle02].

The instanton ‘chain complex’ C' (Y; R) is Z/8-graded, not Z-graded. To apply
our constructions to this level of generality, we conclude with a discussion of ex-
tensions to the case of complexes graded over Z/2N, equipped with an appropriate
object called a periodic filtration.

Convention. All chain complexes and dg-algebras are Z-graded until the final

section, where Z/N-graded chain complexes are introduced; even there, dg-algebras
remain Z-graded.

185
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A.1. Bar constructions

We begin by fixing conventions. From here onwards, R is a principal ideal
domain (PID) which will serve as the ground ring of all of our chain complexes.
A chain complex of R-modules is a collection of R-modules C;, indexed by
i € Z, equipped with an R-linear map d; : C; — C;—; so that the composite
di—1d; : C; — C;_5 is zero. The tensor product of Z-graded chain complexes C and
Dis
(C®D)n= @ Ci®D;
1+j=n
with differential acting on a ® b€ C; ® D; as
d(a®b) = (da) @b + (—1)'a ® (db)
and swap isomorphism
(a®b) = (- (b ®a).

We will introduce the basic constructions for modules over a differential graded
algebra that we use to define the various flavors of equivariant homology.

Let A be a homologically graded unital dg-algebra (over the ground ring R); so A
is a Z-graded chain complex of R-modules whose product satisfies the graded Leib-
niz rule d(ab) = d(a)b+ (—1)l%ad(b). Furthermore, assume A has an augmentation
€: A —> R with €(1) = 1; then we may identify

ker(e) = A/{(1) =: A,

and give R the natural structure of an A (bi)-module. In a differential graded
left A-module N, the same Leibniz rule must hold and the unit should act by the
identity; for right A-modules M, the sign in the Leibniz rule uses the grading of NV
instead of the grading of A.

DEFINITION A.l. The (two-sided) bar construction B(M, A, N) is the totaliza-
tion of the resolution

M@N — M@ARN « MOAZ QN «— .-
So as a graded module,
B(M,A,N) =®;_ M ®A[1]®" @ N.

where Ay = A[1]41. Writing a generic tensor product as m[ay | -+ | ax]n where
possibly k = 0, its differential is given as

k
(—1)’“<dm[au| o ladn+ Y )Py | dag [ ]
i=1
+ (=)™ mfay |- | ax] dn> + (mal[ag |« | ak]n
k=1
+ Z (=D'm[ay |- | asairr | ax]n + (=D)*may |- | ax_1] akn>
i=1

Here ¢; = |a1| + -+ - + |a;].
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These sign conventions are those of [GM74]. Gugenheim and May define Tor (M, N)
for arbitrary pairs of dg-modules over a dga; their Corollary A.9 shows that

Torl (M,N) = HyB(M, A, N)

as long as M, A, and N satisfy appropriate flatness hypotheses. We will state,
and then assume, the relevant hypotheses shortly; they are there to ensure that
B(M, A, N) takes quasi-isomorphisms to quasi-isomorphisms.

Most of the time we are interested in the special case B(M, A, R). If one thinks
of A = C4(G) as the canonical dg-algebra of interest, acting on the module M =
Cy(X) for some right G-space X, then B(M, A, R) models the Borel construction,
also known as the ‘homotopy quotient’,

MhG =M Xa EG.

Note that whenever agn appears in the differential above, this term is zero, as
ar € A = ker(e), acting on n € R via the augmentation .
The bar construction is functorial (as an A-module) under maps

f:A—-A g:M—->M,h:N—->N'

with g(ma) = g(m)f(a) and similarly for h. It is also functorial under homotopies
of such maps. Most commonly one either fixes the modules or A when using this
functoriality; for a map of triples

(M7 A7 N) - (MI7 A7/ Nl)?
the corresponding map of bar constructions factors as
B(M,A,N) - B(M',A,N') - B(M', A", N").

There is a canonical map, natural in (M, A, N),

(A1) B(M,A,N) - B(M,A,R)® B(R,A,N)
given as
k .
mlay |- Ja]n = Y (=D)F 0 D mfay |- @] @ [aie |-+ | ax]n.
i=0

This endows BA := B(R, A, R) with the structure of a coalgebra, and B(M, A, R)
the structure of a right BA-comodule.

DEFINITION A.2. The cobar construction of (N, A, M), where A is a dg-algebra
and both N and M are right A-modules, is the chain complex

¢B(N,A, M) =Homu(B(N, A, A), M).

This, too, is a special case Gugenheim and May’s constructions; now we have
H.cB(N,A, M) = Ext,*(N, M) under suitable projectivity hypotheses. We will
primarily be interested in the case N = R, as this represents the homotopy fixed
points of M.

For concreteness, we note that ¢B(N, A, M) is isomorphic as a graded R-module

to
-

[ [Homp(N ® A[1]®", M) = Homp(N ® BA, M),
1=0
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graded so that |a| + |n| = |n(a)|. This is the negative of the usual grading (which
would make Hompg(C, D) into a cochain complex); for M bounded and A nonneg-
atively graded, the chain complex we define here is bounded above but unbounded
in the negative direction! Passing through the above isomorphism, the differential
of an element 7 : B(N, A, R) — M of degree d is given as

(dn)(nfar] -+ |ap]) = dar (n(nfa1] -+ lap))) = (1) (dp(v,a,mynlas] - - |ap])

- (_1)d+p77(”[a1| - lap—1])ap.

The cobar construction is functorial for triples (M, A, N); it is covariant in M,
but contravariant in A and N. The equivariance condition on morphisms is that
we demand f: A" — Aand g: M — M’ satisfy g(mf(a’)) = g(m)a’; the condition
on A and N is the usual, that h(n'a’) = h(n') f(a’).

Dual to equation ,

¢B(R,A,R) = Homus(B(R, A, A), R) ~ Homp(BA, R)

is naturally an algebra. The chain complex cB(R, A, M) is naturally a left module
over this algebra, following the diagram

Hompg(B(R, A, R),R) ® Hom4(B(R, A, A), M)
— Homu(B(R, A, R) ® B(R, A, A), M) — Hom(B(R, A, A), M) = ¢B(R, A, M).

Here the final map is dual to the BA-comodule structure on B(R, A, A); note that
the map B(R, A, A) - B(R,A,R) ® B(R, A, A) is a map of right A-modules, so it
makes sense to apply Hom 4 to this map.

Finally, observe that B(M, A, R) is a left module over ¢B(R, A, R), by applying
the comodule structure and then the pairing. In the following map, we suggestively
rewrite cB(R, A, R) = BAV:

BAY @ B(M, A, R) “2% BAY @ B(M, A, R)® BA

T8 B(M,A,R)® BAY ® BA 2™, B(M, A, R).

The map A is the comodule structure and 7 is the swap map z®y — (—1)‘x||y‘y®
x. Here, and elsewhere in this text, we write MY for an R-module M to be its dual
as an R-module, Homg(M, R); if M was a right A-module, then MV carries the
structure of a left A-module by (an)(m) = n(ma).

A.2. Invariance

Suppose we have a map of pairs (M, A, N) — (M’, A’, N') as above inducing
a map B(M,A,N) —» B(M', A’ N'). When is the induced map an isomorphism
on homology? Because the bar construction is functorial under homotopies, this is
true if the map of triples is a homotopy equivalence (of triples). More generally,
we have the following theorem. These flatness restrictions are harmless for most
purposes in topology and for use in this paper, but indicate that the approach taken
here is too naive for general modules over a dga. This result, and much of [GM74],
is put into the powerful general framework of model categories in [BMR14], but
we will not need this language here.
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THEOREM A.3. Suppose we have a map of triples
(9, f,h) : (M, A,N) — (M', A", N')

so that f, g and h all induce isomorphisms on homology (from here on we will
say “are quasi-isomorphisms”). Suppose further that N,N', A and A are flat (as
graded R-modules). Then the induced map B(M, A, N) — B(M', A’, N') is a quasi-
isomorphism.

Note in particular that we may take N = R in the above theorem. A similar
result is true of ¢cB(N, A, M) (making slightly stronger assumptions).

THEOREM A.4. Suppose M, N are A-modules and N, N’ are A’-modules. Let
f:A A g:M—->MHh:N - N
be quasi-isomorphisms that are equivariant in the sense that
g(mf()) = g(m)a’ and hn'a’) = h(n')f(a).

If all of A, A', N and N' are R-free, then ¢cB(N,A, M) — ¢B(N',A",M') is a
quasi-isomorphism.

These theorems are proved by appealing to natural spectral sequences associated
to the bar and cobar constructions. All of our spectral sequences arise from filtered
complexes (as opposed to more intricate constructions, such as exact couples), so
let us introduce the concept.

DEFINITION A.5. A filtered complexr is a chain complex C' equipped with an
increasing (possibly unbounded) sequence of subcomplexes

-cF, 1 CcF,CcF, ., [(Cc---

Four special properties of filtrations F,C' deserve a name:

(1) A filtration is ezhaustive if {J, F,C = C.
(2) A filtration is Hausdorff if [, F;,C' = 0.
(3) A filtration is complete if the natural map C — lim,, .. C/F,C is an
isomorphism.
(4) Afiltration is regular if, for all n € Z, there exists u(n) € Z so H, (F,C) = 0
for p < u(n).
Given a filtered complex, the complex obtained by taking the minimal quotients
gr,C = F,C/F, 1C is called the associated graded complex.
Finally, a filtered chain map (of degree m and filtration index n) is a chain map
f:C — C' of degree m between filtered complexes for which f(F,C) < F,.,C’
for all p € Z.

The associated graded complex can be understood as a bigraded group Equ =
gr,Cp1 ¢, equipped with a differential d® = gr(d) of bidegree (p,q) = (0,—1). Taking
the homology with respect to this differential gives E;)q; careful inspection shows
that d : C, — Cp—1 gives rise to a differential d' on E' of bidegree (—1,0). Contin-
uing in this way, we obtain a spectral sequence, a sequence of bigraded complexes
(E”,d") where d" has bidegree (—r,7 —1), and E}t! = H(E} ,,d"). Intuitively, the
successive E” give Taylor polynomial approximations of H(C), considering only the
part of the differential which decreases filtration by at most r» — 1.
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Notice that a filtered chain map f : C — C' of degree m and index n induces
a chain map of bidegree (n,m — n) on the associated graded complex, and hence
a map on the E! page of the spectral sequence, and so on. See [CE56, Chapter
XV] for a concise reference; their conventions are cohomological, as compared to
our preference for homological gradings.

We will be interested in two questions:

e When can this spectral sequence be used to compute the homology H(C)?
e If that’s not possible, when can this spectral sequence be used to detect
isomorphisms?

The first statement should be qualified. The filtration on C gives rise to a
filtration F}, H(C) on the homology, and our goal here is to compute the associated
graded grpHp+q(C). Secondly, what we mearﬁ by compute is that the E}  should
limit to this group gr,Hy,.,(C). But there is not usually a canonical map Ep,—
E;jq'17 as there is rarely a canonical map from a complex to its homology; what
should this mean?

For regular filtrations, for each (p,q) there exists N so that for r = N we have
dy , = 0. As a result, the passage from E  to E{,;l is given by quotienting by a
subgroup, and in particular we have a sequence

N N+l
Epg = Epyd ™ —

and we may set E° = colim, E} .
The following result is stated at the conclusion of [CE56l Chapter XV.4], and
follows immediately from the discussion thusfar in that chapter. (They impose the

exhaustive and complete Hausdorff assumptions at the beginning of Chapter XV.)

ProproSITION A.6. If C is an exhaustive, complete, Hausdorff, reqular complex,
there is a canonical isomorphism

grp(Hp+qC) = E;O

, = colim, £/
;

p,q

We will only ever care about filtrations that are exhaustive and complete Haus-
dorff (but it is still important to check these conditions). Completeness in particular
is often subtle and delicate. On the other hand, we will care about both regular and
non-regular filtrations. The regularity assumption is easy to check in practice; for
instance, if for each n the sequence F,C), is bounded below in p, we automatically
have regularity.

If F,C is not regular (but still exhaustive, and complete Hausdorff) then we
cannot use the filtration to compute the groups themselves, but we can still check
isomorphisms, which is for our purposes usually more important.

PROPOSITION A.7 (Eilenberg-Moore comparison theorem). Suppose C' and C'
are filtered complezxes whose filtrations are exhaustive and complete Hausdorff. If f :
C — C' is a filtered map which induces an isomorphism " : E™(C) — E"(C") for
r = 0 on some finite page of the spectral sequence, then f induces an isomorphism

H(C) — H(C).

IThe sense in which E” ‘converges to’ grH (C) discussed here is weaker than that discussed in
[CE56l Chapter XV.2], but is perhaps the notion more familiar to most topologists, and the one
which can more easily be understood by simple inspection. Readers interested in a more general
notion of ‘convergence’ are directed to the given reference.
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This is proved as [Wei95| Theorem 5.5.11], and the proof is short: the mapping
cone of f can be equipped with a filtration for which E"(Cone(f)) = 0. This implies
that the filtration on Cone(f) is regular, and it follows from Proposition that
H(Cone(f)) = 0, which therefore implies that f is a quasi-isomorphism.

REMARK A.8. Suppose C' is equipped with an arbitrary filtration. Consider the
filtered complex, called the full completion in [Ola22],

C= qgrilm colim,_,, F,C/F,C, with filtration F,C = }]iglonC’/FqC.
Then the filtration on C is exhaustive and complete Hausdorff by construction.
If the filtration on C is regular, the associated filtration on C' is regular, and the
spectral sequence E"(C) actually converges to (the associated graded of) the ho-
mology of C. Similarly, if f : C — (" is a filtered chain map, the associated
spectral sequences can be used to detect if the associated map f : C — C' is a
quasi-isomorphism; it says little about f itself.

Notice that if a filtration is bounded below, it is automatically both complete and
Hausdorff; if it is bounded above, it is automatically exhaustive. Another situation
that frequently arises is that the filtration is the totalization of a multicomplex; in
this case, the full completion is easy to describe. We state the definition here (first
appearing in [Wal61]).

DEFINITION A.9. A multicomplex is a bigraded R-module M, ; with differentials
dy : Mgy — Myt pq for 7 = 0 so that

> didj = 0.
i+j=n
The associated (completed) filtered complex is the subcomplex
C’n = H Ms,n—s - HMn,n—‘s
§—>—W SEL

consisting of those sequences (zs) with s = 0 for sufficiently large s. (That is to
say, the product is only taken in the negative direction.) The differential is given

as Zrzo d,.

ProPOSITION A.10. The completed complex C of a multicomplex M is com-
plete Hausdorff, and we can identify the E* page of the associated (conditionally
converging) spectral sequence with H(M,dy) equipped with the differential H(dy).

These tools in hand, we can prove the two invariance results we need.
ProoOF OF THEOREM A.1l. Filter B(M, A, N) by
F,B(M,A,N) = M® (@fzoz@ ® N) .

Then we calculate the E*! page of the associated spectral sequence as the (bigraded)
complex

HM®@N)«~ HM®AQN) « ---
Because the map B(M, A, N) — B(M', A’, N') preserves the filtration, it induces
a map of spectral sequences; if the maps

HM@AY ®@N) > HM @ A% @ N')
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are isomorphisms, then we would have proved that B(g, f,h) induces an isomor-
phism on the E' page and hence all pages of the spectral sequence.
We prove this fact inductively on the number of tensor factors.

LEMMA A.ll. If F : X — X' is a quasi-isomorphism of degrecwise R-flat
complezes, and G :' Y — Y' is a quasi-isomorphism of arbitrary complezes, then
FRG: XY - X' ®Y' is a quasi-isomorphism.

This follows immediately from comparing the short exact sequences (which exist
because X, X’ are degreewise flat)

0> P Hy(X)QH,(Y)> H.,(XQY)—> @ Tor(H,X,H,Y)— 0,
pt+g=n p+g=n—1

because the outside terms only depend on HX and HY. This is where we need
R to be a PID; otherwise we would need to apply the Kunneth spectral sequence,
and would need boundedness assumptions. One may use the spectral sequence
argument to extend this result to Dedekind domains, as in [KM95, Lemma 2.2].
The filtration of B(M, A, N) is trivially complete and Hausdorff, as F_; = 0.
It is exhaustive because the infinite direct sum is the union of its finite direct
summands.
Because N, N', A, and A are degreewise R-flat, we have B(g, f,h) is an iso-
morphism on the E? pages. It follows from Proposition that B(g, f,h) is a
|

quasi-isomorphism.
Proor orF THEOREM A.2. Now the filtration is
F_,cB(N,A,M)=Homu(B(N,A,A)/F,B(N,A,A),M);
that is, it consists of those functionals that vanish on F, B(N, A, A). Let us abbre-

viate B(N, A, A) =: B. This filtration is now bounded above, and thus is automat-
ically exhaustive. Note that the intersection

lim Hom 4 (B/F,, M) = Hom 4 (colim, B/F,, M).
2

The colimit is an exact functor, so
colim, B/F, = B/ colim, F, = B/B = 0,
because the filtration of B was exhaustive, and thus the filtration is Hausdorff.
Now, the short exact sequence 0 — F,, - B — B/F, — 0 is split as A-modules
(not dg), identifying B/F, with the summand @DPN@Z@Z ® A (but ignoring the
differential). This implies that
Hom (B, M)/Homu(B/F,, M) = Hom 4 (F,, M)
as R-modules (Hom takes split exact sequences to split exact sequences). Applying
lim Hom4 (B, M) /Hom a(B/F,, M) = lim Hom 4 (F},, M)
= Hom 4 (colim F},, M) = Hom 4 (B, M),
we see that the filtration is complete (the last equality because the filtration on B
was exhaustive).

Using the isomorphism of ¢B(N, A, M) as a graded R-module to Hom(N ®
BA, M), we identify the E' page as the totalization of the double complex

H(Homp(N,M)) — H(Homp(N ® A, M)) — -
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We need to see that Hom (N ®Z®i, M) — Hom(N' ®Zl®i, M) is a quasi-isomorphism
for all ¢; then the theorem W111 be proved. We write this as a lemma: the only prop-

erty we will use is that N ® 2% is free for any ¢ (a tensor product of free modules
is free). |

LEMMA A.12. If X and X' are R-free, and F : X' — X is a quasi-isomorphism,
then for any quasi-isomorphism G :'Y — Y', the induced map Homg(X,Y) —
Hompg(X',Y") is a quasi-isomorphism.

PrROOF. When both X and d(X) ¢ X are complexes of projective modules,
we have a natural Kunneth short exact sequence

0- [] Ext'"(H,X H_,Y)— H ,Hom(X,Y)— [] Hom(H,X,H ,X) - 0;

p+g=n—1 p+g=n

from this the theorem is clear, as long as every submodule d(X) of a free module
of arbitrary rank is free; this is true for PIDs. For the statement of the Kunneth
theorem and that submodules of free modules are projective (and hence free, as
projective modules over a PID are free), see [Wei95|, Exercises 3.6.1-3.6.2]. u

We will often be interested in thinking of one-variable versions of the bar and
cobar constructions as providing homology theories for A-modules; we will introduce
new notation for the sake of compactness. Our notation is chosen to fit with both
[Jon&7] and [OS04].

DEFINITION A.13. Suppose that A is an augmented dg-algebra with each A,
free over R, and M a right A-module. We define the positive and negative A-chains
on M to be

Ci(M):= B(M,A,R)
C,(M):=cB(R,A,M).

The homology of C} (M) is denoted H 7 (M), the (Borel, or positive) A-homology
of M, while the homology of C; (M) is denoted H (M), the coBorel (or negative)
A-homology of M.

Note that both C} (M) and C; (M) are covariant in M! When A is clear and
we are not interested in varying it, we omit it from the notation.

A.3. The dualizing complex and Tate homology

Tate homology, constructed in this section for dg-modules over a dg-algebra and
written as HZ (M), has appeared in the literature in many forms. Our approach
here is essentially a chain-level interpretation of [Kle02|] (which was written in the
context of Tate homology of G-spectra). Tate homology may be viewed, in some
sense, as the homology theory that arises when you kill off free objects. The classic
reference to Tate homology of spectra is [GM95]; we warn that if X is a G-space,
our H5 (C’*( ); R) is more analogous to what they would call tgr.q(HR)(X),
not tg(H R)(X ). (We are ‘chainifying’ the group from the start as well.) The idea
of Tate homology is beautifully developed in an abstract homotopical setting in
[Gre01], which surely includes as a special case the content of this section. A recent
approach to Tate homology of G-spectra via localization of (00, 1)-categories appears
in [NS17]; this level of abstraction has the advantage of glvmg multiplicativity and
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uniqueness results that are not as easily available otherwise (in some cases, not
available at all).

We take our current approach as it seems to minimize input energy, at the cost
perhaps of some conceptual clarity and multiplicativity results (we do not construct
a product on C7(R), for instance).

Because A is a left A-module, the complex ¢B(R, A, A) = C,(A) inherits the
structure of a left A-module, by (an)([b1 | -+ | bn]b) = a-n([b1 |-+ | bn]b).

DEFINITION A.14. The dualizing complex D 4 of a degreewise R-free dg-algebra
A is the left A-module C7 (A).

DEFINITION A.15. Let A be a degreewise R-free dg-algebra and M a right A-
module. The map
Nyt B(M,A,Dy) — C, (M)
given by

0 k>0
NM<m[a1|---|ak]w)={m'w o

is called the norm map of M. The product m - v makes ¥ into an M-valued
functional by using the fact that 1 is A-valued and M is a right A-module. The
mapping cone of Ny is denoted C% (M), the Tate complex of M. Its homology is
the Tate homology H (M) of M.

The following is important enough to record as a lemma.
LEMMA A.16. D4 is degrecwise R-flat.

ProOOF. The algebra A is degreewise R-free, and in particular torsion-free.
Because R is a PID, R-flatness is equivalent to (R-) torsion-freeness. The complex
Hom 4 (B(R, A, A), A) is R-torsion free: if 1 : B(R, A, A) — A has (r¢)(z) = 0 for
all z, then ¢ (z) = 0 for all x as A is torsion-free. Therefore D4 is torsion-free,
hence degreewise flat. [ |

To justify the name “Tate homology”, we show that this satisfies part of the cor-
responding versions of Klein’s axioms defining Tate cohomology [Kle02], skipping
the complete verification that HY and H (B(—, A, Dy)) are homology theories:
the remaining axioms state that these preserve homotopy pullbacks and filtered
homotopy colimits. These are not hard to verify, but we will not use them.

THEOREM A.17. The functor C% (M) from right A-modules to chain complexes
satisfies Klein’s axioms specifying the Tate homology of M :

(1) C% (M) preserves weak equivalences;

(2) HY (X ® A) = 0, where X is a finite-dimensional chain complex of free
R-modules and the right A-module structure is given by acting on A;

(3) There is a map C (M) — C% (M), natural in M, whose homotopy fiber
preserves weak equivalences.

Proor. It follows from Theorem that B(M, A, D 4) preserves weak equiv-
alences in M, because by Lemma [A.16] above, D4 is flat. The Tate complex is the
mapping cone (homotopy cofiber) of Ny : B(M,A,D4) — Cy (M), and both the
domain and the codomain of the norm map preserve weak equivalences, so C (M)
does as well. This is Axiom 1.
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For Axiom 2, note that
B(X®A,A,Dy) 2= XQ®B(A,A,Dy)
¢B(R,A, X ®A) =Homy(B(R,A,A), X ®A) = X®Dgy.

The final identification uses the assumption that X is finitely-generated and free.
Then under these identifications, the norm map is identified with the projection
X®B(A,A,Dy) > X ® Dy; but B(A, A, N) — N is a homotopy equivalence for
any left A-module N, so the mapping cone of the norm map is contractible.
The first part of Axiom 3 is obvious (it is the inclusion into a mapping cone),
and the second part almost so: the homotopy fiber = mapping cocone is naturally
equivalent to B(M, A, D4). [ |

We henceforth write H "™ (M) for H(B(M, A, D)), and call it the twisted
Borel homology. We will investigate its relationship to HX(M) later.

We won’t prove Klein’s uniqueness theorem that these axioms do uniquely char-
acterize Tate cohomology, but rather use it as motivation that we have the correct
definition. (It seems likely that some variation of his argument works in this con-
text.)

In addition to the above, it is important to observe that there is a natural left
action of C'j (R) on D 4. This action commutes with the left action of A described
at the beginning of this section, and hence the formula

- mlar| - Japle = (=1)IAF T ma,] - Ja,) (- )

defines a dg-module structure of C';(R) on B(M, A, D4). The norm map Ny is
easily seen to be C (R)-equivariant. Therefore, the mapping cone inherits the
structure of a left C'; (R)-module, and the natural map C (M) —» Cy(M) is a
module homomorphism.

The following theorem summarizes everything we have assembled about the
three A-homology functors H™™W, H~ H*.

THEOREM A.18. Let A be a dg-algebra over a commutative PID R which is
(R—) flat in each degree A,,. There are functors

Hy™(M), Hy(M) Hj (M),
from dg A-modules to graded R-modules, satisfying the following properties.
(1) The functors send short exact sequences of A-modules to exact triangles
and preserve weak equivalences.
(2) Hy(R) is a ring, and each of these homology theories carry a natural left
module structure over H, (R).
(3) There is an ezxact triangle of H, (R)-modules

HI™(M) - Hy (M) — HE (M) = 5™ () .

(4) HY (X ® A) = 0 when X is a finitely-generated chain complezx of free
R-modules and X ® A is given the canonical right action.
We state an invariance theorem for equivariant homology with respect to quasi-

isomorphic dgas.

PROPOSITION A.19. Suppose f : A — A’ is a quasi-isomorphism of algebras,
each degreewise free over R. This induces a functor F : Mody — Mody via



196 A. EQUIVARIANT HOMOLOGY OF DG-MODULES

restriction of scalars, and there are natural isomorphisms H%(FM) = HY, (M),
for the homology theories o € {(+,tw),—, 00}. These natural isomorphisms induce
an H (R)-equivariant natural isomorphism of exact triangles.

PROOF. The fact that ¢B(R, A, M) <« ¢B(R, A’, M) is a quasi-isomorphism is
Theorem [A74} for that reason, the maps

D =cB(R,A,A) - cB(R,A,A') « cB(R,A",A") = Dy

are quasi-isomorphisms. This is the crucial place we need A and A’ to be degreewise
free.
To make the diagrams smaller, let us write

By = B(Dy, A, FM),
cBy =CL(FM) =Homa(B(A, A, R), FM),
B' = B(C4(A"), A", M).
Then the induced maps on bar constructions B4y — B’ < B4/ are quasi-isomorphisms
by Theorem using that D4, C;(A4’), and D4 are all flat R-modules, which is
Lemma [A. 16l

Comparing the Tate homology groups is more complicated. The following dia-
gram commutes, which is an easy check left to the reader.

Ba B’ By
oo~ Jie
cBy cBg

N |

C(Ny) —--- C(N") ¢----- C(Na)

Here N’ : Homa(B(A,A,R),A") ®a B(A',A',M) — Homu(B(A, A, R),M’) is
obtained from the projection map B(A’, A’, M) — M. The maps in the bottom
row are the natural maps induced on a cone, and we denote the norm maps Ny
and N4 instead of the usual Nj; to reflect the different choice of algebra M is a
module over.

Because all of the maps in the top two rows are quasi-isomorphisms, the maps
on the bottom row are also quasi-isomorphisms by an application of the five lemma.
In particular, inverting the bottom-right quasi-isomorphism on homology, we have
an isomorphism HY (FM) — HY,(M).

All of the maps in this diagram are module homomorphisms with respect to
either C';(R) or C,(R), as appropriate; this implies that the isomorphisms on
homology are H , (R)-equivariant. |

REMARK A.20. Suppose f : A — A’ is a quasi-isomorphism and M is a right
A-module. Then there is a zig-zag of quasi-isomorphisms M «— B(M, A A) —
B(M, A, A’) = M’ of right A-modules; further, the A-module structure on B(M, A, A’)
can be understood as the restriction of an A’-module structure. The above ar-
guments then imply that this zigzag induces a natural isomorphism H% (M) =
H:. (M'). As aresult, we may fairly freely pass between different quasi-isomorphic
models for a given dga.
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A.4. Periodicity in Tate homology

Tate homology, in some cases, is periodic: there is some class in H (R) so that
its action on H}' (M) is an isomorphism when M is a finite A-module (in an appro-
priate sense). A beautiful reference for this phenomenon is [GM95 Section I11.16]
in the setting of genuine G-spectra, where G is a compact Lie group that acts freely
on some sphere. Without this assumption, periodicity phenomena often fail; see
for instance [BC92].

Here we endeavor only to prove an analogue of it in a simple case which will
suffice for our purposes, and in a computational manner. We write A = A := A(u,),
where |u,| = n. We have H, (R) = R[U], where |U| = —n—1, and H (R) = R[U*]
with |U| = n + 1, where the action of U is contraction against U*; these are
immediately clear from the definition of bar and cobar construction here, which
have no nonzero differentials.

REMARK A.21. Notice that H, (R) is only graded-commutative if |n| is odd or
R has characteristic two. This corresponds to the fact that A is a graded bialgebra
precisely when one of those conditions holds; more generally, H, (R) is graded-
commutative whenever A is a dg-bialgebra.

We see from the tautological exact triangle that, as a graded R-module, we have
H{(R) = R[U,U~!'] (where here we have suggestively rewritten U* = U~'); we
know from the fact that the exact triangle are maps of H, (R)-modules that the
action of U on these increases the power of U by 1, except possibly for the action
on U~!. The content of the following crucial lemma is that U - U~! = 1.

LEMMA A.22. Let A be the exterior algebra over R on an element u in degree n.
We have an H , (R)-module isomorphism Hy (R) =~ R[U, U], with U -U" = U**!
for all i € 7.

PROOF. We write this out very explicitly; all of what follows is a transcription

of definitions. First, we may write Dy = R[n] ® A, with differential
d(n* ®z) = (-1)"* "' @ ua.
To avoid confusion later, we have used the notation 1 where previously we wrote
U: it is the degree (—n — 1) functional on BA which sends U* to 1 € R. As graded
R-modules we have
B(R, A, Dy) = R[U*] ® R[n] ® A(u);

under this isomorphism, the differential of B(R, A, Dy) is taken to

AUH* @7 ©1) = ()" UH @ @u+ (1)U @,
and is zero on (U*)*®n’ ®u. Combining both the definition of the action of Cy on

D, and the extension to an action on B(R, A, Dy ), the action of U on this complex
is

U- (U@ ©p) = ()" U @ e@p
for any p € A(u). Finally, the norm map N : B(R,A,Dy) — C, (R) is given by
n¥ + U* for any k > 0 and is otherwise zero.
By definition, the Tate complex

CX(R) = B(R,A, Dy)[1] @ C (R)
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is the mapping cone of the norm map; this means that its differential is

—d 0
Np d
The action of U* is the same as before on each component. Now note that
Hy.B(R,A,Dy) = Hj [n]

as an H, -module, and a chain in B(R, A, D,) representing the degree n element
of Hy [n] is given by (U*)° ®@n° ® u. Our goal, then, is to show that
U-(U")'®n"@u) = (U")" @neu
is homologous in C¥(R) to U° € C (R). But from the formula for the differential,
we have
do (U’ @n° ®1) = —(U*)°®@n®@u + U’
this is precisely what we wanted. |

We can use this to prove the following localization theorem.

PRrROPOSITION A.23. Let M be a dg-module over A, degreewise free over R;
suppose M has a finite filtration 0 = F_ 1M < FobM < --- < F, M = M so that
each piece FyM/F,_1 M of the associated graded dg-module is quasi-isomorphic to
a finite direct sum of copies of R and A. Then the action of U € Hy on H{ (M)
is an isomorphism. Therefore the natural map Hy (M) — HY' (M) factors through
H, (M)[U™], and the map

Hy (M)[U™] - H (M)
is an isomorphism, natural for dg-module homomorphisms of such M.

To prove this, we first define the notion of inverting an endomorphism of a
dg-module with respect to a dg-module homomorphism f : M — M of degree k,
written M[f~!]. This is NOT the strict notion of inversion of an element familiar
in module theory,

colim(Mi»Mi»ML---),

because this rarely plays well with taking homology. Instead it is a homotopy
colimit. The simplest way to phrase this (taken from [HR96| Definition 24.5]) is
that M[f~'] is the mapping cone of the map 1 — tf : M[t] — M][t], where ¢ is
a polynomial generator in degree —k. Then immediate from the exact triangle on
homology, and the fact that (1 —tf)s : H(M)[t] — H(M)[t] is injective, we see
that H(M[t=']) = H(M)[t~!], where on the right side we are inverting an element
of a module in the usual sense. (Here we are using that the module-theoretic notion
may be defined perfectly well as M[t]/(1 —tf).)

PROOF OF PROPOSITION [A23] First we show that the action of U* on HY (M)
is an isomorphism. This is equivalent to showing that the natural map C{’(M) —
C{(M)[U~1]is a quasi-isomorphism. To see this, we use that the filtration Fj, M in-
duces a filtration F,C{ (M) = CF(F, M), and similarly a filtration on C3*(M)[U~1];
these are complete because the filtration is finite. Now the E' page of the corre-
sponding spectral sequence is given as a direct sum of copies of HY" (R) and H{ (A)
(or, respectively, the results of inverting U), and the action of U on the E' page
is the direct sum of the corresponding actions. But H{ (A) = 0, and the fact that
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U* is an isomorphism on HY (R) was the content of Lemma So the natural
(filtered) map CY (M) — CF(M)[U~'] is an isomorphism on the E' page, and
therefore a quasi-isomorphism. This proves the first part of the theorem.

The rest follows similar lines: there is a natural map

Cr(NU™] - cxnUT],

and our goal is to show that this map is a quasi-isomorphism; because the map
Cy(M) - Cy(M)[U™'] is identified on homology with the result of inverting
U, the desired result follows. But using the same filtration as the above, the E*
page of the first spectral sequence is a direct sum of copies of H, (R)[U~!] and
Hy (A)[U™'], and the E' page of the second spectral sequence is a direct sum
of corresponding copies of H{(R) and H{’(A). Then the only thing to observe
is that what we already know: Hjy (R)[U '] — HY(R) is an isomorphism, and
that H, (A) is a copy of R concentrated in degree zero, so that H, (A)[U™'] = 0.
Therefore the above map is an isomorphism on the E! page of the corresponding
spectral sequence, and therefore a quasi-isomorphism. |

A.5. Simplifying the twisted Borel homology

In this section, we give conditions under which there is a natural isomorphism
HD™(M) = Hf(M)[n] for some degree shift n. We would, furthermore, like this
isomorphism to preserve the action of H; (R). The desired conditions for us amount
to a sort of Poincaré duality assumptions, which will be true for the groups Cy(G)
of most interest to us.

DEFINITION A.24. Suppose A is an augmented dg-algebra. Consider AV =
Homp(A, R) as an A-bimodule, via

(agb)(z) = (—1)leltel+PI+1zD g (phrq).

e We say that A satisfies strong Poincaré duality of degree n if there is a
zig-zag of A-bimodule quasi-isomorphisms A ~ AV [n].

e We say that A satisfies weak Poincaré duality of degree n if there is a zig-
zag of augmented dg-algebra quasi-isomorphisms relating A to an aug-
mented dg-algebra A with the following property: there exists a quasi-
isomorphism g : A flv[n] of right A-modules, and A contains a cycle
F € A, satisfying @ - F = e(a)F for all @ € A, and for which ¢(F) is
homologous to the augmentation € € AY.

Despite the names, note that strong Poincaré duality does not necessarily
imply weak Poincaré duality, because of the new hypothesis on the existence
of an ‘invariant fundamental class’ F'. Rather, strong Poincaré duality essentially
supposes the existence of a bimodule equivalence between A and AV [n], while weak
Poincaré duality supposes slightly more than the existence of a right module equiv-
alence between A and AY[n]. A mere right module equivalence is insufficient for
the argument we want to make below, and we need the added hypothesis about the
cycle F; nonetheless, this second condition remains weaker, in the sense that far
more examples in nature satisfy weak duality than strong duality.

These hypotheses will be relevant to simplifying the dualizing module D 4, be-
cause we have equivalences

R[n] ~ Homg(B(R, A, A), R)[n] = Hom(B(R, A, A), AY)[n]
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of left A-modules; the first map is the quasi-isomorphism given by sending 1 to the
augmentation map €, and the second the isomorphism given by sending 7 to the
map 7' : EA — AV defined by 7'(x)(a) = n(za).

Therefore, if we can replace A with AY as a right module, we can at least
conclude that Hy(D4) = R[n]; and if we can replace A with AY as a bimodule, we
see that D4 >~ R[n] as left A-modules, which is essentially enough for the desired
result.

REMARK A.25. This is a very special case of what is called a Gorenstein condi-
tion in the literature, which usually amounts to something like an assumption that
there exists a bimodule isomorphism Hom 4 (R, A) = A[n], interpreted in a derived
sense. Our condition implies this because of the chain of equivalences

Homy (R, A) ~ Hom4 (R, Hompg(A, R))[n] = Hompr(A ®r R,Hom4 (A, R))[n]
= Hompg(A, R)[n] ~ A.

The second equality uses the tensor-hom adjunction for (bi)modules over two rings,
and all appearances of “Hom” are derived. We will not use the Gorenstein con-
dition except through the above Poincaré duality condition; this remark is purely
motivational.

A particularly nice reference, which applies to the dg-algebra case, is [DGI06].

THEOREM A.26. If A is R-flat and satisfies weak Poincaré duality of degree n,
then there is a natural isomorphism of graded R-modules H '™ (M) = H(M)[n].

Proor. If f : A/ - A is a dg-algebra quasi-isomorphism, there is a corre-
sponding isomorphism H}, (M) = H} (M) as R-modules, and similarly with the
twisted Borel homology. Therefore, it suffices to prove the stated claim for the
algebra A related to A by a zig-zag of quasi-isomorphisms. To simplify notation,
in what follows we assume A = A.

As discussed above, this implies that D4 ~ R[n] as R-modules; but to replace
B(M, A, D4) with B(M, A, R) requires an equivalence between D4 and R as left
A-modules. To do so, we will construct a specific map R[n] — D4 which is A-
invariant and induces a quasi-isomorphism, using our knowledge of H,(D4).

Let ¢ : FA — A be the A-equivariant map given by

e(@)FF n=0
0 n>0

d(alar]---Jan]) = {

where F' is the fundamental class assumed in our definition of weak Poincaré duality.
It is straightforward to verify that ¢ defines a cycle of degree n in D4, and we let
fu : R[n] = D4 be the chain map fy(r) = ri. Note that this map is A-equivariant:
we have

Fola-r) = fulel)r) = e(ayres,
while (a - fy)(r) = ary; but using that a - F = €(a)F and that R is central in A,
we have

(afyp)(r)(b) = (ary)(b) = (ar)e(b)F = e(a)re(b) ' = e(a)ri(b) = fy(ar)(b).
It remains to verify that f, is a quasi-isomorphism. To see this, we trace our
equivalences backwards. The quasi-isomorphism

gs : Homy(B(R, A, A), A) - Homa(B(R, A, A),AY)
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sends ¥ to
€(a)g(F) n=0

V' (afas] -+ au)) = {0 e

Because ¢(F') is homologous to the augmentation, up to adding a coboundary
we may suppose ¥'(1) = e. Next, the isomorphism Hom(B(R, A, A),AY) =~
Homp(B(R, A, A), R) sends ¢’ to

ea) n=0

w//(a[aﬂ - |an]) — 1/)/(&[(11| - |an])(1) — {O o

This is precisely the map obtained as the image of 1 under the quasi-isomorphism
R — Hompg(B(R, A, A), R), and therefore ¢ generates the homology of D 4, so that
fu is a quasi-isomorphism.

The natural isomorphism H "™ (M) = H}(M)[n] then follows from the invari-
ance theorem for bar constructions, Theorem |

THEOREM A.27. If A is R-flat and satisfies strong Poincaré duality of degree
n, then there is a natural isomorphism H "™ (M) = H}(M)[n] of H -modules.

PROOF. The argument is essentially unchanged if the zig-zag of equivalences
between A and A has length larger than one, so we suppose we have a single
bimodule quasi-isomorphism A — AY[n].

As discussed above, this induces a chain of equivalences

D4 =Homyu(B(R,A,A),A) ~ Homa(B(R, A, A),AY)[n]
~ Hompg(B(R, A, A), R)[n] ~ R[n]

as left A-modules. It is better to stop in this chain before the end, as this equiv-
alence D4 ~ Hompg(B(R, A, A), R) is equivariant under the actions of C';(R) es-
sentially by definition: the product structure uses the left BA-comodule structure
of B(R, A, A), and all of the maps above only involved the rightmost factor. We
write B(R, A, A) = EA for convenience; this equivalence says D4 ~ (FA)Y, this
equivalence equivariant under both the left A-action and the left C', (R) = (BA)Y-
action.
Now we have a map

B(M, A, (EA)Y) - B(M, A, R)®rB(R, A, (EA)") = B(M, A, R)®@rEAR(EA)".

The pairing (FA) ® (FA)Y — R is A-equivariant, so it factors through EA ®4
(EA)Y, and thus we have a composite n : B(M, A, (FA)Y) - B(M,A,R). The
claim is that 7 is a quasi-isomorphism, and is equivariant under the C,(R) =
(BA)Y-action.

To see that this map is a quasi-isomorphism, consider the map 7 : B(M, A, R) —
B(M,A,(EA)Y) induced by the dual of the augmentation FA — R. Because
the map R — (EA)Y is a quasi-isomorphism, our invariance result Theorem [A.3
establishes that 7 is also a quasi-isomorphism. Further, the composite 7 is equal
to the identity. It follows that 7 is also a quasi-isomorphism.

As for equivariance, we should check this at the chain level following the sign
conventions in [Law]. Write ¢ for an element of (FA)Y and § for an element
of (BA)Y; then a generic element of B(M, A, (FA)Y) = B(M,A,A)®4 (EA)Y is
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written as m[ay|- - |an]t. Following the given map and then applying /3, we have

B@mlai]---|an]y 5®2 mfay|---|a;] @ [aita]- - an]d

= 8@ ), (- mlar] - lal([ais] - fan])
= B® Y, (D@ mlal|-la] @ fag] - Jad([ai] -+ o)

—1)*mfa]---|a;] @ B([ajta]-- - lai)p([aita] - - - an]).

)
s = (n—i)(Im[ + &) + |¢](en — &)
s3 = (i = J)(Im[ + &) + (n —i)(Im| + &) + [¢[(en — &)
sa = (18] +i =) (Im| + ¢;) + (n =) (Jm| + &) + |[|(en — €).
Here recall that €; := |ai| + -+ 4 |a;| + 4 is the degree of [a;|---|a;]. We have
used the rule that the swap map is a ® b — (—1)1*1’lp ® a.
On the other hand, if we apply S first to ¥ and then follow the given map, we
have

B@mlas] - anlt = (1) mlas] - [an)(B - )
= 0 (=D)=mfa] - lag] @ [aja ] an] (8 )

0<j<n

= 25 (=Dmlar] - lag)(8 - ¥)([aj41] - |an])

(VB £

= > (Dmar]-|a](B@Y)([aj1] - |a] ® [aiza] - |an])

0<j<i<n

= > (DEmlar]-la]B([ajen] - lad) (i) - lan]),

0<j<i<n
where the exponents are
t1 = [Bl(m + €,)
ty = (n—j)(Im| +¢;) + [B(Im] + €n)
ts = (n—j)(Im| +€;) + |Bl(Im| + €n) + (18] + |])(en — €;)
ta = (n = Jj)(Iml +€) + [BI(Im[ + en) + (18] + [¥])(en — ) + (n = i) (ei — €5)
ts = (n—j)(Im| +€;) + |Bl(Im| + en) + (18] + [ ])(en — €;) + (|| + 1 —i)(e; — ;).

The first and second expressions clearly agree, at least up to the signs on each
factor. To check that (—1)! = (—1)%, observe the congruences mod 2

(n = 5)(Im| + ;) + 1B|(Im] + €n) + (18] + [¢¥))(en — €;) + (1] +n — i) (e —€;)
= (n =g +1BDIm| + [Ylen + (0] + 1 —d)ei + (18] + i = J)e;
(18] +i = 3)(Im| + &) + (n = )(Im| + &) + |](en — ).
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These are easily seen by breaking the top and bottom formulas (which are the
relevant exponents of —1) into the components labelled by |m|, €, €;, and €; in the
center formula.

The natural isomorphism H{"™(M) =~ H(M)[n] then follows from the in-
variance theorem for bar constructions, Theorem and we have seen this is an
isomorphism of H, (R)-modules. |

A.6. Spectral sequences

Making some further mild assumptions on the algebras, we have useful spectral
sequences for calculating the various flavors of A-homology.

PROPOSITION A.28. If A is a non-negatively graded dg-algebra (A, = 0 for
n < 0), there is a projection of dg-algebras m : A — HyA, through which we can
have A act on HyM. Then for any e € {+, —, w0} there exists an erhaustive and
complete Hausdorff filtration of C%(M) by C(R)-submodules for which the E*
page of the associated spectral sequence is

2 .
B2, = H3(A, H,M).
If HyA = R, the action of A on H(M) is trivial; if H(M) is flat over R, we may
identify E , =~ H3(A) @ Hy(M).

4=
The filtration of C%(M) is also regqular if ¢ = + or if Hy(M) is bounded above.

In particular, we may use this spectral sequence for computations of HX(M ),
or for all of these theories when H, (M) is bounded above. In all cases, we may use
these spectral sequences to detect quasi-isomorphisms.

PrOOF. Recalling that
CH(M)=B(M,A,R)~ M ®BA
as graded modules, we filter
F,B(M,A,R),, = ®i<p(M)n—; ® BA;;

that is, F, B(M, A, R) consists of elements with total BA-degree at most p. Notice

that this filtration is transparently exhaustive and Hausdorff; completeness and

regularity follow from the fact that BA is concentrated in non-negative degrees.
The differential on B(M, A, R) can be written (ignoring signs) as three terms:

d(mfay |-+ ] an]) =((dm)[ay | -+~ | an])
+ (mal[ag [ -] an])
+ (md([a1 |-+ an])).

The first and last term clearly preserve the filtration, and the second does be-
cause A, = 0 for n < —1. The first differential of the associated spectral sequence
is the differential on the associated graded complex, which is dg = dp; ® 1g4. We
can thus identify the E' page with BA® HM (remember BA is degreewise R-flat).
The piece that decreases filtration by exactly 1 is di, given by the differential in
BA and multiplication by elements of Ay. Therefore we identify that the E' page
is given as B(HM, A, R), where a positive degree element of A acts trivially (these
components of the differential decrease the filtration by at least 2) and the action
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of Ay factors through Ay — HyA. This filtration is a pleasant example of the
filtration on the totalization of a multicomplex, as in Definition

Finally, observe that the action of C'; (R) is filtered, as the action is defined by
contraction against BA and by assumption A is non-negatively graded, so C'j has
no elements of positive degree.

The proof for the H~ and H™ spectral sequences follow mostly as before. As
graded modules, we may write

cB(R,A, M), = [] ¢B(R,A R); ®M,_;,

—>—0

where the symbol [[,_,__ is as in Definition and filter as above
FpeB(R,A, M), = [ [¢B(R,A,R); ® M, _;.

1<p
Again, this filtration is transparently exhaustive and Hausdorff, and is complete
because we take a product as i — —o0; if H, (M) is bounded below (say, H,(M) =0
for k > d) then for p < n — d we have H,(F,C,(M)) = 0: the same filtration
remains exhaustive and complete Hausdorff on F,C (M), but now the degree-n
part of the E? page is

B (F,C3 (M), = {f WeHM) i<p
i1>Dp

so if p < n — d then because i + 7 = n and ¢ < p we have j > d, so that the
given group always vanishes with the given restriction on p. (A general form of this
argument is spelled out more explicitly in the language of convergence in [Wei95|
Theorem 5.5.10(2)].)

We needed A to be nonnegatively graded for this to be a filtration of complexes,
and identify the E? page as before, and similarly observe that the filtered subcom-
plexes are C7y (R)-submodules.

As for CF (M), as a graded R-module we have
CEM)n = ] CE(R):® M.
i——0

The arguments for C~ apply again without change. |

A.7. Group algebras

The most important application of the A-homology functors is for A = C(G; R),
where G is a topological group (but most importantly a compact Lie group). The
product structure is given as the composite

Cu(B) ® Cu(G) £L Cu(G x G) 55 C4(G),

where FZ is the Eilenberg-Zilber map which sends o0 ® 7 to a sum of simplices in a
standard triangulation of the product A’ x A7; see [FHT12] Section 26(b)] for more
details on this product and other structure on Cy(G). The unit is [e] € Cp(G) and
the augmentation Cyo(G) — R is the natural augmentation (add up points). These
makes C,(G; R) into an associative augmented algebra. For the rest of this section,
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we frequently abuse notation and write G for C4(G; R) unless there is danger of
confusion.

We begin with the following well-known fact to justify our definition of group
homology; a more detailed proof may be found in [GMT4, Theorem 3.9]. Here EG
denotes a contractible left G-space that G acts freely on, and for a right G-space
X we denote Xpg = (X x EG)/G for the Borel construction on X.

LEMMA A.29. Let G be a compact Lie group and X a right G-space. Then there
is an algebra isomorphism H(R) = H™*(BG; R), as well as compatible H (R)-
module isomorphisms

HE(C*(X5R)) = H*(XhG§R)
Hg(CT*(X;R)) = H*(Xha: R)

Notice that C~*(X; R) is naturally a left dg A-module, not a right module;
so what we really mean here by Hg(C~*(X;R)) is the homology of the com-
plex Hom4(B(A, A, R),C~*(X; R)). This is harmless; because C4(G) enjoys a
dg-algebra anti-automorphism ¢ : Cy(G) — C,(G) given by pointwise inversion of
simplices with :? = 1, we may use ¢ to pass back and forth between left- and right-
modules at will.

Proor. Write M = C(X; R). We first observe there is a quasi-isomorphism
natural in X between ¢x : Cf (M) — Cx(Xp¢). This follows because (EG x X)/G
can be given as the bar construction B(X,G,pt) in topological spaces, and the
natural map

B(C4(X),C4(G), R) - C+(B(X, G, pt); R)

given levelwise by Eilenberg-Zilber maps is a quasi-isomorphism (filter the former
by number of tensor factors, and the latter by number of join factors; apply the
Kiinneth theorem levelwise). Taking X = pt, in particular we have a natural
quasi-isomorphism v, : C§ (R) — C4(BG; R). It is straightforward to see that v,
preserves the coalgebra structures, and that ¥ x is a comodule map with respect to
1. Taking duals gives us an algebra quasi-isomorphism C~*(BG; R) — C;(R),
establishing the first claim.

More generally, observe that for any right A-module M, we have an isomorphism
CH(M)Y = C,(MV), preserving the natural C'; action. Take M = C4(X;R) to
see that there is an isomorphism of R-modules as stated in the lemma; because ¥ x
respects comodule structures, its dual respects module structures, which establishes
the second claim. ]

Our goal is to calculate what we need to make Theorem practically useful.
There are two pieces to this goal: first, simplifying the twisted Borel homology into
a more calculable object; second, computing the flavors Hg (G/H) for the various
(right) G-orbits.

PRrROPOSITION A.30. Suppose G is a compact Lie group of dimension n. Then
C4(G; R) satisfies weak Poincaré duality of degree n, and there is a natural isomor-
phism HS" (M) = HE(M)[n] as graded R-modules.
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PROOF. First, replace C,(G) with the quasi-isomorphic algebra

Cd(G) d<n
0 d>n

where we truncate to degrees [0, n]; that this again produces a dg-algebra follows
because CyG is concentrated in non-negative degrees (otherwise B, (G) might not
be closed under multiplication by 0-chains). Now Z,(G) = H,(G;R) =~ R™¢
and if one orients g there is a canonical left-invariant orientation on G, hence a
canonical generator of Z,(G) € C,,(G). This is transparently invariant under left-
multiplication by any g € G (so Cy(G) acts via the augmentation), and Cy(G) acts
trivially for degree reasons for d > 0. So C(G) has a fundamental class.

Write S9 for the one-point compactification of the right adjoint representation,
which can be identified with B.(g)/Sc(g) for any ¢ > 0. There is an adjoint-
equivariant map log : G — S9 given by collapsing the complement of a neighbor-
hood of the identity. More precisely, the exponential map exp : B.(g) — G is an
embedding, and the image of the interior of B, is an open subset G.. < G. The
exponential map thus gives an equivariant homeomorphism exp : S9 = G/Gx.. The
logarithm map is the composite

G- G/Gs. =P, 5o,
We may define a map
D : O4(G) = Hom(Cy G, CyS%), g @, (h) = log,(gh).

The Hom complex has a natural left action via («-g¢’)(h) = a(g'h), and this map is
clearly left-equivariant. One may compose ® with any cocycle 1 : Cy (S%) — R[n]
which takes the fundamental class to 1 to obtain a left-equivariant map ® : C(G) —
Hom(C,G, R)[n].

Finally, d is a quasi-isomorphism. To see this, observe that the slightly modified
map @ (h) = 9 (log,(gt(h))) is a model for Poincaré duality: working with field
coefficients and passing to homology classes, the corresponding pairing corresponds
to taking the intersection product of cycles, which is well-known to be a perfect
pairing. It follows that d is a quasi-isomorphism for any field coefficients, and thus
for Z coefficients, and thus with coeflicients in any PID R.

Finally, to apply Theorem one needs to know that we can pass between
quasi-isomorphic dgas with reckless abandon; this follows from Proposition
and the discussion in Remark [A.201 ]

REMARK A.31. On the one hand, it seems as though this argument should be
able to prove more than it does, because the logarithm map is adjoint-equivariant.
In fact, [KIe02, Theorem 10.1] establishes a space-level duality result, identifying
G as having the same stable bi-equivariant homotopy type as Map(G, S?) by an
Atiyah duality argument, where the right action mixes between the actions on G
and S%: if f is in the mapping space, we have (fh)(g) = f(hg)ad,. One might
hope to use this same strategy above, but one runs into the difficulty that while
we have a well-behaved map Cy(G) ® Cyx(G) — C4(S%), we cannot curry it to
an equivariant map Cy(G) — Hom(CyG,CyS?%): Cy(G) carries the structure of
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a bialgebra — so one can put G-module structures on tensor products and Hom-
spaces — but the antipode does not satisfy the Hopf algebra identities on the nose
(only up to homotopy), which is the structure used to get an equivalence between
Home, ¢(L® M, N) and Home, (L, Homg(M, N)), so we do not obtain a curried
map.

It is plausible that one can improve this to a map which is A, -equivariant
on the right by arguing that C,(G) satisfies the Hopf identities up to ‘coherent
homotopy’, which would be enough to establish most of the desired duality claims.
However, one would expect a slightly different result depending on whether the
adjoint representation is orientation-preserving or not (if not, then the right module
structure on the dual should be twisted by the adjoint determinant character). This
should be expected, as the adjoint determinant is the obstruction to choosing an
bi-invariant orientation, hence a bi-invariant fundamental class.

This is of no consequence for the cases we are interested in, where the relevant
groups are connected.

With this, we can assemble the last of basic groups Hér , He,and HE.

COROLLARY A.32. Let G be any compact Lie group. Then as R-modules, we
have H,B(Dg,G, R) = Hy_4(BG; R), Thus, by Theorem (4),

N Hk_d_1(BG' R) k>d
HZ (pt; R)y = ’
¢ (pt R {H’“(BG;R) k<0
Still, we would like to be able to keep track of the H-module structure, so the
above is somewhat disappointing. What we need, more generally, is that C.(G)
has a better-behaved model:

DEFINITION A.33. We say a compact Lie group G is strongly dualizable over R
if C4(G; R) satisfies strong Poincaré duality.

It seems plausible that this holds for all compact Lie groups G whose adjoint
representation is orientable; in particular, for connected G. However, as outlined
above, this seems difficult to prove and is not relevant to our main results. Instead,
we will establish this slightly more generally than the cases of most interest: G =
SO(3) and for which either $ € Ror 2 =0in R.

PROPOSITION A.34. The exterior algebra Ag(u) satisfies strong Poincaré duality
for any ring R. Finite groups are strongly dualizable over any ring. The group
G = SO(n) is strongly dualizable over Fa-algebras R.

PRrOOF. For the exterior algebra on a generator with |u| = d, the shifted dual
AY[d] = Hom(A, R[d]) is isomorphic as R-modules to R[0] @ R[d], with generators
¢0, 0 : A(u) — R given by ¢g(u) = 1 and ¢4(1) = 1. The bimodule action is given
by

(pu)(y) = ¢(uy), (ug)(y) = (=) )G (yu).
Notice that

(do-u)(1) = ¢go(u) =1, (u-o)(1) = do(u) =1,
so that u-¢g = ¢g-u = ¢gq. Similarly, u-pg = ¢pg-u = 0. Thus the map A — AY[d]
given by sending 1 — ¢¢ and u — ¢4 is a bimodule isomorphism.
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For finite groups, one may replace C(G) with the reduced chains (setting degen-
erate chains to zero), say K,(G). Then K, (G) = R[G] concentrated in degree zero,
and inversion gives a bimodule equivalence between K, (G) and Hom(K G, R).

For G = SO(n), one may use a cellular model. Equip G with the cell structure
described in [Hat00l, Chapter 3.D]. This cell structure has the property that it is
multiplicative, meaning that p : G x G — G is a cellular map (with product cell
structure on the domain); this implies that C$W (G) is a dg-algebra. It comes with
a collection of basic cells €%, e!, -+, e” ! which satisfy

dcw(ei) = {

2¢~1  jeven
0 iodd’

and for which all other cells can be expressed as e/ = e¥t--.e'm, where I =

(i1, -+ ,im) is some decreasing sequence of integers n > iy > - -+ > iy, > 0. Finally,
one may check by hand that

et =0ifi>0, e-e = (="l if0<i<j<n.
The Leibniz rule and associativity now determine the full dg-algebra structure of
CEW(SO,; R) = A. Tt follows that if 1 = —1 the differential is trivial and the
product is strictly commutative. Henceforth, we work over rings R with 1 = —1.
Write d = n(n — 1)/2 = dim SO,,.

Now let us verify that we have a bimodule isomorphism ® : A = AV[d]. Fix
the isomorphism ev : A; = R[d] to be the map sending the single d-cell e" ! -
e""2...¢el to R. Because the differential of this cell is zero, ev is a cocycle. It is
then straightforward to see that the map ® is given by sending = — &, defined by

. (y) = ev(zy).

and further it’s clear that

Daas(y) = ©(azby) = ©(zbya) = (a®:b)(y),
so this indeed gives a bimodule map. Finally, ® is an isomorphism: if z = e/ =
e’ - .- the only cell
Lastly, let’s verify that there is a zig-zag of quasi-isomorphisms between Cy (SO,,; R)

and C¢W (SO,,; R). Say asimplex o : A¥ — SO, is cellular if all i-dimensional faces
map into the i-dimensional subcomplex of SO,,. Because this cell structure is mul-
tiplicative, the cellular simplices define a subalgebra C$2(SO,,; R) — Cy(SO,; R),
and a cellular approximation argument implies this map is a quasi-isomorphism.
There is also a natural projection map C$*(SO,; R) — C¢W(SO,; R) given by
sending a simplex o : A — SOS,k) to the degrees of o/00 : Sk - SOT(Lk)/SOT(Lk_l)
above each k-cell. It is again straightforward to verify that this is also an algebra
quasi-isomorphism, hence SO,, is strongly dualizable. |

REMARK A.35. Interestingly, it does not appear true that we have bimodule
isomorphisms A = AY[d] over the integers: working this out for n = 3 is enlight-
ening. (The difficulty arises from the strange sign in the commutation relation
et el = (—1)¥+lel - ¢t)) This does not rule out hope that SOj3 is strongly dualiz-
able over Z, only that this cannot be seen using the rigid cellular model described
above.

When % € R, there is a quasi-isomorphism Ar(u) — Cy(SO3;R). Applying
Proposition and Theorem we obtain the following corollary.



A.7. GROUP ALGEBRAS 209

COROLLARY A.36. For G = SO(3), if 2 € R is either invertible or zero, then
for A = C,(SO(3); R) and M any right A-module, there is a natural isomorphism
HD"™(M) = H} (M)[3] as graded H ,-modules.

We can generalize the previous calculations to that of the equivariant homologies
of orbits. Let us begin by setting up notation for the relevant Poincaré duality
lemma.

Recall for the moment that our actions are right actions, and hence the appro-
priate orbit space is the set of right cosets; as we never work with spaces of left
cosets, we prefer to write this quotient manifold as G/H. Our first ingredient is
an H-equivariant Poincaré duality result. First, observe that C,(G/H) is a right
G-module, via the action G/H x G — G/H given by Hg - ¢’ = Hgg'. Also notice
that g/h = Tr.(G/H) carries a right action of H, the derivative of the translation
action.

We write Ay for the Cy (H)-module which is a copy of R concentrated in degree
zero, where the action factors through the map Cy(H) — Ho(H) = R[moH]; the
action of moH is via the determinant of the representation on g/h. (This is the local
system corresponding to wy(G/H).)

Finally, consider the complex Home,, i (C« G, A) of right Cy.(H )-equivariant maps.
This carries a right module structure over Cy(G) via (- g)(g9") = a(gg’)-

LEMMA A.37. Suppose that H c G is a closed subgroup, and that either 2 =0
in R or that the isotropy representation of H on g/b is orientable. Then there is a
zigzag of right module quasi-isomorphisms relating Cx(G/H) and Homc, g (Csx G, Ag/y)[dim G—
dim H].

PROOF. The argument of Proposition follows with minimal change.

The tangent space g/h = Tye(G/H) carries a natural right action of H (the
stabilizer of He € G/H) by taking the derivative of the right action of H on G/H
at the identity coset. We write S99 for the one-point compactification; there is an
H-equivariant collapse map logy : G/H — 59/5. The desired map is given by

T+ gy, where a,(y) =logy(z - y).
Each o, is Cy H equivariant as

az(yh) =logy (z - yh) =logy (z - y) - h = a.(y) - h,
and « is Cy(G)-equivariant as
zg(y) = logp (zg - y) = logy (z - gy) = ax(gy) = (am - 9)(y)-
Now work with the reduced version C,(S9"), killing all chains in degrees larger
than dim G — dim H and killing boundaries in that degree. Finally, there is an
H-equivariant quasi-isomorphism
Ag/p[dim G — dim H] — C(S9/")

given by sending 1 to a chosen fundamental class; mo(H) acts on this funda-
mental class by the determinant of the isotropy representation, so this map is
H-equivariant. This gives a zig-zag of C,(G)-equivariant maps

C(G/H) <> Home, 7 (CyG, C(S¥")) « Home, 11 (Ci G, Agjp)-

That « is a quasi-isomorphism once again rests on the fact that it provides a
model for the Poincaré duality equivalence. In the case that Ay, is non-trivial as
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an H-module, this uses non-orientable Poincaré duality, which gives an equivalence
between Cy(G/H) and C*(G/H; \y), where the latter is given by the local sys-
tem with monodromy given by the orientation character of G/H, which factors as

71 (G/H) — mo(H) 29, (413, n

In particular, when H is connected or at least has orientable isotropy represen-
tation, we have Cy(G/H) ~ Home, y(C«G, R).
This is enough for us to calculate the equivariant cohomology of orbits.

THEOREM A.38. If G is a compact Lie group and H is a closed subgroup, let
G/H be the orbit of right cosets of H (which is thus a right G-space). Then we
have the following isomorphisms of Hg-modules:

(1) HE(G/H) ~ Hj:(R) ~ H,(BH; R)
(2) Hg(G/H) = Hy(Agy)[dim G — dim H] =~ HdimG—dim H—x(BF. \ )

(3) HE(G/H) = Hp (Ngsp)[dim G — dim H].
Here, Hg, acts via the restriction map Hy — Hyp;.

PrOOF. The map Cy(G) — Cy(G/H) is C,(H)-invariant, inducing a quasi-
isomorphism of right G-modules B(R, H,G) — C.(G/H) (that this is a quasi-
isomorphism follows from [GMT74, Theorem 3.9]). There is further a canonical
isomorphism of chain complexes

B(B(R,H,G),G,R) ~ B(R, H,B(G,G, R)).

Notice that all of these equivalences have been C-equivariant. Finally, the inclu-
sion quasi-isomorphism B(H, H, R) — B(G, G, R) induces a C-equivariant quasi-
isomorphism

B(R,H,H) = B(R,H,B(H,H, R)) ~ B(R,H,B(G,G, R)),

where the action of C, on B(H, H, R) factors through the restriction C, — Cp;.
Thus, (1) follows. The same argument in general identifies H} (G ®y M) with
H I“_}(M ) as H-modules. The isomorphism to group homology follows from Lemma

[A.29

(2) Applying Lemma and the invariance result Theorem we have the
following sequence of equivalences (suppressing both C and the dimension shift
from notation)

CB(RvaG/H) = MapG (B(RaG7G),G/H) = MapG (B(R7 Ga G)aMapH(Gv)‘B/b))
= MapH(B(RaGaG)7>\g/b) = Ma‘pH(B(Ha H, R)7>‘g/h) = CB(Ra H, )‘g/h)

The inverse of the second equivalence is given via 1n(b)(g) — n(bg). The last
equivalence follows from [GMT74, Page 11] and verifying that, in that language,
B(G, G, R) is a proper split Kunneth resolution of R as an H-module, which follows
similar lines as verifying that C,(G) is split as an H-module, implicit in the proof
of (1); it is induced by the map B(H, H,R) — B(G,G, R). Finally, all of these
maps are transparently Cg-equivariant, in the final case acting on B(H,H, R)
by restriction. The isomorphism to group cohomology follows from Lemma [A:29]
adapted to twisted coefficient systems.
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We can combine the previous two parts and the long exact sequence of Theo-
rem (4) to verify the isomorphism on Tate homology. This follows from the
following homotopy commutative diagram, where every vertical arrow is a quasi-
isomorphism and horizontal arrow is an appropriate modification of the norm map.

B(G/H,G,cB(R,G,G)) ¢B(R,G,G/H)
B(R,H,cB(R,G,G)) ¢B(R,G,G/H)
B(R, H,cB(R, H, Th(g/h))) ¢B(R, H, 5%/Y)

l |

B(R,H,cB(R, H, H® \yy))[dim G — dim H] —— ¢B(R, H, \yy))[dim G — dim H]

The second vertical maps are induced by the map of pairs (recall that ¢B is
contravariant in the algebra and covariant in the module)

(G,G) — (H,Th(g/b)),

the first map inclusion H < G and the second a collapse map to the Thom space of
the normal bundle to H inside G. That this defines a quasi-isomorphism on coBorel
constructions follows by an argument using the Poincaré duality equivalences, to-
gether with the Thom isomorphism. The bottom-left vertical map is induced by a
chain-level Thom isomorphism map, and the bottom-right map is given by picking
a fundamental class.

Finally, one may identify

Homy (EH, H® \) = Homy(EH, H)® A and B(R,H,M®\) = B(\, H, M)
for any character A by explicit isomorphisms:

If 7 : C4.(H;R) » HoH — R is the composite of the projection and the map
which sends h € moH to p(h) € {£1} (where p is the representation defining the
character A), then the latter map is given by

lay | -+ | ax]m = w(ax---ap)ar | --- | ax]m,
and the former map is given by

nea, n([a |- [aga) = w(ar - aga)n(fay | -+ | ax]a).
Chasing the norm map through these equivalences, one finds that we have identified
the mapping cone of Ng/H with the mapping cone of N/{i/h, and that all maps are

Cg-equivariant, giving the desired result. |

We conclude this section with some related results which we use in the main
text.

ExAMPLE A.39. We may apply this to calculate the three cases relevant to us
in this text: G = SO(3) and H one of the three subgroups {e}, SO(2), and SO(3).
In every case H is connected, and so the representation Ay, of moH is trivial and
is precisely R[3 —dim H]. Thus H;O(S)(SO(?))/H; R) = Hy(R), with a dimension
shift if appropriate.
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When H = {e}, the Tate homology is trivial, and H/,(R) = H,(R) = R

concentrated in degree zero. (This is just the axiomatic property of Tate homology.)

When H = SO(2), we are left with H;JO(Q) (R) = H,(CP”) and Hgo(z)(R) =

H~*(CP*) by Lemma [A.29] and the Tate homology is a splicing of these. By

Proposition |A.23] as modules over H 50(2)(}2), we may write the Borel homology,
coBorel homology, and Tate homology respectively as
R[V],RIVT',R[V,V™'],

where |V| = 2. This isomorphism is H 50(3)(R)—equivariant for Borel and coBorel

homology, and is H~ equivariant for Tate homology if 2 is either invertible or zero
in R.
Because Hgo(s)(R) - Hs_'o(2)(R) sends

p1 — VZe H *(BSO(2); R),

we learn the module structure of these over {p;) € H=*(BSO(3); R). When € R,
we have
H *(BSO(3); R) @ H *(BSU(2); R) = R[p1],
so this determines the module structure over Hg, ;) (R).
On the other hand, we have that

H=*(BSO(3);Z/2) = (Z/2)[w,, w3]

is a power series ring in two generators (where here one takes H—* = [[ H* as
opposed to a direct sum; the latter would give a polynomial ring). This is standard,
and proved in [Hatl Proposition 3.12]. A calculation with integral coefficients is
given in [BJ82], and in particular shows that p; restricts to e? on oriented 2-plane
bundles, where e is the Euler class in Hgo(z)'

Lastly, to apply these calculations to geometric chains, we should know that we
can pass between the singular chain dga and the geometric chain dga.

PROPOSITION A.40. There is a chain of algebra quasi-isomorphisms
CEM(SO(3); R) ~ Cx(SO(3); R).

PROOF. We neglect to mention the coefficients R throughout, as they play no
major role.

First we should replace singular chains with something more easily comparable
with the degeneracy relations involved in C§™. We define the chain complex of
smooth singular chains C§™ (M) to be the set of smooth maps from A™ — M; then
it has a quotient C5™4(M; R) after we carry out the previous identifications under
orientation-preserving diffeomorphisms and quotienting by the same degeneracies.
There are, in this situation, two forgetful maps C54(M) «— C5™(M) — Cy(M).
The easiest way to see that all of these maps are quasi-isomorphisms is to prove that
all of these theories are in fact homology theories on smooth manifolds M, and that
the induced map on M = pt is an isomorphism on homology. In fact the rightmost
chain complexes are identical for M = pt. On the other hand, C§™4(pt) = R, a copy
of the ground ring concentrated in degree zero. All higher-dimensional chains are
degenerate. Because Hy(pt) = R(g), and the given maps do the obvious things to
points (which are cycles generating H,(pt)), they are all homology isomorphisms.
A proof that these are homology theories follows similar lines as Theorem [6.16
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It is also possible to show these quasi-isomorphisms extremely explicitly, using
e.g. smooth approximation to find cycles in C;™ homologous to any given cycle in
Cy.

So we now need to relate the chain complex of smooth simplices modulo degen-
eracy, C5™4(M), to C§™(M).

The theory interpolating between these is the chain complex of triangulated geo-
metric chains on a smooth manifold M. This chain complex C32™ (M) is functorial
under smooth maps, and its homology groups define a homology theory (as before).

Precisely, a triangulated basic chain on M is a compact smooth oriented manifold
with corners P equipped with a smooth triangulation (that is, a homeomorphism
f +|X| - P, where |X]| is the realization of a simplicial complex, so that f is
a diffeomorphism from each closed simplex onto its image), and a smooth map
o : P — M. Two triangulated basic chains are isomorphic if there is an orientation-
preserving diffeomorphism ¢ : P — P’ and an isomorphism of simplicial complexes
Y X - X' sothat ¢'f = f'|¢| and o'f = f'o. The triangulated geometric
chain complex C™ (M) is defined following the same procedure as for C2™(M):
identify orientation-reversals with their negative, and quotient by the subcomplex of
degenerate chains (triangulated basic chains for which the images of o|ax and do|ax
are both contained in the image of some smooth manifold of smaller dimension than
k, resp k — 1, for each component simplex AF ).

Now observe that there are natural chain maps

CE™(M) « CE™(M) — C34(M).

The left map is given by forgetting the triangulation and thinking of a smooth
manifold with corners as a very special kind of §-chain, and the right map is given
by sending a triangulated n-chain to the sum of its component simplices: 0 : P - M

to
Z U|A”"

AncX

As before, because these are homology theories, to show that these are quasi-
isomorphisms in general it suffices to check that these maps are isomorphisms on
H,(pt). Each of these chain complexes (because of the nondegeneracy require-
ments) are simply a copy of R concentrated in degree zero, and the induced map
between them is the identity.

Now, if G is a Lie group, C5™4(G) is a dg-algebra using the same product
operation as simplicial chains, the Eilenberg-Zilber product. One must check that
this respects the added relations in C5™4. This also defines a product on C¥™(M):
now if 0 : P — M and 1 : Q — M are triangulated basic chains, their product is
o xn:PxQ — M equipped with the product triangulation (again, triangulate
each component A* x A" in a standard way). With these algebra structures, the
maps

Cimd(M) - C;grrl(M) N C,%m(M)
are in fact dg-algebra homomorphisms. It is even easier to see that the map

Csmd (M) « C5™(M) — Cy(M) are dg-algebra homomorphisms, giving us the
desired zig-zag of dg-algebra equivalences. |
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A.8. Periodic homological algebra

In this section, we set up a version of the machinery before, built to work for
complexes graded over Z/2N which are finite in a suitable sense. Here, a Z/2N-
graded chain complex is a collection of R-modules C;, indexed by i € Z/2N,
together with R-linear maps d; : C; — C;—1 which satisfy d;_1d; = 0.

These objects are essentially equivalent to a more standard, Z-graded object:
dg-modules over R[y,y '], where |y| = 2N, which we will call ‘2N-periodic com-
plexes’ Given a Z/2N-graded complex C, we may pass to its unrolled complex C~'*
of C, defined as CN’k = Ckmod 2N, With the obvious differential. The identity map
gives an isomorphism ¢ : C—C [2N], and this isomorphism gives C the structure of
an R[y,y~']-module. Chain maps between Z/2N-graded modules lift to R[y,y~']-
hnear chain maps C - C and the lift is well-defined up to multiplication by some
y¥. On the other hand, given an R[y,y !]-module C, we recover the Z/2N-graded
complex by picking an interval [i,i+2N — 1] € Z, and for k € [i,74+ 2N — 1], define

Ck mod 2v = Ck;

the differential is defined in the obvious way except on C; modq 2, Where it is defined
as dz = o(dz); this makes sense as p(dz) is in degree i — 142N =i+ 2N —1. The
definitions immediately imply that the Z/2N-graded complex C did not depend on
the choice of representative interval. An R[y,y~']-linear chain map then descends
to a Z/2N-graded chain map; the map associated to f and y* - f agree, for any
integer k.

In the main text, we will frequently want to use a filtration resembling the
index filtration on the Morse-Bott complex of a finite-dimensional compact smooth
manifold, but because the index is only defined in Z/8, this doesn’t make sense! So
if we want to use spectral sequences to check that maps are quasi-isomorphisms,
we must do something at least slightly more subtle.

Because Hy,(C) = Hy(C) for all k, if we're trying to show that a map C' — "
of Z/2N-graded complexes is a quasi-isomorphism, this is equivalent to showing
that the same is true for the lift map f : C — C' of 2N Z-periodic complexes. We
may more or less pass freely between these notions. To avoid notational irritation,
we ignore the periodicity isomorphism ¢ — up to isomorphism of 2NZ-periodic
complexes, we can take C’k = Ck+2N on the nose, and ¢ = Id[2N].

Instead of attempting to filter a Z/2N-graded complex, we find that the appro-
priate notion seems to the following.

DEFINITION A.41. Let C be a 2N Z-periodic complex. A periodic filtration on
C' is a filtration - -- € F;C < Fg11C < - with Fs onC = (FsC)[2N]; that is,

FyronCiryan = F.Ch.

So while the filtration on each of the individual abelian groups F;C} may sta-
bilize (so F.Cy = C} for large r) — as indeed is frequently the case for us — the

2This equivalence is one of many reasons to demand our complex is graded by Z/k for an
even integer k: if |y| is odd and R has characteristic other than two, then R[y,y~!] is not a graded
algebra, as y -y # —y - y! It is also difficult, for related reasons, to define a tensor product of
Z/k-graded complexes for k odd.
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filtration itself is infinite in both directions (i.e., neither is the complex F_ré’ equal
to zero for any 7 = 0, nor is F,.C = C for any r).

We now pass to the spectral sequence E, of the filtered complex C. The
associated graded complex is

Eg,té = Fséert/stléertv

and the fact that the filtration is periodic implies that EY, = E? 5y . This iden-
tification is the map induced by the periodicity isomorphism C—C [2N], which is
a filtered chain map; because it induces an isomorphism on the E° page, the same
is true for all pages E" of the spectral sequence: there is a periodicity isomorphism
E{, — E¢, oy, preserving the differentials.

If so desired, we may thus view this filtration as inducing a (Z/2N, Z)-bigraded
spectral sequence By, with [s] € Z/2N. This may be pictured as a cylinder,
where differentials wrap around.

If we have a map f : C' — (" of unrolled complexes, compatible with a periodic
filtration of each, it induces a map of the spectral sequences E;,. We would like
to know when we can check that the map f is a quasi-isomorphism from the corre-
sponding fact about the E? page of this spectral sequence. Because the ‘unrolled’
spectral sequence EY ; (considered with (Z,Z)-bigrading, 2NZ-periodic in the first
grading) is a whole-plane spectral sequence, it is difficult to prove and often false
that the E* page actually calculates the homology groups. However, as long as
the periodic filtration is complete, exhaustive, and Hausdorff, we at least still know
from Proposition [A77] that we may detect quasi-isomorphisms from isomorphisms
on the E? page; further, if the spectral sequence degenerates on some finite page,
we may indeed calculate the associated graded homology groups from the E* page.

Now let A be a bounded, non-negatively graded dg-algebra satisfying Poincaré
duality of degree n, as in Chapter [A-8] Let M be a right dg-A-module, graded over
Z/2N, equipped with a complete, exhaustive, and Hausdorff periodic filtration.

We would like to apply the constructions of the previous sections to construct
‘equivariant homology’ complexes C% (M), with corresponding periodic filtrations.
The clear thing to try is to pass to the unfolded complex M and consider the
corresponding complexes C;;(M ). However, because M is unbounded in both di-
rections, these filtrations are no longer complete: BA has elements in arbitrarily
large degrees, which by pairing with elements of M in arbitrarily low filtration may
contribute a sequence of nonzero elements of C'%(M) of arbitrarily low filtration
but fixed degree. The spectral sequence will not converge to its homology, but to
its full completion’s, as in Remark [A-8]

As suggested by [Ola22] Definition 5.35], these spectral sequences are important

enough that we simply pass to the full completion. We set
C% (M), = lim, colim, C% (F, M,/ F, M),
equipped with the filtration
FE,C%(M) = lim C% (F, M /F,M).
a<p

This satisfies the necessary periodicity, so forgetting gradings to Z/2N we obtain
a Z/2N-graded complex C% (M) equipped with a periodic filtration. Furthermore,
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defined in this way, the new filtration is tautologically complete, exhaustive, and
Hausdorff.

We may assemble this into the following homology theories for periodically
graded A-modules.

THEOREM A.42. Let A be an R-free dg-algebra. If M is a Z/2N -graded right R-
free A-module, equipped with a complete, exhaustive, Hausdorff periodic filtration,
there are Z/2N-graded complezes C4(M), for e € {+, (+,tw), —, ©}, satisfying
the following properties.

(1) Each C4(M) is equipped with a left action of C7(R) := C5.

(2) The C%(M) are functorial as C -modules under A-module maps f : M —
M’ of Z/2N graded complexes, which are filtered in the sense that there
is some d for which f(FS]\Zf) c FypqM' for all s.

(3) There is a (Z/2N,Z)-bigraded spectral sequence of H(A)-modules,

Hp+q(grp(M)) - p+q(M)-
If each gr,M is bounded above, the spectral sequence computes the target.
(4) There is a (Z/2N,Z)-bigraded spectral sequence of H, (R)-modules
H (gr(M)) — H3 (M),
which detects isomorphisms in the target. If each grpM 18 bounded above
and A is non-negatively graded, the H™ spectral sequence computes the
target.
(5) A filtered A-module map M — M’ which is a quasi-isomorphism on
the associated graded complezes induces a quasi-isomorphism C% (M) —
Cs (M.
(6) If the associated graded is free over A, in the sense that grpM = X,®A for
each p and some finite-dimensional R-free complex X, then HY (M) = 0.
(7) There is a long exact sequence of H 4 (R)-modules

tw - o -1 tw
= HY™(M) — H (M) —» HY (M) — H;"™ (M) -

natural under filtered A-module maps.

(8) If A satisfies weak Poincaré duality of degree m, we have a natural R-
module isomorphism H "™ (M) = H}(M)[n]. If A satisfies strong Poincaré
duality of degree n, this natural isomorphism is one of H, (R)-modules.

PrOOF. Each C%(F,M) is a C';-module natural under A-module morphisms,
so the defining limit and colimit lim, colim, C% (F,M/F,M) are limits and colim-
its of C’;-modules; the resulting object is therefore also a C',-module, natural in
morphisms between the (periodically) filtered complexes. Thus, (1) and (2) both
follow.

As for (3), the periodic filtration on M is assumed to be a complete exhaustive
Hausdorff filtration of A-modules, so as discussed above we have a spectral sequence
of H(A)-modules to H(M) which detects isomorphisms in the target, and similarly
for the existence of the spectral sequences in (4) — the complexes C'% (M) are
defined precisely so that these spectral sequences exist. What remains is to discuss
when they compute the homology of the target.

In general, suppose My is a periodically filtered complex. By assumption, each
grp(Mk) = grp+2N(Mk+2N) is bounded above in k, which has the same bound
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for k = k' (mod 2)N. Because there are only finitely many equivalence classes
modulo 2N, it follows that there exists a uniform C' so that if grpMk # 0, we have
k—p < C. It follows that FpMk is only nonvanishing in degrees k < C' + p. In
particular, H,,(F,M) vanishes for p < n — C, so the filtration is regular. The full
statement of (3) now follows.

As for (4), we want F,C* = lim,-, C*(F,M/F,M) to be bounded above; for
that it suffices by the above argument that each C"(grpM ) is bounded above. This
follows for C~ when A is non-negatively graded (as HomA(B(R,A,A),grpM) is
supported in degrees no larger than M is).

Now (5) follows thanks to the existence of these spectral sequences and the
invariance results Theorem and Theorem 1), which imply that an A-
equivariant quasi-isomorphism on grM induces a quasi-isomorphism on HA(gr]\Zf ).

Next, the vanishing theorem (4) implies that if grM =~ X ® A, we have
H% (grM) = 0, and so the spectral sequence HY (grM) — H% (M) collapses at the
E' page with E' = 0. Because this spectral sequence detects isomorphisms, the
map 0 — Cf(ng) is a quasi-isomorphism, and so under the assumptions of (6)
we indeed have HY (M) = 0.

Item (7), the existence of this long exact sequence, follows from the fact that
there is an isomorphism Cone(Nj;) = é{}(M ). This is explained in somewhat more
detail in [Ola22] Lemma 5.38].

Finally, item (8) on the Poincaré duality isomorphisms follows by applying the
arguments of Chapter : in the case of weak Poincaré duality, there is a natural map
B(N,A,R)[n] - B(N,A,D,) which induces a quasi-isomorphism of R-modules.
Applying this to N = F,M, we obtain a natural transformation CA'X(M )n] —
C+™ (M) which induces an isomorphism on the E! page of the associated spectral
sequence, and therefore a quasi-isomorphism on the target. Similarly in the case of
strong Poincaré duality, only now the map is B(N, A, D4) — B(N, A, R)[n] and it
is C'4 -equivariant. |
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